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NOTE

SAMPLING BIAS MSE AND CONFIDENCE INTERVALS
FOR SOME FERTILITY MEASURES UNDER
CLUSTER SAMPLING SCHEME

By A. K. BHATTACHARYYA
Indian Statistical Institute
SUMMARY. The bias of the demographic rate TFR under cluster sampling scheme has
been investigated in this paper. Attempt has been made to estimate the sampling bias and
provide corrected estimators for the above rate. An estimator for MSE of the estimated TFR

has been proposed so that it can be used to give confidence interval for the above estimator.
Similar investigation has been made for other demorgraphic rates as well.

0. INTRODUCTION

In a previous paper (Bhattacharyya and Mullick, 1987) we have shown that the
demographic rates TFR, GRR and NRR are approximately unbiased under simple
random sampling scheme. We also gave expression for the MSE of these rates and
proposed estimators for MSE for using them in giving confidence interval for the
estimators. But in practice most of the demographic surveys do not use simple
random sampling for various practical reasons. Instead from cost consideration
a cluster samplmg scheme may be preferred for the survey. In this paper we show
by considering TFR that the usual fertility rates are biased upto chird order of
approximation under cluster sampling scheme. Since the sample estimates are
biased, we propose estimators for these bias and give corrected or revised estimators.
We also attempt to give estimators for the MSE of these corrected estimates which
we need for giving confidence intervals for the revised estimates.

The practical aspect of this paper is that in many surveys, as for example
fertility survey of a district say, we collect data from villages. Now generally a
sample of villages is chosen and further sampling is done within villages. But
as far as the household listing is concerned it is done for the complete village and
information on the incidence of a birth last year is also collected for the whole
village. Thus if a SRSWOR of villages is taken we can use the formulae given in
this paper for estimating bias of the fertility rate find corrected estimates and
also give confidence interval for these corrected estimates. To save space we will
¢onfine ourselves only to TFR. For other rates, we refer to the technical report
(Bhattacharyya, 1987).
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1. NOTATIONS AND DEFINITIONS

Let there be a total of F females in the child bearing age group (w,, w,). These
F females are divided into N clusters. The size of the i-th cluster is F;. A simple
random sample of n clusters is taken from these IV clusters without replacement.

Let Fy;, = number of females of age x in the i-th cluster.
oF'iz = number of female in the age group (z, x+a) in the ¢-th cluster.
By, = number of single births to the F;, females.

oBi, = number of single births to the ,F;, females.

Let § denote the sum over the sample and X denote the sum over the population.

by = }S By,
aby = ;9 aBig

Jfz= ?th
ofz = k?ath

iy = bylfy

I, = % Bia:/zi Fiz = B,|Fy
oy = % aBm/iz oFiz = oB,/aF,

Note that i and gi; are the usual estimators of I, and 41, are spectively. Also we
have the sample estimate of TFR as

N\ AN .

TFR =% 1z, TFR(G) =5 Ef{llgp.

Here G is a notation used for rates based on grouped data.

2. SOME PRELIMINARY RESULTS
Here we give expressions for Bias (i) = B(iz), MSE (iz) and E(i,—Iz) (iy—Iy)
which we shall need later. We notice E(cb;) = By and E(cf;) = Fz where ¢ = %

Hence by expanding by A method for ratio estimators we get the following
results by neglecting third and higher order terms

1
F.B;

Bliz) = I ¢ { % V(f,) — cov (ba, fz)} . (21)
2

e fx)} . (22)

MSBG) =B { 2 Vo) + 5 Vi) —



136 A. K. BHATTACHARYYA

Bliy—15) (y—1Iy) = LTy o { <202 ba) _ cov (bn fy)

BxBy BxFy
__cov(fz, by) | cov(fs, fy)
F.B, + F,F, } - (23)

Substituting the expressions for variance and covariance terms we can get the ex-
pressions for B(iz), MSE (iz) and E(iz—1,) (iy—1I,). We find that B(iz) is non-zero.
Hence we can give an estimator of B(i;) by estimating I, by i, and putting unbiassed
estimators of V(f;), cov(b,fz) and F2 and F,B, in (2.1). Similarly we can find esti-
mators for MSE(i;) and E(i;—I;) (iy—1I,) in the usual manner. Since we shall use
the estimator of Bias for getting corrected or revised estimators we explicitly give

the expression for ﬁ(i,,,), we also give the estimator of MSE and the estimator of
the term of the form E(i,—1,) (iy— I,).

3. EsrmMators or BIAS, MSE axp E(iz—I) (iy—Iy)

(N;”)sz WN=n) S Fi, Fys

ﬁ(iw) = g,¢* < NN : (NN(?)_I)
| S F —I- nn—1) ; S Fiz Fig

L i
(N—n) (N—n) ]
—_ N S B Fia— 'N(n_]-) iif B‘la: ij L (3 1)
E;SBAF+-W Y s B, F |
B (s%«) can be obtained by replacing iy by 5. ; Biz by ;Bix
Fix by 5F“; in (3].)
Even if age groups are not of 5 years then also similar results hold.
L ILE =T
MBSE (iz) = % ¢® ¥ ¢ N—Tj iZ
- 2 il
IL n *? B;z"l‘ n(n—-l) ii]‘ Bix Bjx
(&N —n) s _ (N—n)
v PPN g, e e
N 2 , N(N-—1)
w Bt e g e e
N— N—
(—N*n) S Bix Fi:c Z(V( _nl)) S Biz Fj:c 1
iy N@—T) (3.2)

— S By, Fip+ 8 Bta: Fyy
n iA]

n(n—1)



CLUSTER SAMPLING SCHEME 137

N\
1t is not obvious that MSE(i;) is non-negative, hence it is advised that in such
cases MSE be taken as zero.

[ (V—n) | N—
R l ( Nn S B, Biy— (( __nl)) S By By
Bliz—I,) (iy—I) = iz iye* { — NE—1)
| Y 8 By, B+, S Bm By
L n g n(n—1) i
W=n) o g F,—YH—)
N -, NHN-1)
w §Belfut ey 5 B B
(N—mn) _(N—n)
_w G Fe Bu—gy 8, P B
N - NN-1)
w ¥ T Bty 5, T Bw
N— N—
( Nn) S Fix Fiy l(V( ___]?) S Fig Fﬂl -]L
4 . 33
"N S F; F.+N(N 1) S Fi F o
— i iz iy nn—1) i iz Jy J

The details of these derivations are omitted here and are to be found in
(Bhattacharyya, 1987).

4. REVISED ESTIMATES OF AGE SPECIFIC FERTILITY RATES

Since i,— B(iz) is an unbiased estimator of I, we propose the estimator

ol A

I, = iz—Bl(iy) ' .. (41)
as a revised estimator of I,.
We note that
E(i, — B(i,)—1,)* = MSE(i,)—{B(i,)}?
Hence we take

/\
MSE (1) = MSE(i,)—{B(,)) . (42)

5. REvisED EsTIMATOR OF TER
We denote the revised estimator by subscript ¢ i.e. Revised TFR is denoted
by TFR,

Clearly B(TFR) = X B(,) . (5)

Hence TFR, = TFR— B(TFR) - TFR—X B(z,) e (5.2)
B 1-18
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For grouped data we get
TFR, (@) = TFR(®)—5.2B(i,) .. (6.3)

6. ESTIMATORS OF THE MSE OF THE REVISED FERTILITY RATES
Since  H(iy—Blig)—1,) (iy—Bliy)—1y) = Blis—I,) (iy—1I,)— Bliz) Bl,)
we estimate

B(I,—1,) ([y—1,) by {Bliz—1,) (iy—I,)—B(,) Biy)}.
Now

MSE(TFR,) = EE I,—3I,)
x z

=2 E'(ix—lz)2+2 Z E(ix_ a:) (fV_Iﬂ)
z z>Y

=3 MSET,) +2 = E(,~I)(J,~1,).
z >y

Therefore we have the estimators of MSE as follows

"\ N\ . . N
MSE({TFR,) = = MSE(I,)+2 X Edl,—I,)(I,—I,)
z 3>y
AN .. ) .
= X MSE(i,)+2 E- E(r,—1;) (iy—Iy)—{Z B(i,)}?
F zZ>y
A . .
= I MSE\,)+2 T E(i,—I,) (iy—I,)—{BTFR)>. ... (6.1)
z 2>y

Similarly

Lo .

T il (siy—sly}— (BT FR(G)}?

7\ A\
MSE(TFR,) (&) = 25. {3 MSE(si,)+2
o vy
(6.2)

x

Since in most case grouping of age is 5 years we mentioned them. But if age grouping
is not 6 years or even if they are not equal for all groups, results are similar and have
not been explicitly given here.

CoxNoLusIoN
In this work we have investigated the bias of fertility measures under culster
sampling scheme. We have proposed corrected estimators and have tried to give
estimators of their MSEs. We can use the standard probability inequalities of the
A\
MSE (TFR,)
t2

form P(|TFR.—TFR| <t)>1— tor giving confidence intervals.
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