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Table 2. Tomparison of (4) with Kimball d&: Leach's approzimations Land Ie,
1 = exacs value of 1,(p.q); In = approxzimation (4)}

g - 2 2 4 2 8 10
p > 2 5 5 12 12 12
z 0-14 042 0-29 0-88 0-48 037
100 0538 0510 0505 0473 0517 0481
100 (-1 - 85 +15 —34 +15 +03 - 5
10° (In—1) — 47 —15 —36 -07 —18 - 35
100 (I* - 1) - 21 —~10 ~16 —07 07 -1
z 0-36 0-64 0-47 0-82 0-61 048
100 1 2065 3008 2009 2020 2023 2089
104 (I-1) - T4 +31 -8l +40 +04 —162
104 (Iy—1) — 36 -10 -35 —08 —~18 - 41
104 {I* -1} +121 +20 +38 - 02 +08 + 17
z 084 0-82 0-65 0-92 073 0-60
100 1 7045 7044 7084 7208 7011 6914
100 (-1 - 22 +50 —-42 +60 +16 -118
10 (Ix=1) + 46 +35 +30 +32 +19 + 22
104 (1*=1) + 69 +39 +30 +32 +18 + 18
z 0-86 0-94 0-81 0-97 0-83 071
100 I 9467 8641 95624 9436 9452 9452
100 (2-1) — 35 -23 -19 —-18 -02 - 33
104 (Iy—1) - 16 - 25 +03 ~21 +04 + 15
104 (17 = 1) — 80 +27 -13 -22 -05 - 07

1 X would like to thank Dr Kimball for sending full details of his results.
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On certain functlons of normal variates which are uncorrelated of a higher order

By R. G. LAHA avp E. LUKACS®
The Catholic University of America, Washi D.0.

It is well known that two linear forma L, = a,2,+... + 6,2, 6nd L, = b2, +... +b.z, in indepen-
dently and normally distributed variates z,, ..., z, are uncorrelated if, and only if, the relation

ab’ =0 (la)
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in satiafiod. (1a) is squivalent to tho stochaatic ind of L, and L,. Thus the condition
for tho stochastio independence of two linear forms can be oxprossed either in torma of the coefficients
a8 equation (1a) or in terms of the product mornent of the forms as

E(Ly Ly) = E(L,) E(Ly). (16}
A pumber of authors i tho i of two forma @, = XAX' and

@, = xBx' in indopondently dml.nbuwd normal variates with zoro mean and unit variances. Wo mention
here only Craig (1843), Hotelling (1944) and Matusita {1840). These authors shawed that @, and Q, are

indepondent if, and only if, AB =0, (2a)
A different condition, in terms of product momonts, was given by Kawada {1950) who proved that the
four rolations E@Qh = BIQDEQ) (=12:5=19) 28
are squivalent to the condition (2a). Kawada'a ition can be d more isely by intro-

duoing the following terminology.
Let z and y be two random variablea and suppose that the sexpectation E{z"y’) exiats. Wo say that

x and y are unoorrelated of order (r, s) if the relations
Bi=ty) = Bz E(y') (=

hold. In our terminology (25) means Q, and @, are uncorrelated of order (2, 2).
In this note we prove tho following theorem

rearif=1..0)

TuroneM. Lot z,,2,,...,%. bo n indopendent normal variates with zero mean and unit variance. 1
the inhomogenoous quadratic form @ = xAx’+bx’ and the linear form L = cx’ are uncorrelated of
order (2, 2) thon cA = 0 and ¢cb”

Proof. We noto first that E(x}) = 1, E(z{) = 3, E(z{) = 15. Uaing these values we obtain after some
straightforward but tedious p jons the ing i

E(IR)- E(L) E(Q) = cb’,
E(LRQ)-E(L" EWQ) =
E(LQY) - B(L) E(Q*) = 4cAb’ + 2cb' tr A,
E(L'Q%) — E(L") E(Q") = 8cAA’C’ +4cAC tr A + 2(cb').

We write here tr A = 2 ay, for the trace of the matrix A. Since @ and L are uncorrelated of order (2, 2)

3

conditions (3) reduce w cA=0 cb =0 4)
€0 that the theorom is established.

It was shown by Laha (1958) that conditions (4) ensure the indepeadence of L and Q. Therefore the
independence of L and Q follows from the assumption that L and Q are uncorrelated of order (2,2).
‘The converse statement is obvious and we obtain tho following corollary to our theorem.

CoroLLary. Let z,, Ty erZa be n mdopondent normal variables with zoro mean and unit variance.
The i Q = XAx’ + bx’ and the linear form L = cx’ are independent
if, and oaly if, they aro unoomln&od of order (2, 2}.

If tho polynomial Q is homogeneous, that ia if b = 0, then we can conelude (rom Kawada’s result that
L and Q aro indepondont if they aro lated of order (4, 2). Our result showa that & woaker assump-
tion is sufficient for the indopendenco of L and Q.

Xt would bo desirable to obtain further mulu conoommg Lhe connoxmn between the order of un-

ocorrelatedness and the degres of two i P ini dent normal variates.
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