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ON STOCHASTIC MATRICES AND KERNELS
8. NATARAJAN, T. E. 8. RAGIH AV AN, K. VISWANATH

1. Introduction. It is well-known that every stochastic matrix huas { as an eigen-value
wilh {§, ..., 1) ax a corresponding eigen-veclor. Further, a stochastic matrix, as a linear
stanslormalion, leaves the positive orthant invariant, of which (1, ..., 1} is an intwrior
point. Motivated by this, we show in Section 2, that any linear transformation in a finite-
dimensional real veclor space, positivo with respoct to a lallice cone and having a fixed
~ector in its inlerior is reproscotable by a stochastic matrix with respect to a suitable
asis. This gives a coordinate-froe chatacterization of stochastic matrices. The following
atension of this result to the infinite-dimensional caso is obtained: 1f T is a positive
sperator with respect to a normal lattice cono X with interior in a real Banach spaco
wving a fixed veclor in lhe inlerior of K, then T is essenlially a slochuslic operator.
(Fur g precise slalcnmient, see Seclion 3.)

2 Stochastic matrices. Let V bo a real mormed linear space. A closed subset K =< V,
«called a cone if

i) rryeEK=iz+pyes K ford p=0,
ii) KN-—K =18 (the zero oloment of ¥).

tiven a cono K, we can define a partial order < on ¥V by writing z << y if and only if
y~z&K. K is a lattice cone if K is a lailico wilth respect to the parlial order <.
¥ linear transfurmalion T of V into itself is posifive (with respect lto rthe cone K) il
[1¥-7.¢

Theorem 1. Let K be a lattice cone with interior in a real finite (n-) dimensional
sector space V. Let A te a positive transformation (with respect to K) with Az = z for
some 2 In the intertor of K. Then there cxists a basis {e\, ea, ..

.y €n} Jor V witn respect
1o which A is represented by a stochaslic matriz.
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Prool. Since K is a lattice cone with interior, by a well-known theorem of Yudin

(seo [3), p. 22), there exists u baais (e.’. n'. vees e:.) such that

K= {y:y== S\ piec v =0, l=i.2,....n}.

Since r = ,2 ziel is an inferior point of K, z4 > 0 for each i Further e, & K for each
€
7 and AKX = K. Thus if we wrile

-4¢; = Z ﬂ:w:. J=12,...,n, H
[

then a:, =0for i, j=12...,n
Consider the new basis {eq, s, ..., en) defined by

’ .
ey == x;e; i=1,2,...,n.

Let
A'l=zﬂu¢l. i=12...,n,
i
i. e,
Arje, = Za“z.-e,.
<
Therofore

’ Xy 4
Aey = Za“—e; for [,j=1,2...,n
L Ji

Using (1), we gel a; = ai;(z;/z() for 4, ] =1,2,..., n. Thus a; = 0. Siace Ar=1,

B
S a;; z; = =y, so that
P

J

1 .
Zﬂu=:2 a,z;=1 for i=1,2,...,n
] 3

Thus the transformation A corresponds to the stochastic matrix (a,,) in the basi
{ey, ea. . ... en}.

Similarly Tor the doubly slochaslic case we have tho following

Theorem 2. A necessary and sufficient condition that the matriz of A of theorem
be doubly stochastic is that A°c(r) = o(z) where ¢ is the canonical Isomorphism of I'
on fo V® corresponding to the basis {e), €2, ..., €,}).

Proof Sufficiency Sincez= D) e, a(z)= | /i Where (/i fu....L} s
< 1

the basis in ¥* dual to {e:, ;1. ...r€n} Also

A%ty = Z asifs.
1 1
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Thus A°0(x) = a(z) gives 2 gy =1 for i=1,2 ..., n i e, the matrix (a,)) s
H

doubly stochastic.

Thonocexsary part follows trivially.
3. Slachastic kernels. A stochastic matrix may be thought of as nssociating a proba-
bility measure on a finite set with every point of the set. This leads us to the following
definition of a stochasiic kornel. We restrict ourselves to compact Hausdor(f spaces.
Lot 8 be o compact Housdorff space, ® the class of Borel sets of 8. €(S) the space
of real-valuod continuous funclions on § and C+(S) the cone of non-negative functions
in €(S). Recall thnl €+(S) is a normal lallice cone with inberior. (A ocone K is normal
il thera exists a & =» 0 such that [z + yll = 6 max {l|=1, gll} for all z, y = k)
Definition. A function K(s, E) defined on S X8 is a stochastic kernel if
K(s, -} is a regular probability measure on (S, B)for cach s < S, such that for evedy s
in C(8), the fuuction g defined by

g@= §roKe an
8

isin C(S).

Qbserve that our definition reduces to the usual definition (see e.g. [3]) if thers
etisls a measure v on (S, B) such that K(s, -) <€ v for every s = S.

Itis easily seen that the linear transformation T on C(S) (to bo called a sfochastic
operator) defined by

Tney= {roKea
8

is bounded and has norm 1, In fact, the spectral radius of F is 1. In case K(s, E) is mea-
surable in s for every fixed £ & 8, it can be considered 1o be the transition function of
a Markov process. The corrosponding operator on €(S) has been studied in detail by
Rosenblatt [4].

It is interesling to note that with our definition, the identity operator is a sto-
thaslic operator and corresponds to the stochastic kernol K (s, ) = 8,(-)where 3, is the
Dirac measure at s defined by

5. (E) = (1 I'I s=E
0 if seEE.
Further we may define a large olass of stochastic operators which are analogous to the
permutation malrices in finite dimensions. The motivation for bhis definition is the ob-
sevation that the effect of a permulation mataix on a vector is only to permmnule the
components of the veclor.
Definition. An operalor P on C(S) is called a permutation if Lhere cxists a ho-
meomorphisma 7 of S onlo S such thay
(Pf) (s) = H(m—'(s)).
Clearly for all f in C(S).

(P (s) = [(n=t(s)) = S 1(£)K (s, dr)
8

where K (s, -) = 0'1_.“)(-). i. e, P is a stochastic operalor with kernel 5:‘ Ve

Evory slachastic operator leaves the normal latlice cone C*(S) invariant and has
n fixed veclor in its inlerior, namely the funclion f(s) == i, Tho following theorem goes
in the oppesite direclion.

Theorem 3. Let X be a normal lattice cone with lnterior in a real Banach space V.
1{ T is a bounded positive opcrator on V (i. e., TK &= K) and Tx = x [or some x in the
‘nterior of K, then there exists a compact Hausdor]f space S and a bicontinuous {somor
shism 0 of V onto C(S) such that T is carried lo a stochastic operator by 0.
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Proof. By a well-known theorem of M. Krein and S. Kxem [5] and Knkuum |Z],
there exists a compact Hausdor{{ ypace § and a linear bi lattice i
z of V onto €(S) such that T(K) = C+(S). 1f To = tTx~", it is clear that T, is a bounded
operator on C(S) with ToC+(S) = C+(S) and Tofo = fo Where fo(= 1(2)) lies in the inte-
rior of C+(S). Hence fo = 0. If A,(f) = (Taof) (5), thon for fixed s, A.(f) is a bounded
linear functional on €(S) which is non-negative by the positivity of To. Hence we have,
by Riesz's theorem,

@)= § 1K@,  t=cs),
where, for fixed s, X (s, -) is e {inite positive regular measure on (S, 9).
Put X, (s, E) = ﬁs Jo(2) K (s, dt). Clearly K;(s, E) »0 for allscS, Ec8.
&

Further,

Jo(2)
i. e., Ki(s, -) is a probability measure for fixed s. K(s, -) is regular, because X,(s, )<
<€ K(s,-) and K(s, -) Is regular.
Also for f in C(S),

S KoK, dt)= S o

1
Kew, )=t K@ dn— _(n/.) =1,
8

(e)
I()

which ia in C(S). Thus K,(s, -) is a stochastic kernel. Put

K(s, dt) = ———«(To(/ o)) (5)

@ = § 10 Kes, an).

The map 7' : C(S) —C(S) defined by +'(f) = (1/ fo) -/ is a bicontinuous isomorpbism
such that

1
@@= § 10K d = ——§ 1O 1R (e, a0 =
8 ,0(3) 8

_ 1
AS)

(T~) () K (s, dt) = (TTov'~4f) (s) = (Tt v~ /) (s).
L
Putting now o = 't we see that 0 has the required properties and the theorem is

proved.
We thank Dr. S. W. Dharmadhikari for helpful comments.
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QO CTOXACTAYECKUOX MATPANAX # AXPAX
C. DATAPAMAN, T. E. C. PATABAN, K. BACBARN AT (KAJILKYTTA)
(Pesrone)
B macroamell 8aMOTKe RAOTCA H@ 3ABHCAMAT OT KOOPARHAT XapaKTeprnaamiA Croxa-
craneckox MaTpnn. BaogrTca croxacrmieckme sapa, npepcranasiomme coGoit ofioGmenma
CTOSACTHTECKNX MATPHLO, A TaKMkKO naiiaena XApaKTePH3AMNT OrpARMIGHNLIX oNlepatTopon

s Banaxosost MpOCTPamicTie, ABIAMMEXCA, NO-CYMOCTBY, MHTOIPANLHLIME ONODATOPAME
€0 CTOXACTRUECKIME AApaMI.
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