Journal of International Economics 3 (1973) 367-378. © North-Holland Publishing Company

FACTOR PRICE EQUALIZATION THEOREM
IN LINEAR PROGRAMMING *

Pradip MAITI
Indian Statistical Institute, Calcutta, India

1. Introduction

The celebrated factor price equalization (FPE) theorem in inter-
national trade theory states that under certain conditions free trade in
goods between countries is a perfect substitute for free international
mobility of factors, equalizing factor prices everywhere. ! The initial as
well as the usual proof of this theorem rests on the assumption that a
‘smooth’ production function of the neoclassical type is available for
each country. This assumption is partly, if not solely, responsible for
the trouble the trade theorist encounters in generalizing the theorem
particularly to the case involving unequal numbers of goods and factors.
The trouble would appear unnecessary as McKenzie (1955) has proved
the same theorem by means of activity analysis without any restriction
on the number of goods and the number of factors and without any
assumption that the number of available processes is finite.

The present paper intends mainly to recast some of the theorems of
McKenzie in terms of a linear programming model. The merits of this
type of approach are manifold. Obviously, the number of goods and the
number of factors can be anything finite. Secondly, factor prices will
drop out as solutions of the model irrespective of whether they are

*This is a developed version of an earlier draft, read at the Ninth Indian Econometric Con-
ference held in Patna, Bihar in 1969. The author is indebled to Deb Kumar Bose and Sanjit Bose
of the Indian Statistical Institute and Ramprasad Sengupta of Presid College, Calcutia for
their useful comments and suggestions in connection with the preparation of this paper. He
acknowledges the uselul suggestions and comments from Prof. Chipman and the two referees of
this paper. He alone is responsible for errors that may remain,

I For di fons as well as & pl ibl on this topic see Chipman (1966).
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equalized or not. Finally, some interesting duality results in linear pro-
gramming can be obtained which, in turn, will help to shorten proofs of
various theorems.

Sect. 2 introduces the model. Sect. 3 imposes conditions on the
parameters of the model which ensure the existence of competitive
equilibrium in a country. This section also rediscovers and eventually
uses some results in linear programming theory to derive conditions for
FPE, given the world prices of goods. Sect. 4 carries the analysis further
to obtain conditions for FPE, first, when the world output is given, and
secondly, when the given factor endowments in different countries cor-
respond to an ‘efficient’ allocation from the point of view of the world
as a whole. Sect. 5 concludes the analysis.

2. The model

We make the following assumptions: (1) No factors can move be-
tween the countries and all commodities move perfectly freely in inter-
national trade, without encountering tariffs or transport costs. (2) Each
country possesses an identical set of n linear ? basic activities which
produce g number of (final) goods; both joint production and alterna-
tive activities for producing a given good are allowed. (3) Each country
possesses a given endowment of m (primary) factors. (4) Perfect com-
petition prevails everywhere.

We introduce some notations and definitions. Let R/ denote the
fspace, the set of all rea] f~vectors. The jth (basic) activity when it is
operated at unit level is described by a column vector a; € R™ with its
ith element representing the amount of the ith factor consumed by the
jth activity at unit level. The income from a; — to be denoted by 7, — is
the value of output when the jth activity is being operated at unit
level. * We further assume that in each country there is available for
each factor a free disposal activity which uses up one unit of the corre-
sponding factor only and produces nothing. Let A= (a/) be an mX(n+m)
input matrix with a,,; being the free disposal activity for the ith factor
and hence the ith unit vector (i € m). Let a column vector x =(El)e

2 Activitics show constant returns to scale and no external economies or diseconomies (i.e.,
are additive).

3 F'ree trade in goods ylelds everywhere the same prices for goods and hence the same In-
comes from aclivities.
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R"™™ denote the intensity vector of activities where £, is the level or
intensity at which the jth activity is operated. Let the income vector of
activities be denoted by a row vector p = (1r/) € R™™ , with m= 0 for
j>n.

Let us now consider a linear program of finding a nonnegative inten-
sity vector x which maximizes total income subject to the condition
that a given factor endowment — a column vector r € R™ — is fully
employed. Thus the problem — henceforth to be referred to as (P) - is
to find an x which *

maximizes px, (1)
subjectto  Ax=r; x20. %)

The corresponding dual problem — to be called (D) — is to find
prices for factors which minimize the total imputed cost of the given
factor endowment subject to the familiar condition that no activity
earns positive profit, i.e., to find a row vector y € R™ which

minimizes yr, 3)
subjectto yA2p. 4)

Note that since the last m columns in 4 form an identity matrix and
each of the last m elements of p is zero, the last i constraints in (4)
require y to be nonnegative. *

A few definitions now: An x (a y) is said to be a feasible solution of
(P) (of (D)) if it satisfies the constraints (2) (the constraints (4)). Let N
be the set of indices of columns of A: 9 =(1,2,...,n+m). Let
PBCN, B be the matrix formed by the a, j€B and p(B) the row
vector of the m.jE€EB. A feasible solutlon x= (E) of (P) is said to
depend (posluvely) on the set B, if §, =0 I'or/¢‘B (E > 0forje®m).
B is said to be a feasible basis of (P), if (i) there is a feaslble solution of
(P) depending on B and (ii) the a,, j €B, are linearly independent and
span R™. (Thus a feasible basis g of (P) is a nonsingular matrix.) A

‘X‘((/)gﬂmclm(lgororzll/.xZOmunugObulxi0.x>0mun:(l>0l‘ur:ll

S 1t ks now obvious that the free disposal activities correspond 1o the slack vectors in a linear
Pprogram.
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feasible basis B of (P) is said to be nondegenerate if the corresponding
feasible solution x = () depends positively on B and degenerate if
¢ =0 for some j€DY. A feasible basis B of (P) is said to be an optimal
basis of it if the feasible solution of (P) depending on <8 is its optimal
solution, i.e., maximizes (1) subject to (2). The corresponding maxi-
mum value of (P) is called its optimal value.

Let the factor endowment in country k be given by a column vector
r, € R™. Then for a country k the above pair of linear programs will be
denoted by (P), and (D), which are obtained from (P) and (D) by
replacing x. r and y by x,. r, and y, . respectively.

We now state a duality theorem of linear programming without
proaf’ for proof see Gale (1960, theorem 4.2, p. 109).

LEMMA 1: If for a feasible basis B of (P) we have

p(B)B-'A2p, (5)

then
(a) B is an optimal basis of (P); and
(b) ¥ = p(B)B~" is an optimal solution of (D).

We shall henceforth call a feasible basis 8 a dual optimal basis if it
satisfies (S).

We shall ignore the consumer demand for goods and assume that the
prices of goods are determined in the international market outside our
system. We now introduce a couple of definitions.

DEFINITION !: The intensity vector x = (Ei) and the factor price
vector y yield a competitive equilibrium if they satisfy (2), (4) and

ya; =, whenever §>0. (6)

The condition (6) gives the so-called ‘profit conditions’ in competi-
tive equilibrium, namely that whenever an activity is used in competi-
tive equilibrium it must realize zero profits, see McKenzie (1955,
p. 241). Note further that whenever a factor is not fully ecmployed in
competitive equilibrium by ‘legitimate’ activities (i.c., the first » activi-
ties), its price is zero. This is guaranteed by the naturc of our free dis-
posal activitics, the constraints (2) and the condition (6).

DEFINITION 2: A country is said to be specialized ¢ if in competi-

§ The usual definition of iulization in i ionu! trude thcory runs in terms of goods
and not activities. The proof of the IFPE theorem in the m good —m luctor casc rests on the
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tive equilibrium it uses less than m linearly independent activities out of
A.

3. Conditions for FPE

Let us observe that it is possible for a country k to attain competitive
equilibrium if and only if (P)k and (D), have optimal solutions. This
follows from Definition 1 and the canonical equilibrium theorem of
linear programming. * Thus *“we may paraphrase Adam Smith by saying
that there is an ‘invisible hand’ that leads a competitive system and the
economic theorist to the theorems of linear programming”, Samuelson
(1958, p. 313).

We shall henceforth assume that r, >0 for all k and that each
activity uses at least one factor so that a, > 0 for all / S n. In this case it
is known that (I’)k and (D), have optimal solutions, ® say X, and y,,
which then yield competitive equilibrium in country k.

Thus an optimal solution of (D), gives (equilibrium) factor prices ¢
in country k. Of course, if (D), has multiple optimal solutions, they
together determine a range within which factor prices must lie. (Recall
that the consumer demand for goods is ignored here. Hence factor
prices, determined after taking the demand side into account, may be
unique although technological conditions may specify a range for it. In
this connection see Samuelson (1958, p. 316).)

We now turn to our basic question: When do factor prices get
equalized among countries? Obviously, a condition is that FPE should
be possible among countries. In other words there should exist some y
which is an optimal solution of each (D), . We shall call this condition
(CI). However, in order that FPE should necessarily occur, a second

assumption that each country is ‘i -or ified" in the
words of Chipman (1966, pp. 20-21) - munlng thereby that each should produce all goods.
‘When the number of goods exceeds the number of factors this translates into the condition that
no country produces less goods than the number of factors, One of our conditions for FPE will
turn oul to be the requirement that a competitive equilibrium be possible in each country with-
out speciglization in the sense of Definition 2.

7 The theorem states that a feasible solution x = ((,) of (P) and a feasible solution y of (D)
are optimal solulions of their respective p if and only if t/:O wheneverya,) ;. For
proof see Gale (1960, theorem 3.2, p. 82).

8 For proof see Goldman et al. (1956, lemma 3, p. 47).

9 That shadow prices in a ing mode) give prices is nat u new ideu, See,
for example, Dorfman et al. (1958, chs. 3 and 5), Gale (1960, ch. 1) and Samuclson (1958).
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condition — to be called (CII) — is needed, namely that the (equili-
brium) factor price vector be unique in each country. Our task in this
paper would be to translate these conditions in terms of our linear pro-
gramming model. We take up (CII) first.

LEMMA 2: Given p, let the problem (P) have an optimal solution
2=(,) depending positively on a set S9N containing 7 indices, r 2 m,
such that some m of the a,, j € 7 , are linearly independent. Then
(a) (P) has an optimal basis B formed from the a, j€ET
(b) the optimal solution of (D) is unique; and
(c) all feasible bases which can be formed from the a;, JET , are dual

optimal for (P).

Proof: (a) It follows from the theorem on basic solutions of linear
program; see Gale (1960. theorem 3.3, p. 84).

(b) Take any optimal solution § of (D). So we have

JAZ2p. @]

In addition, since by hypothesis §i> 0 for j€T, we have by the
canonical equilibrium theorem

ya =, for j€9g .

Considering only activities in B we therefore get
yB=p(8),

which shows that p is unique and is given by p(B)B~".
(c) Take any feasible basis Bo of (P) which can be formed from the
a,. j€ 7. As in case (b) here also we get

7By = p(By) .,

so that the unique optimal solution of (D) is also given by p(Bo)B(;'.
This result, together with (7), shows that Bjisa dual optimal basis of
P).

We shall call all such feasible bases 8 and B, dual optimal bases
‘corresponding’ to £.

COROLLARY 1: Given p, if (P) has a nondegenerate optimal basis
B, then the optimal solution of (D) is unique, being given by p(B)B~!.

By Definition 2 a competitivz equilibrium without specialization is
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possible in country k if and only if (P), satisfies the hypothesis 1% in
Lemma 2. Thus we can write:

LEMMA 2': Given p, if a competitive equilibrium is possible in a
country without specialization, its factor price vector is unique.

In continuance of the discussion of relating our model to the tradi-
tional trade theory it may be pointed out that the possibility of a com-
petitive equilibrium being attained in a country without specialization
is analogous to the existence of what Chipman (1966, pp. 20-23) calls
a ‘diversification cone’ which contains the factor endowment of the
country in question. In our model a competitive equilibrium is possible
in a country k without specialization if, roughly speaking, its factor
endowment is sufficiently different in comparison with the differences
in factor intensities of the activities, so that its 7, can be expressed asa
positive linear combination of at least m linearly independent activities.

Before turning to (CI) we introduce some additional definitions.
First we define a ‘convex cone’ corresponding to a feasible basis B of
(P) as follows: '!

R(B)=(u€R™3h >0 Bh=u). ®)

Note that u € R(B) implies u > 0.

DEFINITION 3: Given p, a pair of countries (k, ki) is said to be
connected if there exists a chain of countries {,, k,, ..., k,} joining
k, =k; to k, = k; with the following property: each country k_ in this
chain has a dual optimal basis By, such that the R(B,) of successive

10 The hypothesis in Lemma 2 admits of the possibility of the existence of multiple optimal
solutions of (P) as well as of the possibility that some or even all of the optimal bases of (P) may
be degenerate. An example of the second case is the following one. Let

13100 [
A= (32010 ; r=|6|: and p=(22000).
11001 2

It is easily seen that there are two optimal extreme points: X! = (204 00)andx? = (02020),
each having only two positive elements. Therefore, all the optimal bases are degenerate. How-
ever, any convex combination of x andx?is optimal and depends positively on all the first
four activities.

11 Although R(B) does not contain the origin, still it can be called a ‘convex cone’, follow-
Ing the definitions given by Rockafellar (1970, p. 13).
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countries have nonempty intersection. '? (We shall sometimes call the
pair (k,, kl) connected with respect to the R(By,).)

We now show that the condition (Cl) is realized if every pair of
countries is connected.

LEMMA 3: If, given p, a pair of countries (k;, k) is connected, '*
then FPE is possible in this pair.

Proof: By hypothesis there exists a chain of countries (k,. kyy i k)
joining k, = k; to k, =k/ with the following property: country &, in
this chain has a dual optimal basis By, such that both R(By,) and
R(By,,, ) contain some point uw*> 0 (this is true foralls =1, ..., v=1).

Now since By is a dual optimal basis of (P, we know by Lemma 1
that (D), has an optimal solution given by

y2:=p(BkI)B;:‘ , forall sSw. (9)

We next show that y2 , as defined in (9), must be the same for any
two successive countries in this chain and hence for the given pair.

To show this, consider countries k_and k_, , . Consider now problem
(P) and (D) where r=u*. We know u* can be expressed as a positive
linear combination of all activities in By, as well as of all activities in
By,,,. Therefore, (P) has two nondegenerate optimal bases B, and
By, - Corollary | then ensures that the optimal solution of (D) is
unique, given by both p(By )Bi! and p(By, )Bi, .Hence we must have
yﬁs = ygm . This equality is true for any two successive countries in this
chain and hence the Lemma.

Note that B, may be a degenerate optimal basis of (P)ks — that is Tig
may not lie in (ka) — so that the possibility of FPE is no guarantee
that the factor prices would necessarily be equalized in this chain of
countries.

On the basis of preceding Lemmas we state the FPE theorem as
follows:

THEOREM 1: Given p, let every pair of countries be connected and

2 The parameters of a linear program (P) — 7, A and p — would determine which vectors of
A would form a dual optimal basis, and how many such bases would exist. Consider now two
successive countries in a chain. They differ with respect to their factor endowments and hence
may have different sets of dual oplima) bases (although p and 4 are identical for all). They are,
however, said to be connecred If it is possible to find an arbitrary factor supply vector u with
which both countries, usng sny dual optimal basis out of their respective sets of such bases, can
attain competitive equilibrium without specialization.

13 Here lies the Importance of the sssumption that rx > 0 for all k. No pair will be con-
nected in our model unless they have positive supplies of the same factors.
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further, a competitive equilibrium be possible in every country without
specialization. Then FPE is necessary for p.

As has already been demonstrated, the first condition ensures the
existence of a common factor price vector compatible with competitive
equilibrium in all countries while the second condition guarantees the
uniqueness of factor prices in any single country in competitive equi-
librium. Together they make FPE necessary.

4. Some more results

We like to prove two more theorems which necessitate a few addi-
tional notations. Let D=(d;) be a gX(n+m) output matrix where
die RE gives the amounts of different goods turned out by the jth
activity when it is operated at unit level. Obviously d/ =0 for j>n.
Further given the world prices of goods, ¢ € R%, the income vector of
activities is p=qD. Let us consider the following hypothesis, to be
called (H):

(H) For some q* the world output vector in competitive equili-
brium is z € R with the following property: z = X, D%, where
each country k attains competitive equilibrium without specializa-
tion with the intensity vector X, which, in turn, has some ‘corre-
sponding’ dual optimal basis B, such that every pair of countries is
connected with respect to the R(8, ).

It is obvious from Theorem | that for ¢*, z implies FPE. However,
there may be alternative gs at which z is also producible in competitive
equilibrium. The interesting result is that FPE is necessary for z for all
gs at which it is producible in competitive equilibrium as long as it
satisfies the hypothesis (H).

THEOREM 2: FPE is necessary for the world output vector z if z sa-
tisfies the hypothesis (H). '*

Proof: Take any other goods price vector ¢' at which z is also pro-
ducible in competitive equilibrium. This means that for p’ = ¢'D, there
exist optimal solutions x, of the (P), such that z = Z, Dx; . Now for p’,
X, isa feasible solution of (P)k so that we have

18 A5 McKenzie (1955, p. 245) puts it, ‘Thus far we have been concerned with the question
when does a price (income, in our case) vector p imply equalization of factor prices. Il is also
possible, however, to ask when does an output vector y (2, in our nolation) imply equalization
of factor prices. This will provide another measure of the prevalence of equalization’.
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p'%, < px,  (@lk). (10)
However,

4? p'x; = %} q'Dx; =q'z= Zk) q'Dx, = %} P'%, . (11)

(10) and (11) together imply that p'®, =p'x, for all k. Thus even for
r, X, is an optimal solution of (P), so that its ‘corresponding’ feasible
basis B, still remains a dual optimal basis, in view of (c) of Lemma 2.
Thus even for p’, competitive equilibrium is possible in every country
without specialization, and further, every pair of countries remains
connected with respect to the R(B, ). Theorem | then ensures the ne-
cessity of FPE in all countries. '$

We shall note one more result which is not in McKenzie (1955). Let
us consider a hypothetical world program (P),, which is obtained from
(P) by replacing rby r,, = Z,r,. (Asif it were possible to pool together
factor endowments of ‘different countries without constraints!) Now
the hypothetical world income (in competitive equilibrium) is the opti-
mal value of (P),,- This is obviously greater than or equal to the actual
world income which is the sum of incomes of different countries, given
their factor endowments. (The income of country k is taken to be the
optimal value of(l’)k.) A question that arises is: By how much does the
actual world income fall short of the hypothetical? The ‘loss’ would
obviously be zero if all countries had the same factor price vector, as
will be shown below. However, the converse is also true under an addi-
tional assumption, viz., if (CII) holds FPE is necessary for there to be
no ‘loss’.

THEOREM 3: For a p for which competitive equilibrium is possible
in every country without specialization, the actual world income equals
the hypothetical world income if and only if each country has the same
factor price vector.

Proof: By hypothesis and Lemma 2’ each (D), has a unique optimal
solution, say p,. To prove the 'if’ part, let us suppose p, =y for all k.
Then we have Em'k = yzkrk =y, Further, it can be shown that ¥ is
an optimal solution'® of (D),. Therefore, actual world income
Z, 7,1y is equal to the hypothetical world income yr, .

'S Note that the equalized factor price vector for p’ may be different (rom that for p.
16 Suppose, y® is an optimal solution of (D),,. However, y* and y are feasible solutions of
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To prove the necessity of FPE, let us suppose that

§ykrk=yrw=§ yr . (12)

where p is an optimal solution of (D),,. However, since y is a feasible
solution of each (D), we have

Pery S, (allk). (13)

(12) and (13) together imply that yr, = y,r,, i.e., that 7 is an optimal
solution of each (D), . Since the optimal solution of any (D), is unique,
we must have y, =¥ for all &.

The economic rationale behind Theorem 3 is obvious. An optimal
solution of (D)k, if unique, evaluates marginal value productivities of
different factors in country k in competitive equilibrium. Therefore, a
redistribution of factors among countries will not give any increase in
the actual world income if and only if the marginal value productivity
of a given factor is equalized everywhere. !’

5. Conclusion

We indicate a few possible extensions of our analysis. Let us suppose
that for some income vector p and some factor endowment rg, B, isa
nondegenerate optimal basis of (P), and further that every pair of
countries is connected with respect to the R(8, ). Then we know from
Theorem 1 that FPE is necessary for p® and the r). A question may
now be asked: What variations of p and the r, would still make FPE
necessary? The answer is simple: All such variations as would retain B,
as a nondegenerate optimal basis of (P), .

Consider first only variations in the r, . All we need is that the varia-
tions in factor supplies in country %, Ar,, should be such that

respectively (D)g (all k) and (D),,. Therefore, on the one hand, we have yZ ;7 2 y*Ziry
while, on the other hand, we get y*ry 2 yry (all k), ot y*Zy 1y 2 Z g, Thus we have in fact
yzw =y Ly

1t can be casily shown thal our Theorem 3 holds good even when technologies differ be-
tween the countries. We further point out that the idea developed here is very similar 1o the one
expressed in Uzawa (1959, theorems 4 and 5).
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7, =19 + Ary remains '* in R(B,). This happens if
B;'ar, > -B;'r . (14)

Consider now variations in p as well as variations in factor supplies
where the latter satisfy (14). It is possible to find a critical value — let
us call it Ay — such that FPE is necessary for all p in the range PRERS

o+ Ao6s where ¢ is some specified, but arbitrary vector. '* Doing this
exercnse for every ¢ one would arrive at a set of all ps which ensure
FPE.
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