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This paper gives nunlytic expressions for the moments and recurrence

relutions for the fimt four ruw moments of & doubly noneenieal idistri-
bution with » degrees of freedom nnd noncentrality puramelers 3 und

A. Table | providex numerical values of thess mumonts for v=2 (1) ),
Am2 (2) 8 (4) 20 and any suitable & Twu upproximntions tw the 1 -dis-
tribution, invulvivg the are idered.

1, INTRODUCTION

eT X be a normal variate with mean § and unit varisnce and Y? be an
independent chi-square variate with » degrees of freedom and noneentral-
ity parameter A. Then the ratio

"= XY 0]

follows a doubly noncentral f-distribution with » degrees of freedom and
noncentrality parameters § and A.

Robbins [12] shows that when the population meens are unequal, Student’s
1 transforms to this ¢’-distribution. Patnaik [10] also considers this distribu-
tion in tests for standardised means from non-homogeneous normal popula-
tions. However, tables of the probability integral of ¢’ are not available. These
would have to be computed from double infinite series of integrals, involving
three parameters v, § and X. Values of the moments of ¢ would be useful, since
most approximations to this distribution would require them. This paper gives
new expressions and recursion formulae for the first four raw moments of the
t"-distribution. Numerical values of these moments for r=2 (1) 20, A=2 (2) 8
(4) 20 and any suitable 8, could be evaluated using Table I. Two npproxima-
tions to the {"-distribution, making use of these moments, are considered.

When A=0, we have the singly noncentral {-distribution of Johnson and
Welch [6]. Tables for this distribution have been published, for instance,
by Resnikoff and Lieberman [11] and Constance van Eeden [1].

When §=0, we have a different noncentral i-distribution defined by Marak-
athavalli [8]. This is also & particular case (a=0) of the distribution con-
sidered by Robbins [12].

When 8=0, A =0, we have Student’s L.

3. THE {""-DISTRIBUTION AND MOMENTS
The frequency function of X is
9(X) = exp [- (X — 9)/2]/V?r,
that of Y is

- (\/2)iY trHti-n
h(Y) = exp [—(Y'+x)/2ll§ SR

* On Ieave from the Tndian Buatistieal Trattiuta.
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und honce that of U=X/Y is j"'h(Y) g(UY) Y dY, which after integration,
L]

reduces to
3§ o &2 BUVEYTL + i 4+ 1+ 2)/20(L 4 U=t iz
j=b iwd .7'1'\/7[‘('/0 +7)

Hence the probability density of ¢ is

L /2@ V2V T +i+ 1+ 2)/2]

m _ Y e
(") = EZ Ok j!i!\/;I‘(v/Z 4 (L 1r2y) eritrezane

=m0 {=l

(Robbins [12] uses n, 2\, +/2a for our », A, & respectively.)
Sinee X and Y are statistically independent,

B[] = »2EGY-E(Y),

Now
l
B(XY = f X = f e T
\/21r
r+1
- 2'/'5*-'1*( )
750 ) ;
where
= {rireven <k},
and

= (A/2)7Y kg Y

E(Y-F¥ =f —(Yi4n
=), e L et

y — k
/2T (T + j)

- e~ 7

D R
- V_kH"_k v A =M1/
_F(T) ( 2 2! ?) /RITe/D,

where the hypergcometric function
T & T + J)z’
T(a) 2 T + !
Using Kummer’s formula ([13], page 6)
¢*H(a, b;z) = H(b — a, b; —z),

Hia, b;z) =

E(YH =T (?) H/2, v/2; =N2/20T0/2), (0> b,

@
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Hence the kth raw moment of ¢*
Hk/2,5/2; ~N2)

I‘(»/2}\/r

BOeer(2)

= [rireven <k] (> K.

m(l"/0,8,)) = (v/2)"'l‘< 2 )

where

Making appropriate substitutions for & in (3), we have for the first four raw
momenta of £;

o= sV G () O/ /25 ~ND/TC, > ), @

ma = |BT(1/2) + 20/2)) (v/z)r( )H(n o2 =NA/VAT6/2)
=@ DR D -D, 6>,

ma = [B0(1/2) + GIG/2)| T ( - 3) H(3/2,v/2; =M2(6/2"/x Te/2)

2
©
= 85+ D)6/DHE/2, v/2; —x/z)r( ) /16, 659,
and
me = [8T(1/2 + 12811(3/2) + 41(5/2)}
(v/")’l‘( )H(2 ¥/2; =\2)/Vx T(v/2) m
= (@8 IVHE, /2 N/ —D —4), (> 4).
2. RECURRENCE RELATIONS FOR MOMENTS
R ion relations in the ts s funetions of v, help in their numerical

evaluation. Following are forward recursion formulae for the first four raw
moments of ¢”:

| et m(—2) (v~ 5mp—4) .
""M"/"[(l x)v(v—2)+ Wo-2 ] 6>5 @

me) = <[+ - 0= hmb-2/6-2], 6> ®
) = (,. + 30 ml — /=B —m)/VL >3 (10)
mas) = (8 + 63t + B)st{ma(v — 2)/ (v — 2) —malb)/]/200+ 1), (v > 4). (1)

where my(v) stands for the k' moment of ¢ with v degrees of freedom, and
parametars 4 and A,
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These relations can be derived using the following identities in the hyper-
geometric functions: (see page 19, [13])

blb — DH(e,b — 1;2) — b(b ~ 1 + 2)H(a,b;z) + (b — a)zH(a,b + 1;2) = 0,
witha = 1/2,b=y/2~1,z=—)/2
for formula (8),
bH(e, b; ) — bH(a — 1,b;z) — zH(a, b + 1;1) = 0,
witha = 1,6 =0/2~1,z=~)2, for(0)
and
(l+e—bHabyz)—aH@+ 1, b;z)+ b— DH{@b—-1;2)=0
with
a=1/2b=v/2,2==)N2 for(10) and a=1,b=v/2,z=—)\/2
for (11).
4. LIMITING CASE

Using the formula (Bateman, [2], page 47)
T(2) = c%et—1D bor 1y/2 {1 4 1/122 + 1/2882% — 0(1/2)]

and expressing the Gamma and Hypergeometric functions in powers of (1/v),
we get

1
m = 5[1 += (/4N + 0(1/»1)},
me, = (82 + l)[l +@2=-N/+ O(J/V’)J, 12)
3
=54 ) [1 PGV + 0(1/u!>]

my = (88 + 682 4 3)[1 4+ (6 — 20)/» + 0(1/»)].
When v— o, the first four raw moments of ¢ tend to
3, (62 + 1), 8(82 + 3), (6* + 687 + 3) respectively, (A, 5, finite).

The first four central moments of ¢’ therefore tend to those of a normal variate
with mean 8 and unit variance.
When A— w (v, §, finite), the moments tend to zero, since

Lt e<H(a, b; 7) = 0, (b>a), (page 60), [13).

5. TABLE OF MOMENTS-COMPUTATIONAL PROCEDURES

The moments of the ¢-distribution could be evaluated using tables of the
hypergeometric and gamma functions. However, existing tables for H(a, b; z)
are for restricted small values of a, b and positive z: for example, the ranges of
a, b, and z are (=1, 1), (0, 1), (0, 10) or (=11, 2), (—4, 1), 1 in [13], and
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TABLE 1
Ae2 Amd

v (4] G € (4] & [ ) Cu

2 1143298 828537

8 1.032083  1.614238 826621 039882

4 100478 1.284241  2.440340 844320 .BOMOG4  1.292884

s 004384 1.154801  1.080210  3.838060 86078 830007 1.032135  1.874000
[ L000122  1.103638  1.440028 2.378170 874508 881501 967421 330480
7 688202 1.074017  1.318103  §.800318 885081 857402 927308 1.183813
] (OB7620  1.050004  1.240107 1.838213 805830 864004 014051 1.082082
9 (087337  1.044008 1.190228 1.817077 903855 871887 08774 1.0377I0
10 087444 1.030383 1.160374 1.424111 | .0I060B 878750 008318 1.010388
n 8T703  1.000114  1.142228  |.388470 o887 838120 008412 982810
1”7 .B88040 1.025350 1.123808  1.3087%4 921885 800001 007637 081078
13 988412 1.021684 1.100342  1.27231 28817 806360 009480 073058
" 988707 1.018730 1.007712  1.242683 230830 901275 011877 087489
1] .880180 1.016381 1.088170 1.218810 834304 905778 914028 083828
16 980383  1.014418  1.080230  1.108787 937808 00002 016430  .0AORAS
17 L886913  1.012808 1.073533  1.182008 040503 018714 918839 059098
18 900287  1.011451 1.067802 1.167027 $43305 817220 921190 087877
"» .800583  1.010302 1.082854 1.185740 B45T8B0 920461 023401 087118
0 900808 1.000310 1.088843 1.1 048048 023484 025703 050684

L] A=8

’ [ € ] [ () 2] [ C

2 631289 540818

] 606900 630634 809807 482010

4 JI35034 03T 48038 086487 400842 487431

8 (704847 .638157 676820  .08228) L602307 530831 471371 .356200.
° 788188 .833202 JO72440 800851 JT20384 (365634 408854 510087
7 807281 705056 682367 7120 STAd0A2 506313 521848 L8137
8 823109 725680 605703 740100 784830 822710 340818 ST
0 B3/T0 <3817 100828 T8 781308 048819 . 509878 ~SA3013
10 847020 750180 720437 828 705788 1086208 590079 .4an8e8
n 857820 .T72080 .T30270 21 -B083%H 1884332 810243 AT
1 866408 785311 748220 754230 810417 JTO0BAD 627834 .

13 874181 790367 780200 781578 820237 JT18149 043081 808443
L} 880050 808320 760827 780003 838013 B 658702 022504
18 887038 .BIS377  .T7BeM  .T7E3I0 845014 740387 072432 633883
18 892350  .823608  .7877%0 783303 853062 (751373 885030  G4BH
37 897528 831120 708880 Te0200 850602 781452 606808 660050
18 .002057 838034  .803438  .706705 .B8S%01  .T70733 707583 .871083
19 908190 BAA308 810463 802002 870050 .T79309 717681 681380
20 .l0000 830209  .B17018  .8087D4 875067 L7878 .yz7eas  .eew21d

(0; 160), 1, (0, .1) in [9]. Although recursive relations aid in evaluating
H(a, b; z) for untabulated values of the arguments, they could hardly be used
for the moments of ¢, which might involve large values of b and negative z.
We have therefore tabulated the first four moments of ¢”. To simplify tabula-
tiou with results not involving 3, the following transformations were made:

¢ = m/8,

¢y =my/(8° + 1),

¢y = ms/3(8* + 3),

¢ =my/ (8 + 68+ 3).

(13)
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Awi2 =16
Cr Oy G Ci C Cy O Cu
2 430708 .368001
3 400733 280570 432085 202787
4 551241 832507 231480 1483400 240016 . 141829
5 591759 377608 280071 224798 524082 .201378 174404 110850
] 624776 416873 .302127 245662 557829 328140 205785 140200
1 052360 451138 LA™ 2781 588508 .381013 .235183 164189
8 076848 4812380 .364663 207765 811293 .300819 262857 187604
0 608138 508318 392110 322121 632006 417440 288374 210100
10 713888 . 532484 417335 346361 852202 441808 312443 .231888
11 720859 554254 440550 .368830 686348 484280 .334003 252847
12 743521 574028 462004 380677 884772 484881 358150 272487
n 756048 . 502062 481862 409276 .B08734 503850 376028 1201433
14 767359 608583 . 800209 427810 L1443 .B2t4s LA%4733 300520
15 777828 .823780 517462 445285 723070 537804 412263 320788
18 786909 .837809 533478 461721 733752 . B53038 420003 343278
17 708587 .850803 848454 477285 743808 .Be1272 44TI2 .a50083
18 .803489 662875 562403 491938 752727 580802 450622 374002
10 .810788 874122 575678 505830 761108 303118 473726 388405
20 817847 .684828 588088 518006 788087 604888 ABTI34 402279
rm20
f o [ [ [
2 328317
3 387208 160112
4 435543 100890 008102
5 476000 1236740 124078 071138
8 . 508259 270001 161017 080955
7 536884 300284 176007 109033
8 581002 1327009 100876 128008
L} . 584033 383470 2226827 146700
10 603768 377000 244278 184007
n .621503 .308780 284874 .182830
12. .6an22 410030 284467 200181
13 882428 437018 303111 218068
" 865000 4555060 320881 233230
13 678300 472001 .3amm .248978
18 680759 487818 .353892 264102
17 700284 502228 .380272 278801
18 710208 5168002 383088 .203089
10 710401 . 520018 307003 308803
20 728118 541331 411418 320048
Then the recurrence relations become
) = vof(1 — b — /Nl — /v =2)
+ - 5/Nak~/VE=1), >5
o) = oM — (@ —~8/0-Dap -2},  6>9 (Lh
el = itfol - D/VE—F — eV #>3),
al) = b~ 2/ - —ak)slz,  6>4

and depend only on » and X Table I gives the results for ¢; (i=1, 2, 3, 4) for
»=2 (1) 20, \=2 (2) 8 (4) 20. The first four raw moments of ¢ could easily
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be obtained from corresponding values of the ¢'s, for sny valuo of 5 and the
tabulated values of v and \, from (13).

When 6=0, m, and m, become zero.

Values for the case A =0 have been given by Hogben, Pinkham and Wilk [5],
and have nat been included here.

When y— @, ¢;—1; when A==, c—0;i=1, 2,3, 4.

€1, €3, € are defined only for »23, 4, 5 respectively: undefined values have
been left blauk in Table I.

All computations were performed on the IBM 1620 using & modulus of 5
and a mantissa of 28. Two runs were neeessary to obtain the results. The first
run was used to caleulate ¢, for v=2, 3, 4, 5 and ¢; for v=3, 4and A=2 (2) 8
(4) 20 using formulae (13). The second run used these values in the recurrence
formulae (14) to get ¢;, i=1 to 4, for higher values of ». The final answers were
truncated to 0 decimal places. 11 terms (A=2) to 40 terms (A=20) of the
hypergeometric function were used for the initial values of the moments
(v=2, 8, 4, 5) to give numerical accuracy to ahout 28 decimal places. This was
necessary, since errors in the last decimal place tended to shift to the left as
v increased in formulae (14), giving gccuracy to only about 7 decimal places
for v near 20. Four-point Lagrangian interpolation in A could be used in Table I
to get moments for intermediate values of A. The moments for larger degrees
of freedom, say »v=22 (2) 30, could be obtained using the recursive formulae.

6. APPROXIMATIONS TO THE t'-DISTRIBUTION BY (1) A MODIFIED r-DISTRIBUTION,
(2) A SINGLY NONCENTRAL /.

The first approximation to the £’-distribution i by that of a transformed
vorrclation coefficient, (ollowing Harley’s method (4] for the singly noncentral 1.
Suppose then, we approximate the distribution of ¢ by that of

w=rv{n = 2) h(p)/V(I = 1) (15)

where r i8 the correlation coefficient in a samplo of size n drawn randomly from
o bivariatc normal population with correlation p, and A{p) is a function of p
to be determined suitably, (sce [7]).

The first three moments of w when a0 are (see [4])

myw) = (a — 2)1h(s)/|(n — HVT = o),
mi(w) = (n = 1+ (v — DY/ (1 — s (a = 4),
my(0) = (n — 2)¥85[3 + np!/(L — M (h(6))Y/[(n — A(n = B}V (T = 41)]. (16)

To bring the distribution of r/+/(1—r%) and ¢” into correspondence, we have
to specify a form for A(p) and to relate n and p to », 8 and A. The link could be
made in a number of ways: the method chosen below, following Harley's in
[4], was partly beesuse it led to simple relations which did not involve any
approximations to the gamma functions, while providing satisfactory results
in o few numerical comparisons.

Here, the ratio of the moments ma(w)/mi(w) are equated to tho ratio
m(i”)/my{l"), and the values of my(w), to my(t”).
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From (16),

ma(w) (n—12) np?
i~ O (3 o p’))
while from (6) and (4),
ms(t") w8t + 3) H(3/2,0/2; =)/
) 6 —3) H{/2v/2~N2)
Equating these moment ratios, as also the second momenta in (16) and (5),
we get

=2 i o P e o HE/200/2=0/2)
W gy BEmw/ =M= et e W

and

i 22 [1+ e = w0 -,
(n—4) (-9 (-2
If we choose »=n—2 or
n=v+2 (18)
a result which gives exact correspondence when p=0 and =X =0, we have on
solving the equations in (17),
¢ =[BK - L)/{(a - 2L - (o - K] ]'",

o) = [K/(L+ (= Do*/(1 = o]t 19
where
L= (8'+3)H(3/2,n/2 - 1; =)\/2)/H(1/2,2/2 — 1; =)\/2) @0
= (n = Bma(t"/(n — 2), 5, M)/ [(n — Dm(t"/(n — 2), 6,))
and

K =@+ DA, /2= 1; =M2) = (1 — 4mlt"/(n = 2), 5, M)/ (n = 2).

n, o, k(o) ean be obtained from the tabulated moments of ¢ in Table I.

In the second approximation to ”, considered by Patnaik [10), the first two
momenta of ¢/ are equated to the corresponding mements of cf’, where £’ is &
singly noncentral { with f degrees of freedom and noncentrality parameter §, ¢
heing & scale factor. He obtains

c(8/2) VT — 1)/2)/T(f/2) = mi() = (5%/2)'", e
S+ 8/(f — ) = malt") = (1 + 89,

and employing Stirling’s approximation to the gamma function, gets
1/f = 2[-1 4 VA= Tg/m/7,
e = V[l - 2/9)].

(22)
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Here again, ¢ and f can bo obtained wsing the values of tho moments in Table 1.

7. EVALUATION UF THE PROBABILITY INTEGRAL OF l“
Using (2), the probability integral f- . p(i"'/», §,A) d2” can be put in the form

Cava O @7 [ (02 624 D) }
L - D e T2y - s
R T r(r/z+n{ @/ + am) -y 6

and although the incomplete heta functions /,(p, g) arc each less than one,
and the Poisson terms get smaller and ymaller after a certain stage, calculation
of the double infinite series of integrals involving three parameters v, §, and 3,
is tedious.
When ¢ ia approximated by +/(n—2) rh(p)/ /(I =), the ahove probability
integral is approximately given by
Pr(v{n = 2rh(p)/ V(1 = 1*) £ @) = Pr(r < a/V(a? + (n = 2)h*(s))

- f “pule/ e
-

where
n=a/Vie'+ (n — 2h(p))

and n, p, h(p) arc defined as in (18), (19), in terms of », §, X, or the first three
monients of ¢"". Using David’s tables [3] giving the probability integral
of r in samples of size a front a bivariate normal population with correlation
p, and interpolating in the arguments n, p, ro, the approximate value of the
probahility integral of (" can be obtained. Four-point Lagrangian interpolation
may be used.

Using the second approximation to ¢ by ¢/, the approximate value of
Pr(” <a) is Pr(t’ <a/c), where ¢ and the degrees of freedom f of ¢’ are defined
in (22). This probability can be obtained from tables of ¢/, {11 ] or by approxi-
mate methods as in [1] or [4].

A few cxact values of f£ .p(¢”/v, 8, \)dt” have been evaluated and shown in
Table II, along with their approximate values.

TABLE 11, SHOWING EXACT AND APPROXIMATE VALUES OF

Jpupo b N

» 3 i [l " » nty) ¢ / 3| Sl
M) 1|2 ] 2 |vid 9702
App. 12 | 00080 | 2800 0749
App. 1. ] 07217 [ 13,2047 2 758
2) w | 10| V3| vEE L6038
App. I 12 | 52088 | 38010 | eme
App. 1L L7040 | 12,3030 [ v3 | 6040
2 2| W 2| 2 7880
App. I 1| .sa728 | 31088 7088
App. L. 67810 | 18.0282 [ 9 | 7873
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