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Some Aspects of Random Permutation Models
in Finite Population Sampling Theory

By T.J. Rao, Calcutta')

S y: We first ider N 's opti il ion of sample size to strata in the light of
available auxiliary information t'or whlch a suitabl d ion model is d. Fora
special case of this model the allocation of the sample size reduccs to the same as when a certain

superpop gression model is d. M d by this, more generally, we discuss some
optimality results under random per ion models and pare them with the corresponding
sesults when a superpopulati gression model is d

1. Introduction

Consider a finite population of size N divided into k strata of sizes ¥,
i=1,2,...,k. Let ¥ be the study variate taking values Y, on the j-th unit of the
i-th stratum; values X;; of X, 2 positive auxiliary variate usually related to the
variate Y under study, are available for all units j=1,2,..., N,.;
i=1,2,..., k. We are interested in estimating parametric functions of ¥ such as the
populationmean Y =2 2 Y, / N or the population total ¥ = NY, based on a strati-
fied sampling design. For Simple Random Sampling With Replacement (SRSWR) in
each stratum, we have Neyman’s optimum allocation [Neyman] givenbyn o, =

N, 0, | LN, o;, where n is the total sample size and a is the within stratum variance
for the i-th stratum, i = 1, 2, . .., k. Computation of the n; ’s requues at least the

proportionate values of a ’s whxch are unknown. In ptacuc‘e?s;lues °‘l 's, based on a
pilot study or available prior information are substituted for o.I ’s. These values are
usually the within stratum variances of the auxiliary variate related to the study variate.
The justification for the assumption mentioned above that the unknown proportio-
nate values of ol? ’s are usually not very different from the knowna,"s has been exa-
mined in the light of a priori distributions specified by suitable superpopulation models
by Hanurav [1965) and Rao {1968, 1977). In this paper we shall consider a different
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superpopulation model applicable when auxiliary information on the variate X is
available and the labels of the units are assumed to be uninformative with respect to
the values R” =Y, /X,/ and study the problem of Neyman's optimum allocation with
0}’s substituted by o 's where a} 's are the within stratum variances for the auxiliary
variate X. For a special case of this model, it is found that the allocation tumns out to
be the same as for the case when a particular superpopulation regression model is
assumed. Motivated by this, we look at these two models and draw some parallels
between inference from them.

2. Neyman's Optimum Allocation and Random Permutation Models

For SRSWR in each stratum, Neyman’s optimum allocation [Veymany] is given by

By opt. =nN,; 0, Z N, g;, where

N
i
G =(E Y=Y IN) [N Y, =2 ¥, @

When auxiliary information on the variate X is available and further it is assumed that
the labels attached to the units are uninformative with respect to the values

Ry= ll / X}, where Yll and X;; are respectively the y- and the x-values of the j-th
unit of the i-th stratum, we consider a random permutation model [CR. Rao; JN.K.
Rao/Bellhouse] where tesponse errors are not present. For fixedi=1,2,...,k and
j=12,...,N, we consider Rl,. = Y‘.I/X” and Xii to be unrelated and treat R”‘s as
random permutation of an unknown set of ¥, numbers with Xil’s fixed. This
corresponds to the model [J.N.X. Rao/Bellhouse]

€R, =R;
€ (R,,—E,)’ = o}, )
e®R;—R)R,,—R)=—0p, /N, — 1)
J#i'=12,...,N,
where R, = ? Ry /N, and 0%, for fixed i is the variance of R,;’s and € denotes the

Expectation for this random permutation model.
When o} of (2.1) which is now rewritten as

o= ()/: Ry X} — (}/: Ry X, [N)IN, 3
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is not known, it is usual to compute the known value

§ =@ X (Z X N)IN,

and use that in the derivation of the optimum allocation. We shall now give a justi-
fication for doing this in view of the model (2.2) assumed above. Under the model
we have the average value of ¢7,2 over permutations of R ,/’s. given by

ed? =(‘/$: eR,;X;’/—e()l;‘R,’X”)’ /N IN,
=[2 X 0 + R~ B X, (3 + KD
* L EX X, R} — gy | N~ 1}/ N/ N,

= (o}, +R}) o} +a,’“iz IX Xy /NN —1)

= (ks +R])af —op, II(N D+op, X}
~(oh;tR})o} + ok, X}, when ¥, —2) /¥, — 1)~ 1. (24)

Thus the average value of ol’ will be proportional to ai’ provided tx,’ is proportional to
X} for the special case of the model when 0%, and R; are equal for all strata. Hence

for this special case, in order to obtain the optimum allocation, instead of the unknown
o* one can substitute its average value under the model which is in terms of a; of the
known x-values provided the coefficients of variation (c.v.) of the x-variate are equal

in all strata. When this condition is satisfied, Neyman’s optimum allocation reduces to
allocation proportional to NI X, = X,, the total of x-values in the i-th stratum.

Remark 2.1. The case of Simple Random Sampling Without Replacement in each
stratum can be similarly discussed where the optimum allocation is given by
ot SN S; where S7 =N, o [V, —1).

Remark 2.2. Consider a superpopulation regression model where
Y=(Yi, Ya,..., Yy, )isassumed to be a realization of an N-length random
-~ k

vector with a distribution depending on X = (Xyy, X13, - - - .Xka) such that
E(Yll IX,)«X,
v (Y,, 1X, l)GX (2.5)

(¥ Ypp 1 Xy Xp) =0,
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where the script letters E, {/ and C denote respectively the Expectation, Variance and
covariance for this superpopulation.

Under this mode! for SRSWR in each stratum, we have the expected value of af
proportional to ozl’ provided the c.v. of x-values are equal in all strata [Hanurav/

Rao, 1968). This is the same condition as obtained for the special case of the randog
permutation model considered above. Thus the conclusions here are the same for
special cases of these two models. Motivated by this we now consider the two models
(2.2) and (2.5) and look at the expressions for the expected variance of a general
homogeneous linear unbiased estimator ¥ = Z 8, y, of the population total Y and
compare them. fes

3. Superpopulation Regression Model versus Random Permutation Model

Consider a finite population of size N. Let Y; and X| be the values taken by the
i-th unit on the study variate and the auxiliary variate respectively,i=1,2,...,N.
Let ¥ = ’}2 B,; ¥, be an unbiased estimator for the population total Y = Z Y. For

=)

any fixed sample size design p, we have
V(=2 (8,7~ 1p®)
s les

=zY? 3 -1+ Z ZY,Y.(Z -1,
IY, (’giﬂ,,p(s) ) 2 ,,(sau By Byp()—1)

where ¥ denotes the sampling design Variance.
Under the superpopulation regression model of the type (2.5) for which

E(Y,IX)=aX,
vV ixp=dx} @

c¥, Y, i X, X;)=0
following Godambe [1955)] we have
- _ 2 N
EV(H =0 X7 (Z 6,0 ()~ D+a*V (T 6,%). ¢

Under the random permutation model of the type (2.2) for which the corresponding
moments are
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e®R)=R
e®,—Ry =d} 33)
e®-R)R—R)y=—o} /N—1

where R=Z R, /N and 0% is the variance of R, =Y,/X,, we have from
RaoJN.K. [1975] that

V(P =53 X/ (Z @~
+V(E Byx) R —op IV—1)) (34)

From (3.2) and (3.4) it follows that
EV(¥) = constant eV (¥) 3.5

provided ’2 B,; x; = constant = X.
=

Furthermore, when this condition of model-unbiasedness is satisfied we have that
both EV (¥)and e V (¥) are minimized when B;; = 1/ m;. Itis thus easy to see
that the optimum strategy in both cases is given by (nPS design, }71”. = IE yilm)

Es

provided Cp =cv. of R;’s =Sp | R <+/N. This is the ‘similarity’ mentioned in
J.N.K. Rao [1975] between his and Godambe’s [1955] result.

For the more general superpopulation model (3.1) with V (¥, | X)) = o® X¥, we
have

EV(N=c*ZXE(Z p()— 1)
i sai
+a V(Z By x,). (3.6

Further, for the random permutation model with

eR; =R
e (R, —R')* =a}.

e(R—R)R—R)=—0} /[N—1 fori#]

where R = ¥,/ X2, R' = Z R}/ N and g3, is the variance of R}'s[see Rao, JN.K.],
we have
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5 2 —
eV (¥)= 5%, }‘:xf (:7;’ Byp()—1)
+ R =53 /M V(2 By 5. ¢

Notice that while the minimization of EV (¥) is attained for the strategy

(GnPS design, ¥ 772 eV (¥) is minimized for the strategy consisting of the 7TPMS
design (,'s Proportional to Modified Size design) where the Modified Size is

Xf/ 2 and the comresponding Horvitz-Thompson estimator )7”1. = IE ¥; ! L where
nl'!Xf/z when Cp <+/N as before. i

Furthermore, it may be observed that the optimum design in the latter case isa
straightforward nPS design which is easy to construct where as in the GnPS case we

have the additional condition that X J:,.1 *8/2 = constant.
ies
Next consider the modified Horvitz-Thompson estimator
V=Pt k(X —Xyp) s
where k is a constant. Under the model (3.1) with ¢/ CAPAL a’Xf we have

. 1 .
BV (79 =0d )‘Z(E—I)Xf +@— k) V&),

Wheng =2,
Min. (EV (¥*) |_,) = Min. EV (¥, 7PS) or
and for general g,

1_
m

EV(7*) g =0 z (

l) X§ which is minimized when

m X, f/ 2 (subject to the condition = m;=n). Thus
1
Min. (EV (Y*) |.ap) = Min. EV (Y7, GTPS) G

where GnPS design is such that ; = X ,:‘/ 2 and IE x}'(‘/ 2) = constant.
Es

For the Random Permutation Model we have
. 1 = o
eV (Y*") = z‘*, ( f— I)SI’z X,’ + (& —R) V(X”T)

— (& /IN=1D)V Ryp)
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Hence
V(7 |ug =2 ( 1:—1— 1)s; XP—@ IN=1D)VRyp)
and
Min. e¥ () |z = Min. eV (7, 7PS) @3.11)

2 result similar to (3.9). On the other hand, when we consider the model with X,
replaced by Xf/ 2 we get
Min. eV (7*) | .. = Min. €V (¥, iPX¥/2) (3.12)

where on the r.h.s. of (3.12) the design is a simple nPS design, sizes being
Xflz, i=1,2,..., N while the design on the r.h.s. of (3.10) is a Generalized
#PS design.

Ramakrishnan [1970] considered the class of e-unbiased estimators

¥= ‘253 B,;¥; of Y and demonstrated that the optimum value of 8; which minimizes
e

the average m.s.e. of ¥ is given by ﬁn. =1+(X—-Z x,) / nx; which gives the optimum
estimator

,=Ty+@X-Xx)Z n. (3.13)
? lE:yI ( ies ')les (yl/x’)/

Prom this it follows that, for the class of estimators defined by

V=Zy+X-3 z Iy, 3.14)
PR ( le:xl)(ie.:y‘"y'/le.t’"x‘) (

where y,; are arbitrary weights,

€ M.S.E. (¥) is minimum for the choice of weights 7y, given by
Ysi %y [ Zvg %, = 1n

which leads to Y x[" leading to the estimator (3.13). Under a different context
Brewer [1979] considers the class of estimators of the type (3.14) under a super-
population regression model.
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