Ratio eum Product Method of Estimation
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Summary: In this paper methods of estimation which may be considered as combina-
tion of ratio and product methods have been suggested. The mean square errors of
these estimators utilizing two supplementary variables are compared with (i) simple
unbiased estimator {p = 0), (i) usual ratio and product methods of estimation (p = 1)
and (iii) multivariate ratio and multivariate product estimators (p = 2), where p is
the number of supplementary variables utilized. Conditions for their efficient use
bave been obtained for each case. Extension to general case of p-variables has
been briefly discussed. A new criteria for the efficient use of product estimator have
been obtained.

1. Introduction

The problem of improving upon the usual unbiased estimator by the
use of single suitable supplementary variable has received considerable
attention in sampling theory and practice. Ratio, product and regression
estimators are the typical example of such methods, of these, ratio and
product estimators being easily obtainable are more prevalent in practice.
MurtHY [4] obtained the specific conditions under which any of the three
estimators namely ratio, product and unbiased estimators can be efficiently
used. Assuming that both the parameters are positive and coefficient of
variations are equal these conditions are such that ratio or product estimator
is to be preferred according as the estimation variable is highly positively
or negatively correlated with that of supplementary variable.

However, in large scale sample surveys we often collect data on more
than one supplementary character without any increase in cost and some of
these characters may be correlated with the characteristics under study.
Suppose the information on k-characters X; ({ = 1, 2,..., &) correlated
with the character under study (Y) are available in the survey instead of
only X, and for simpleness in the estimation procedure we are allowed to
use any two of them. We meet the problem ‘which two should be chosen’
and how to utilize them so as to yield more efficient estimator of the popula-
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tion mean (or total) than the estimators when either one of them (or none)
is used. Let us suppose X, and X, are the two chosen characteristics,
then we may face two situations (i) X, and X, are such that one of them
(say X,) is suitable to be used as ratio estimator and the other (X,) as
product estimator, then the question arises which one of the two to choose
or on the other hand how to use both X,; and X, simultaneously to yield
estimators better than the corresponding ratio or product estimators
(ii) X; and X, are such that simple unbiased estimator happens to be more
efficient than either ratio or product estimator utilizing information either
on X, or X, respectively. In such cases we have to examine under what
circumstances the estimators which utilize both X; and X, yield efficient
results. For the purpose of constructing such estimators we may use the
concept of multiple correlation coefficient of ¥ on X, and X, defined by

Q:.n — Q:l + 952 - 22901 Q02 O12 (L1
1 —o12

instead of the value of gy, or g¢4 Which is used for usual ratio and product
methods of estimation. Where gy, @4, and g,, are the simple correlation
coefficient between Y and X,; Y and X, and X, and X,. By some suitable
transformation we examine for what values of g,,, gy and g4 the value gf ;5
attains its maximum and minimum values. Putting go, = fcos 6§ and
0oa = [sin 8, we get

=i
1—on

(1.2)
where 4 = Sin 26 and that range of 4 is — 1 to + 1; it is observed
that value of gZ,, can be obtained for different values of 4 and g, We
note that 4 = 4+ 1 implies gy, = + ggy- For different values of 4 and g4
the value of g}, can be tabulated. It will be observed that of;, becomes
larger for

(a) @n = — @oa and g —+1
and
(b) + @01 =+ @os and gz ~— 1.

Now from this increasing tendency of gf,; under the above conditions
the characteristics X, and X can be used together on an analogy of ratio
(using the positively correlated characters in the form of ratio) and product
estimators (using negatively correlated characters in the form of product)
we get the following three forms of the ratio cum product estimators.
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Where y, x, and x, are the unbijased estimate of the parameters Y, X,
and X, based on any sample design. Perhaps it may be more appropriate
to call the second and third type estimators as ratio-type and product-type
respectively.

2. Bias and Mean Square Error

For considering the efficiency of these estimators we shall derive the
expression for their bias and the mean square error to the second degree
of approximation. Writing

y=Y(+e) xm=X(l+e), i=12 (2.1)

where E(g;) = 0 and g < 1, for ¢ =0, 1, 2.
Let us denote B; and M; (j = 1, 2, 3) as the bias and m.s.e. of ?,, ¥,
and ¥, Then we get

By=Bz+ Bp—YC,Cyoy (2.2)
By= Br— Br+ Y(C2 4 C,Cq 000 @.3)
By = Br— Y(CoCyom + €, Cyor9) (2.4)
M, =Mp+ Y¥Ci+ 2CyCqy005—2C, Cq 020 (2.5)
My= Mg+ Y¥C5—2CyCz00+ 2C, Cq19) (2.6)
My=Mp+ YHCi 4+ 2CyC, 001 + 2C, Cq 019)- (2.7)

Where C; (§ =0, 1, 2) is coefficient of y, x; and %, By, Bp, My and M,
are the bias and m.s.e. of the usual ratio and product estimators defined
by ¥x=(y/x) X, and Pp = (y 2)/X,.

3. Comparison of the Estimaters

In this section comparisons of ratio cum product estimators have been
made under three different categories of estimators. (i) Estimator with
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no supplementary character (simple unbiased), (ii) Estimators which
utilize one supplementary character (ratio and product), (iii) Estimators
which utilize more than one supplementary characters (multivariate ratio
and multivariate product). It is interesting to note that in the second case
the conditions for efficient use of ratio cum product estimators as against
either ratio or product estimators turns out to be the same giving similar
configurations Sg and S, as obtained by the author {8]. These configurations
therefore are being omitted here, we only state these conditions for preference
of either of the estimators in this case.

3.1 Ratio cum product vs unbiased estimator

In case no additional information is used in the estimation procedure
the variance of the unbiased estimate y is given by

V.= Y2Ci. (38.L.1)

The equation (3.1.1) is compared with egs. {2.5), (2.6) and (2.7) under
the assumption (ii) of Sec. 1 to yield the conditions for preference of ¥,
¥, and P, The respective conditions for C;=C (i =0, 1, 2) can be
written as

(001 — 02) > (L — 19 (3.1.2)

(6o — €02) > (1 + 012} (3.1.3)
and

{eo1 + 00s) < — (1 + 010} (3.1.4)

These regions for preference can much better be effected with the help of
Fig. 1 given below.
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From the above figure it is observed that for all plausible pair of values of
‘0gy, 0g2, ¥y will be more efficient than the usual unbiased estimator in
the triangular regions A4, B, C,, for gy < 0.5, in region 44 B, C,, for
001 < 0.4 and so on.
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3.2 Ratio cum product vs ratio and product estimator

Following the assumptions and notations of Sec. 2 we have the m.s.e.
of ratio and product estimators as

Mg = Y¥Ci + Ct —2C,C, go1) (3.2.1)
Mp=Y¥C;s + C} 4 2Co Cy 00)- (3.2.2)
Comparing the eq. (3.2.1) with (2.5) and (2.8) we get the following condi-

tions (3.2.3) and (3.2.4) under which ¥, and ¥, respectively are more efficient
than ¥Y;. These conditions are

€13 > Qos (‘g-‘:) + '% (g—:] (3.2.3)
€13 < Qoz (%:) —% ('g—:) . (3.2.4)

Similarly the estimators ¥, and ¥, will be more efficient than ¥, under
the following conditions (3.2.6) and (3.2.8) obtained by comparing (3.2.2)
with (2.8) and (2.7) respectively. We get

013 > % (%:) — 01 (—g—:) (3.2.5)

010 < _% (g_:) — ou (%:) . (3.2.8)

These two sets of conditions are same as obtained by Sincr [8] and hence
gives rise to the similar configurations Sz and S for the preference of either
of these estimators.

3.3 Ratio cum product vs multivariale ratio esttmalor:

OLRIN (5] suggested the use of information on more than one supplemen-
tary characteristics in the estimation procedure in the form of multivariate
ratio estimator defined by

K
Pro= 2 wir; Xu (3.3.1)
i1

A
where 7; = y/%; and weights w,'s are such that >} w, = 1. The mus.e. for
=i

this estimator in any sampling design for # = 2 and w, = w, is given by
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M(YR:) =Y %‘ (14 ey9) + Cg —CoClon + 90:)] (3.3.2)

where
C,=Cy=C. (3.3.3)

For comparison of this estimator with the ¥,, we put the condition (3.3.3)
in eq. (2.5) and compare the resulting expression with the eq. (3.3.2).
It is observed that ¥, is more efficient than Y, if

80 — 3 oz 1 £)
3—b6en >3 (Co ’ (3.34)
It may be verified that these conditions is met with in a number of situations

of practical interest.

3.4 Ratio cum product vs mullivariate product estimalor

SinGH [7] has given multivariate product estimator similar to OLKIN'S
multivariate ratio estimator and obtained the specific conditions under
which either of these two may be preferred in contrast to simple unbiased
estimator in any sampling design, which turned out to be similar as that
obtained by MurtHY [4]. The multivaniate product estimator is defined

by

Prx= 2 "’X” (3.4.1)

K
where p; = y x; and weights »;'s are such that 3w, = 1. The mus.e. for

=1
this estimator for K = 2 and w, = w, under the condition (3.3.3) is given by

M(Pps) = Y2 (1CY1 + o1} + C3 + C Colon + 009))- (3.4.2)

Again for comparison of this estimator with ¥, we obtain the equation
(2.6) under the condition (3.3.3) and compare the resulting equation with
(3.4.2) to yield the conditions under which ¥, is more efficient than ¥p,,
we get this condition as

3o — Qoa -, 1 (E_)

— . .4.3
3—560y 2\C,, (3:43)

Conditions similar to (3.3.4) and (3.4.3) can be obtained for the efficient use
of the ¥, and ¥, also on the similar lines.
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It is interesting to note that the m.s.e. of these estimators can be
expressed in terms of the intra-class correlation coefficient in the fashion
similar to that of unbiased estimator for the case of systematic samples.
Here we give the final expressions which can easily be derived following
Singu [6). We get

(Mg)sy=(Mz)ran (1 +n —1p)
(Me)sy=(Mpg)ran(l +n— 1)
(Mp)sy=(Mjp)ran(1 +n—1p)

where M, (f=1,2,8)isms.e.of $;and g, = o, = 0,, = e is the intra-class
correlation coefficient for y, x, and x,. This shows that even in case ratio
cum product estimators systematic sampling can be made more efficient
by arranging the units such that g becomes negative.

4. A New Criteria for Preference of Product Estimators

Let us consider the ratio cum product estimator ¥, and assume that
%, = %3 = x. Therefore we can write

Y,=y=@. (4.1)

Following GoopmaN [1] and an identity derived for the ratio of two random
variables by Koor [5]; and after some simplifications, we get

V{y) = Cov {(y x)2, ( )2} — [Cov (y x, %)}2— 2 Cov (y x, %)E (%)E(y %) +

1 H
+v(t )V(yx)+{E(yx)}=V( )+E(;) Vi 2). (4.2
Now for the situations where y is inversely proportional to x we get,
14
vy > 92, (43)

Again after some simplification, we can write

%
V(y) = [1+a+cf,.(1—o=) + oS (2CC”‘ — )] Viy %) {E(%)} >

>+ ot f+ 9 22D
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where
H] 2
el Yl
B=Chi{l — 89
C x Cl X
=&l
8= Cov(y %, %)/I/V(y x) V(%)
and
1 ]
E(;) >W and E(x) = X.

Thus if the expression in the large bracket is greater than equal to one
we get other situations in which product estimator happen“s to be more
efficient than the unbiased estimator. And that this condition can be
satisfied in a variety of situations, e.g. § always > 0, hence even if
{x + ») > 0, the condition is fulfilled. The positivity of a and y will not
be much difficult to realize in practice. It may be noted that these expressions
are exact and no approximation of any order have been used.

6. Use of Multi-Supplementary Variables

In this section we consider the extension of ratio cum product estimator
to multi-supplementary variables defined as

A L]

v X;
Papx=y-[ 12 a4
RPK y .'-lX.' fe=h 41 Y

(6.1)

where x; and #; is an unbiased estimate of X; and X; respectively. This
estimator for a particular value of £ can be constructed on the principle
of maximization of multiple correlation coefficient g2, . ,, similar to the
case k = 2. For k > 2, there would be number of situations for which g2, »
is maximized. It may be noted that for # — &, = 1 we get the usual product
and for k, = 0, £ = 1, the usual ratio estimators as particular cases of this
estimator and similarly double ratio estimator also happen to be estimator
of this family for £ = 4. Mean square error of Pg,x is given by
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K &y A
=Y? HER CoCigev — 2 Ci Ci, oy,
M(Prrx) Y[;§C‘+ .'(.-%-a i Ci e ,W,E‘H 1 Ci, e
L]
—2 3 c‘c,.g,,]. (5.2)
w1} =0

For different values of £ and %, this m.s.e. can be obtained and conditions
of efficient use of this estimator can be given following the approach in
section 3. In general it will be observed that whenever the supplementary
variables available are both positively and negatively correlated with the
variable under study’ ratio cum product estimator may result precise
estimates than the other methods considered here.

The author is grateful to Dr. M. N. MurTHY, Indian Statistical Institute,
for his guidance in the preparation of this paper.
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