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The traditional Arrowian framework assumes that the aggregation rule maps #-tuples of exacr
individual preferences into an exact social preferences relation. In this paper, both individual and
social preferences are permitied to be fuzzy. Under a relalively strong transitivity condition, the
fuzzy counterparts of Arrow’s conditions result in oligarchic and not dictatorial aggregation
rules. The discratorship result is restored if these conditions are supplemented by Positive -

Responsiveness, Under a weaker itivity ition, these impossibilities di . However,
if the social preference relation is consirained to generate exact social choice, new impossibilities
may emerge.
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1. Introduction

The traditional literature on the theory of social choice explores the problems of
aggregating individual preference relations so as to arrive at a social preference rela-
tion, the latter being interpreted as embodying judgements about social welfare. In
this framework, it is assumed that individual and social preferences are exact, i.e.,
mdividuals as well as the society ‘*know for sure’ whether an alternative x is at least
asgood as y or vice versa. However, it is not unusual for our values and preferences
10 be characterised by different degrees of imprecision. The answer to ‘is x better
than y?’ is often ‘may be’ rather than ‘*yes’ or ‘no’. This imprecision or vagueness
in individual preferences or value judgements is more appropriately modelled
\hrough fuzzy rather than exact binary relations'.

In an important paper, Barrett et al. (1985) (henceforth BPS), analyse the proper-
ties of rules which aggregate fuzzy individual preferences into a fuzzy social

" An alternative method for relaxing the traditional framework is by permitting the social ordering 10
be stochastic. This has been explored by Barbera and Sonnenschein (1978). Heiner and Pauanaik (1983)
and McLennan (1980) amongst others.

*[ am extremely grateful to P.K. Pattanaik and Maurice Salles for detsiled comments on an earlier
draft of this paper.
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preference relation. Assuming that the domain of the aggregation rules consists of
n-tuples of fuzzy strict preference relations, BPS essentially proves results which are
the counterparts of the well known conclusions of Arrow (1963) and Gibbard (1969)
in the more traditional, exact framework.

In this paper, | present an alternative framework in which the aggregation rule
maps n-tuples of fuzzy weak orderings into fuzzy weak orderings. Thus, in contrast
to BPS, the (fuzzy) weak prelerence relation ‘at least as good as’ is taken 1o be the
primitive concept. In addition, the derived strict preference relation is assumed to
satisfy a strong antisymmetry property. These seemingly mild modificalions lead to
qualitatively different results. The main reason for the different conclusions is that
the structure of fuzzy binary relations is different from that of exact binary rela-
tions. For instance, let R stand for an exact weak preference relation, with P and
1 the corresponding strict and indifference relations. It is known that (see Sen, 1970)
transitivity of R implies (i) PP-transitivity, i.e., transitivity of P, (ii} P/-transitivity,
i.e., for all x,x,2:xPy and ylz implies xPz, (iii) IP-transitivity, i.e., for all
x, ¥, 2: xIy and yPz implies xPz, (iv) Jl-transitivity, i.e., transitivity of /. Moreover,
these implications play an important role in precipitating the Arrow-type im-
possibility results. There is no clearly unambiguous way of deriving the Pand / rela-
tions from R, when the latter is a fuzzy binary relation. In section 2, 1 offer some
arguments in support of the construction used in this paper. It is then shown that
transitivity of R does not necessarily imply PP, PI or IP transitivity in the casc of
fuzzy binary relations.

Of course, if individual (and social) preferences are assumned 10 be sirict, then the
notions of /7, P/ and /P transitivity become vacuous, while PP (ransitivity is iden-
tical to transitivity itself. In order to render these notions nonvacuous, it is necessary
to have a framework in which individual (and social) preferences are permitted 10
be weak. The arguments in the preceding paragraph would then provide some hope
of being able to avoid the Arrow-type impossibility results. And surely one of the
main motivations for relaxing the traditional framework is to see whether the im-
possibility results can be converted into possibilities.

The concept of transitivity itself can be defined in several aiternative ways in the
context of fuzzy binary relations. Using a relatively strong version of transitivity,
1 show that aggregation rules which satisfy fuzzy counterparts of Arrow's In:
dependence and Pareto conditions and whose range consists of transitive fuzzy
binary relations are characterised by oligarchies, and not necessary by dictatorships
In order to get the Arrow-type dictatorships, it is necessary to impose a further con
dition - the fuzzy counterpart of Positive Responsiveness. However, if we are con
tent with a weaker notion of transitivity, then we can even avoid oligarchies.

These results seem to indicate that the greater flexibility permitted within the fuz.
zy framework offers clear advantages. However, a note of caution is in order. The
Juzzy social preferences retation has to generate exact social choice. | show that the
necessily to generate rationalisable social choice may under certain circumstances
lead to a dictatorship result. However, further work along these lines has to be done
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before any definite conclusion can be reached in this context.

The plan of the paper is as follows. In section 2, I discuss certain structural
fralures of fuzzy binary relations. These are used in the proofs of the results on ag-
gegation in section 3. [ conclude in section 4,

1. Structure of fuzzy binary relations

Let X be a set of alternatives (3 < X <), and let X =2% ~{@}. The elements of
X are exact subsets of X. A fuzzy subset of X is a function A : X = (0, 1). Clearly,
an exact subset of X can be consiiered to be a function A : X — (0, 1) such that
AX) {0, 1}. IT A is an exact subset of X, then an element x € X either belongs to
A4, sothat A(x)=1, or does not belong to A, in which case A(x)=0. Fuzzy subsets
generalise this notion by allowing for different degrees of membership.

A fuzzy binary weak preference relation> (FWPR) on X is a function
R:X?=(0, 1), while an exact binary weak preference relation (EWPR) on X is an
FWPR R such that R(X?)¢ {0, 1}.

Definition 2.1. An FWPR R is reflexive iff for all xe X, R(x, x)=1, and it is con-
nected iff for all distinct x, ye X, R(x, )+ R(y, x)= 1.

Note that when R is an EWPR, then these definitions correspond to the tradi-
lional definitions.

The most general notion of transitivity of an FWPR is defined by means of a
binary operation * on (0, 1) as follows:

for all x, y, ze X, R(x, 2)=R(x, ¥)* R(y, 2).

This is known as max-star transitivity. To obtain useful structural properties of
max-star iransitive relations, certain restrictions have to be imposed. Ovchinnikov
(1984) suggests that the * operator be a triangular norm, i.e., a function

T:0,1¥ -0, 1)

satisfying

@Al Tix, )=x Boundary Condition
(W) Tix, )< T(u, v) if x<u, ysv Monotonicity

{A.3) T(x, »)=T(y, x) Commutativity

(A.4) (T(x, ¥, 2)=Tx, T(y, 2)) Associativity.

in this paper, 1 will consider two specific * operators satisfying (A.1)-(A.4).

*For a discussion of fuzzy binary relations, see Kaufman (1975) or Ovchinnikov (1981).
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Definition 2.2. An FWPR satisfies:
(2.2.1) Type | transitivity (1)) iff for all x, y, ze X, R(x, z)=min(R(x, y), R(},2)).
(2.2.2) Type 2 transitivity (Ty) iff for all x, y, ze X, R(x, 2)=R(x, )+ R(y, 2)- .

Proposition 2.3. [f an FWPR is T\-transitive, then it is max-star transitive under
any triangular norm.

Proof. Suppose R is T,-transitive. We need to show that for all x,y, zeX,
R(x, 2)=R(x, ¥)* R(y, 2) for all * operators satisfying (A.1)-(A.4).

It is sufficient to show that for all a, B€(0, 1), a*f<min(a, f). Choose
a, Be(0, 1) such that a=p. From the Boundary condition, 1*8=4. From the
Monotonicity condition, @* =< 1* 8. Hence, a* f<min(a, 8).

Hence, 7)-transitivity implies max-star transitivity under any * operator satisfy-
ing a triangular norm. Of course, these notions of transitivity coincide with the
usual definition of transitivity when R is an EWPR. O

Let A and B be two fuzzy subsets. The union of A and B is the set AUB: for
all xe X, AU B(x)=max(A(x), B(x)). The intersection of A and B is the set
ANB:for all xe X, AN B(x)=min(A(x), B(x}). If min{4(x), B(x))=0 for all
x€X, then ANB=0.

Given an FWPR R, there is no clearcut way of deriving the indifference and strict
preference relations from R. One could try to proceed by way of analogy with the
case of EWPRs. For instance, if R is an EWPR, and if (x, ) e R, then (x, y)eR,
or (x, y) €1; so that R is the union of P and /. Moreover, P and [ are antisymmetric
and symmetric relations respectively. Also, no pair (x, y) can belong to both P and
I, so that PNI=0.

Unfortunately, the next proposition shows that there is no mileage to be gained
from proceeding with this analogy.

Proposition 2.4. Let R be a connected FWPR satisfying
(i) R=PUI
(ii) 1 is symmetric, i.e., for all x,ye X, I(x, y)=I(y, x).
(iii) P is antisymmetric, i.e., for all x, ye X, P(x, y)>0= P(y, x}=0.
(iv) PNI=80.

Then, either R is an EWPR, or for all x, ye X, R(x, y)=R{(y, x)=1(x, y)=Hx, .

Proof. From (i), for all x,ye X
R(x, y)=max(P(x, y), I(x, 7))
R(y, x)=max(P(y, x), I(y, x)).

Suppose P(x, y)>I(x, ). Then, R(x, y)=P(x, ). So, I(x, y) =0 by (iv). Since / is
symmetric, f(y,x)=0. Similarly, P(y,x)=0 from antisymmetry of P. Hence,
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Ay x)=0. But, by connectedness of R, R(x, )+ R(y, x)=1. Hence, R(x, ) =1,
Riy,x)=0, so that R is an EWPR,

Suppose I(x, y) > P(x, ). By (iv), P(x, y) =0. Also, I(y, x) = I(x, ¥)> 0. Hence, by
i) again, P(y,x)=0. Hence, R(x,y)=R(y,x)=I(x,y)=I(y,x). Finally, if
e =Plx, ), then R(x,y)=I(x,y)=P(x,y)=0 by (i) and (iv). From con-
wetedness of R, we must have R(y, x)=P(y, x)=1, so that R is an EWPR,

This completes the proof of the proposition. O

If one or more of the conditions in proposition 2.4 have to be given up, then it
seems 10 me that the condition PN /=49 is a natural candidate. As | have argued
arlier, it is not unnatural for strict preference and indifference to coexist over a pair
of alternatives when preferences are fuzzy. The other conditions, together with an
additional mild restriction, then uniquely specify the P and [ relations given any
FWPR.

Proposition 2.5. Let R be a connected FWPR satisfying
i) R=PUI
(i1) / is symmetric
(i)} P is antisymmetric
(iv) for all x,ye X, R(x, y)=R(y, x) = P(x, y)=P(y, x).

_ (RO, ) if R(x, »)>R(y, x)
Then, for all x,ye X, P(x,y)= {0, otherwise 1)
I(x, y)=min(R(x, y), R(», x)). )

Proof. Suppose R(x, y)>R(y, x), but P(x, »)#R(x,y). From (i), R(x,y)=
max(P(x, »), I(x, y)). Hence, P(x, y)# R(x, y) implies that R{x, y)=I(x, y). By sym-
meiry, Ky, x)=1I(x,y). Hence, R(y,x)=I(y,x)=R(x,y). This contradicts
Rix, )>R(y, x).

Hence, P(x,»)=R(x,y) if R(x,»)>R(y,x). Antisymmetry of P implies
Ply, x)=0.

Also, R(y, x)=1(y, x). By symmetry of I, {(x, y)=1(y, x). Hence, (2) is also
satisfied. Finally, note that if R(x,y)=R(y, x), then (iii) and (iv) imply that
Pix, )=0 and R(x, »)=I(x, y) =min(R(x, y), R(y, x)).

This completes the proof of the proposition. O

Remark 2.6. This derivation of P and [ was suggested by Ovchinnikov (1981).
Of course, there have been other suggestions in the literature about the derivation
of the P and 7 relations from an FWPR. One possibility is the following:

for all x, ye X, P(x, y)=max(0, R(x, y)— R(y, x))

I(x, ) =min(R(x, y), R(3, ). ®

Another possibility is:
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for all x, ye X: P(x, y)=1~-R(y,x)
I(x, y)=min(R(x, ), R(y, x). @

As the reader can easily check, both (3) and (4) fail (o satisfy the requirements of
R=PU/[Iand PNI=0. In view of Propositions 2.4 and 2.5, throughout this paper,
we will stick to the derivation of P and I outlined by (1) and (2) in Proposition 2.5.

The relationship between the various transitivity properties of FWPRs is con-
siderably more complicated than that of EWPRs. Some of these are presented
below.

Definition 2.7. Let R be an FWPR, with P and [ its antisymmetric and symmetric
components. R satisfies

(2.7.1) PP-transitivity iff for all x, y,ze X, P(x,2)=P(x, y) * P(y,2).

(2.7.2) IP-transitivity iff for all x, ¥, ze X, Plx,2)=1(x,y) * P(y.2)

(2.7.3) Pl-transitivity iff for all x, y,ze X, P(x,2)=Plx,y) * I(y,2)

(2.7.4) H-transitivity iff for all x, y, z€ X, I(x, 2)=1(x, ) * {(y, 2).

Remark 2.8. The * operator in Definition 2.7 is to be interpreted as a binary
operator on (0, 1) as in the max-star transitivity of R.

Proposition 2.9. Let R be a FWPR, with P and ! its antis, ic and sy
components.

(2.9.1) Max-star transitivity of R does not imply PI or IP transitivity.
(2.9.2) T,-transitivity of R implies PP-transitivity’.

(2.9.3) Ty-transitivity of R does not imply PP-transitivity.

Proof. (2.9.1) Ovchinnikov (1981) shows that P! as well as /P implies PN/=0.
Since PN /=9 in our construction, the proposition follows.

(2.9.2) Suppose R satisfies 7)-transitivity, but not PP-transitivity. Then, for some
X, y, z€ X, we must have:

R(x, z)=zmin(R(x, y), R(»,2)) (5
and

P(x, z)<min(P(x, y), P(y,2)).. (]
Then,

0< P(x, y)=R(x, ) > R(y, x) ™

0<P(y,2)=R(5,2)>R(z, ). [t]

(5) and (6) imply

3 Ovchinnikov (1981) states this resull without proof.
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0=P(x,2)= R(x, )S R(z, x). )

(sse 1. Suppose

min(R(x, ), R(y,2))=R(x, y). 10)
By (),

R(x, 2)=R(x, y) an
Toransitivity of R implies

Ry, x)zmin{R(y, 7), R(z, x)). (12)

But, (10) and R(y, x)=R(y, z) = R(y, x)= R(x, y) contradicting (7). Similarly,
), (11) and R(y, x)= R(z, x) = R(y, x)= R(x, y). Hence, min(R(y, z), R(z, x))>
R{y, x) contradicting (12), so that case I is not possible.

(ase 2. Suppose

min(R(x, ), R(y, z))=R(y,2) (13)
Hence, from (5),

R(x,2)2R(y, 2). (14)
By T-transitivity of R;

R(z, y)=R(z, x) (15)
L4

Rz )z R(x, y). (16)

19, (9) and (14) imply R(z, )= R(), 7).

Similarly, (16) and (13) imply R(z, »)=R(», z). In either case, (8) is violated.

(2.9.3) A counter example is sufficient.

lt Rx)=R(HMN=R@EZ )=1; RXN=R(»2)=R@zx)=3; Rix2)=
Ryx)=R(z,y)=+. Then, the corresponding P values are: P(x,x)=P(y,y)=
Pr,z)=0; P(x,y)=P(y,2)=P(z, x)=%; Plx,2)=P(y,x)= Pz, ) =0.

The reader can check that R is T)-transitive over (x,y,z). However,
Pix, y)+ P(y, 2) = 1 = > P(x, 2) =0. Hence, PP-transitivity is violated.

This proposition, in particular (2.9.1) and (2.9.3), will play an important role in
e possibility theorems of the next section.

}. Possibility theorems for aggregation rules

In common with the traditional framework of social choice, let N={1,...,n};
22, be a given finite set of individuals. X is the set of feasible alternatives. Let
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H\ (respectively H,) denote the set of reflexive and connected FWPRs over X satis-
fying T,-transitivity (respectively Ty-transitivity). Hg denotes the set of reflexive,
connected, transitive EWPRs over X. Clearly, HgC M, € H,. Elements of H, or H,
will be denoted by R;, R, etc., R, standing for the preference ranking of individual
i

Definition 3.1. A fuzzy aggregation rule (FAR) is a function f: 7"~ T wherc 8 T

is a set of fuzzy binary relations over X.

Remark 3.2. In what follows, T will be identified with either A, or H,. Intuitively,
an FAR specifies a fuzzy social preference relation given an n-tuple of fuzzy in-
dividual preference relations, one for each individual.

Notation 3.3. The el ts of T" are indicated by (Ry,...,R), (R,,...,R)), eic.
When [ is an FAR, .we will write R=f(R),...,R,), R’=f(R|,...,R,) and so on.

We now introduce certain properties of FARs.

Definition 3.4. Let f: T"— T be an FAR. fsatisfies (3.4.1) Independence of Irrele-
vant Alternative (1IA) if for all (R),...,R,), (R},...,R;)€T", and for all distinct
x, yeX, (Ri(x, ) =R/(x, y) and R,(», x)=R(y, x) for all i€ N) implies (R(x, )=
R'(x, y) and R(p,x)=R'(y, X)).

(3.4.2) Pareto Criterion (PC) if for all (R),...,R,)eT", all distinct x,yeX,
P(x, pyzmin,, ,, Pi(x, ).

(3.4.3) Positive Responsiveness (PR) if for all (R, ..., R,), (R,’, . R)ET", forall
distinct x, ye X, (R;=R] for all i), (R(x, »)=R(y,x)) and (P (x, y)=0 and
i}'(x. »)>0, or (Pi(y, x)>0 and PI'(,V. x)=0)) implies {(P'(x, y)>0).

These conditions are the fuzzy counterparts of well known conditions in the exact
framework, and need no further elaboration.

Notation 3.5. Non-empty subsets of N are called coalitions and are denoted by C,
C’, etc.

Definition 3,6, Let f be an FAR.
(3.6.1) A coalition C is an oligarchy if for all distinct x,yeX and al
(R),...,R)€T", (i) (Bix, y)>0 for all ie C) = (P(x, y)>0), and (ii) (F(x, »)>0
for some je C) = (P(y, x)=0).
(3.6.2) An individual jeN is a dictator if for all distinct x, yeX and all
(R, ... R €T, (PBi(x, y) >0) = (P(x, y)>0).
(3.6.3) An individual jeN is a vetoer if for all distinct x,yeX and all
(Rys -, RYET?, (P(x, )>0) = (P(y, X)=0).

The fuzzy counterpart of Gibbard’s oligarchy result follows.
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Proposition 3.7, Let f: H{'— H, be an FAR satisfying IIA and PC. Then, there ex-
ists @ unique oligarchy C.

Proof. The proof is exactly analogous to the proof of the corresponding result in
BPS (Theorem 3.5), and is also similar to the proof of Gibbard's theorem in the ex-
a1 framework. (For a sketch of the proof of the latter, see for instance Sen, 1985.)

Remark 3.8. Proposition 3.7 assumes that individual and social preferences are
T-transitive. As shown in BPS, the proposition is true under any transitivity con-
dition on FWPRs which ensures that the corresponding strict preference relations
satisfy:

for all x, y, ze X, P(x, y)>0
and
P(y,2)>0= P(x,2)>0. a7

Note that from Proposition 2.9.2, it follows that 7)-transitivity ensures that (17) is
satisfied.

Proposition 3.9. There exists a nondictatorial FAR f: H - H, satisfying IIA and
PC.

Proof. Consider the following FAR J.
For all xe X, for all (Ry,...,R,) e H}, R(x,x)=1.
For all distinct x, ye X, for all (Ry,...,R,)eH,

_(Vif VieN: Ri(x, y)>Ri(y, X)
Rx, )= [ﬂ otherwise,

where Be(},1). R is connected since Sz 4. J obviously satisfies 1IA. [ is also
symmetric across individuals (anonymous) and hence nondictatorial. To check that.
Jsatisfies PC, note that if min,,, P(x, )>0, then P(x, y)=1 for all x, ye X. So,
we only need to show that R is T;-transitive.

Consider any x, y, z€ X. We need to show that R(x, z)=min(R(x, y), R(», 2)).
Now, R(x,z)=1 or R(x,z)=p. Similarly, min(R(x,»), R(y,z))=8 or 1. if
min(R(x, ¥}, R(», 2))=4, then the required inequality is satisfied.

Suppose min(R(x, ), R(y, z)) =1, i.c., R(x, y) = R(y, z) = 1. From the definition
of J, this means that ¥VieN: P(x, »)>0 and P(y, z)>0. By proposition 2.9.2,
Ti-transitivity of R; implies PP-transitivity. Hence, P(x, z)>0 for all ie N. This
means that R(x, z)=1. Hence, R(x, z)2min(R(x, y), R(», 2)).

xemark 3.10. In view of Proposition 2.3, the above proposition is true when the
range of J is expanded to include FWPRs which are max-star transitive under any
riangular norm. Note, however, that a corr di ion of the d in of
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J may not be permissible. This is b the proof requires PP-transitivity of R,,
and this is not necessarily valid under every notion of max-star transilivity - see,
for example, Proposition 2.9.3.

Remark 3.11. If preferences are assumed to be exact, then the conditions imposed
here lead to Arrow’s (1963) result. The fuzzy framework allows for the construction
of nondictatorial FARs. Of course, f is oligarchic, N being the unique oligarchy.

It is interesting to analyse why one is able to avoid the Arrow Impossibility
Theorem in the fuzzy framework. As a general remark, it is pertinent [o note thai
Arrow's result uses the fact that transitivity of R implies P/ and /P transitivity.
However, as Proposition 2.9.1 shows, P/ and /P transitivity are independent pro-
perties in the fuzzy framework, and do not follow as corollaries of transitivity of
the FWPR.

I come now to the particular construction of 7. In an intuitive sense, strict
preference under f coincides with the Pareto dominance relation - this becomes clear
if one assumes that individual preferences are exact, while allowing social
preferences to be fuzzy. The problem with the Pareto dominance relation is that it
is not connected, Suppose that for some x, y€ X, and for some x, ye X, and for
some n-tuple of individual preferences, neither x nor y Pareto dominates the other.
Then, R(x, y)=R(y, x) ==+, and R is connected. The ‘exact counterpart’ of &,
would not be connected since R(x, y}=R(y, x)=0. Again, in an intuitive sense, the
greater flexibility permitted by allowing for intermediate values between 0 and | in
the fuzzy framework explains the difference in the nature of the results in the two
alternative frameworks.

However, there is no nondictatorial FAR satisfying Positive Responsiveness in
addition to the conditions imposed in Proposition 3.9.

Proposition 3.12. Lef n23, and f: H,”—~H, be an FAR satisfying 1A, PC and
PR. Then f is dictatorial.

Proof. By Proposition 3.7, there is a unique oligarchy C. If C consists of a single
individual, then that individual is a dictator. So, let /, je C.

Let x,y be distinct alternatives in X. Consider (R;,...,R,)€H| such that
Ri(x, )>Ri(y.x) and Ry(y,x)>R;(x,y). Since i and j are veloers,
P(x, y)=P(y, x)=0. Hence, R(x, ) =R(y, x). Let ke N-{i, j}. Such k exiss since
n=z3. fcannot satisfy PR because R(x, y)=R(y, x) irrespective of the preferences
of individual k. Hence, C contains only a single individual, who is a dictator. O

Remark 3.13. This proposition is the fuzzy counterpart of a result in Mas-Collel and
Sonnenschein (1972).

The results proved so far have assumed that individual and social preferences are
T,-transitive. With Tp-transitivity, all the impossibilities disappear.
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Proposition 3.14. There exists an f: H] ~ H, satisfying IIA, PC, PR.

Proof. Construct the following f.
For all x, ye X, for all (Ry,...,R,)e HJ,

A=t L Ritx ).

That § satisfies 1A is obvious. I first show that f satisfies PC. Consider any
(Ry....R,) and x, ye X. If

min Py(x, y) = P;(x, »)=0,
ieN

then A(x, )2 P;(x, y). Suppose P;(x, y)>0. Then, for all ie N, R;(x, )> R;(, x).
Hence,

Ry =1 T R> L T R(W0=ROx).
njen nien
Since R(x, y)> R(y, x), P(x, )= R(x, y). Since R is a convex combination of
(Ry, ..., R,), R(x,y)zrlr:i’gRl(x,y)=R,(x,y)-

Hence f satisfies PC.
To check that K is connected, note that

Rix, )+ R, )= I Ritx nes I R0

<L ¥ R+ RO
nieN

since each individual R; is connected.

Finally, consider any x, y, ze X. VieN, R;(x, )2 R;(x, ) + Ri(», ) - I. Summ-
ing over i and dividing each side by n, we get R(x, z)= R(x, y) + R(y, z) - 1. Hence,
Ris Ty-transitive.

Remark 3.15. 7 is also symmetric across both individuals and alternatives.

Remark 3.16. The Gibbard oligarchy result is avoided in this case because
T-transitivity does not ensure that (17) is satisfied. (See Remark 3.8.)

The previous results show that if we permit judgements about social welfare to
be fuzzy, the force of the Arrow-type impossibility theorems is much weaker.
However, it can be argued that even if social preferences are permitted to be fuzzy,
the final social choice must perforce be exact. So, before one can pass any judge-



226 B. Dutta / Fuzzy preferences and social choice

ment about the benefits or advantages of fuzzy subset theory in social choice, one
must also discuss the implications of these results for exact social choice.

This hinges on the relationship postulated between choice and the fuzzy social
preferences. Dutta et al. (1986) discuss several alternative notions of rationalisability
of exact choice by fuzzy preferences in the context of revealed preference theory®.
I introduce below one of the more plausible notions discussed in their paper, and
present a result using that notion. The purpose of this result is merely to point out
that the optimism generated by the previous results in this section may be misplaced.
But, a more detailed analysis has to be made before one can arrive at anything
resembling a definite answer to the problem referred to above.

Definition 3.17. An exact choice function (ECF) is a function C: X - X such that
for all AeX, 3+ C(A)CA.

Notation 3.18. Let R be any FWPR, and A€ X. The R-greatest set in A is
G(A, R): X~ (0, 1) such that for all xe X—A, G(A, R) (x)=0 and for all xe 4,
G(A, R)(x)=min, _ , R(x, y). Let B(d, R)={x€ A/G(4, R) ()= G(A, R} (») for
all yeA}.

Definition 3.19. An ECF C is H-rationalisable in terms of an FWPR R iff for all
AeX, C(A)=B(A,R).

Under H-rationalisability, the agent chooses those elements in A which score the
highest with the function G(4, R).

Definition 3.20. Let f: 7" — T be an FAR, and C an ECF. f H-generates C iff for
all (R),...,R,)e T", C is H-rationalisable in terms of f(R,...,R,).

The following condition, first proposed by Bordes (1976), is a well-known ra-
tionality condition in social choice.

Definition 3.21. An ECF C satisfies Property (#+) iff for all x, ye X, and all
A,BeX, (x,ye ACB and ye C(A4) and xe C(8)) = (ye C(B)).

The following lemma, proved in Dutta et al. (1986), shows the importance of Pro-
perty (#+) in the present context.

Lemma 3.22. If C is an ECF which is H-rationalisable in lerms of some Re H,
then C satisfies Property (8+).

4See also Basu (1984).

3 The intuitive ility of H-rati {lity Is d in Dutta et al. (1986).
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Proposition 3.23. Let F: H] — H, be a nondictatorial FAR satisfying lIA and PC,
ond C an ECF which is H-generated by f. Then, there is AeX, and
Ry, R EH] such that (i) x,yeA and P,(x,y)=1 for all ieN, and (ii)
ye C(A).

Proof. Let A={x,», 2}, and f and C satisfy the hypothesis of the proposition.
From Proposition 3.7, there is a unique oligarchy C. Since f is nondictatorial,
Iclz1.

Without loss of generality, assume that {1, 2} ¢ C. Construct (R, Ry, ..., R,) as
follows:

(i) for all ieN, R;i(x,y)=1 and R;(», x)<1.

{ii) Ry(» 2)>R,(z, ) and R (x, 2)>R\(z, x).

(iii) R2(z, ¥)> Ry(y, 2) and Ry(z, X)> Ry(x, 2).

{iv) for all ie N={1,2}, R;(», 2)=R;(z, y)=R;(z, x)=R;(x, 7).

The reader can check that there exist (R,,...,R,) H” satisfying restrictions
(i)-(iv).

Since f satisfies PC, P(x, y)=1, and hence G({x, y}, R) (x}=1, and G({x, y}, R)
{»=0. Since 1 € C, (ii) implies that P(z, y) = P(z, x) =0. Similarly, (iii) implies that
Py, 2)=P(x,27)=0. Also, P(z,y)=P(y,z)=0 implies R(y,z)=R(z,»), and
Plz,x)=P(x,2)=0 implies that R(z,x)=R(x,z). Hence, G({y.z}, R)}(»)=
G(l . 2}, R)(z) and G({x, z}, R}x)=G({x, z}, R)2).

Since Cis H-generated by R, G({x, y}, R)(x)> G({x, y}, RN ») = C({x, y}) = {x}.
Also, C({ y, 2}, R))=G({y. 2}, R)z) = C({ », 2})={» z} and G({x, 2}, R)(x) =
Gix. 2} R@) = Cl{x, 2 ={x, z}.

Suppose y ¢ C(A). Since C satisfies Property (§+), and y € C({ , z}). this implies
that z¢ C(A). But, ze C({x, z}). Hence, if z¢ C(A), then x¢ C(A4).

Hence, if y¢ C(A4), then C(A)=8. So, ye C(A) and the proposition is prov-
o O

Proposition 3.23 should be compared with Propositions 3.7 and 3.9. The latter
results showed that the class of FARs (with domain HY and range H,) satisfying
IIA and PC must be oligarchic but not necessarily dictatorial. But, if the nondic-
tatorial FARSs in this class are further constrained to H-generate exact choice func-
tions, then in some situations, an alternative which is Pareto-dominated will also be
chosen. Thus, the necessity to generate exact social choice may under certain cir-
cumstances lead 1o strong impossibility results even in a fuzzy framework.

There is another way of interpreting this result. The concept of H-rationalisability
in tesms of T)-transitive FWPRs requires the exact choice function to satisfy Pro-
perty (B+). Suppose the domain of the aggregation rule is restricted to H7, i.e., in-
dividual preferences are assumed to be exact. If IIA and the Pareto condition are
rephrased in choice-functional terms, and if the aggregation rule is defined to be a
mapping from Hy 1o the set of choice functions, then it is known that property
(8+) leads to the existence of a dictator. So, essentially what this result shows is
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that a dictator on the domain Hy remains a dictator on the expanded domain H.

Of course, a corresponding result for Ty-transitivity is not necessarily true. I do
not know the nature of the restrictions imposed on exact choice functions by the
concept of H-rationalisability in terms of T;-transitive FWPRs. These restrictions
could, however, be weaker than known rationality conditions such as Property
(B8+). Hence an impossibility result even when social choice is assumed to be exact
is not inevitable in a fuzzy framework.

4. Conclusion

In contrast to BPS, I have permitted individual and social preferences to be fuzzy
weak preference relations. I have argued that differences in the structure of fuzzy
binary relations from that of exact binary relations become apparent only if the
binary relations are allowed to be weak. And qualitative differences in the nature
of the possibility theorems in the two frameworks do follow from these differences
in the structure of binary relations.

In particular, with a relatively strong version of the transitivity condition on
FWPRs, the counterparts of the conditions assumed by Arrow (1963) lead to an
oligarchy in the fuzzy framework. The dictatorship result is restored if Positive
Responsiveness is imposed in addition to the other conditions. However, with a
weaker form of transitivity, all these conditions can be satisfied without leading to
oligarchic rules.

Fuzzy social preferences cannot be an end in themselves - they must ultimately
be used to define exact social choice, One possibility is to derive exact choice func-
tions which are rationalisable in terms of the fuzzy social preference ordering. For
the strong version of the transitivity requirement and using one possible approach
to rationalisability, I have shown that the dictatorship result is essentially restored.

However, further work needs to be done on the relationship between ra-
tionalisable choice functions and fuzzy preferences. In particular, one open problem
is to derive the restrictions imposed on choice functions by rationalisability in terms
of general max-star transitive fuzzy binary relations. If these restrictions turn out
to be mild, then it may be possible to define r bly acceptable aggregation rules
which map n-tuples of fuzzy individual preference orderings into exact social
choices.
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