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1. Introduction

The results of Grandmont (1974) and Sondermann (1974) in the context of
temporary equilibrium analysis are well known. Our object is to extend thenr
results in certain directions.

First, both authors deal with a two-period problem. Sondermann interprets the
two periods as the ‘present’ and the ‘future’ and hence allows for the possibility
of the second period being considerably longer than the first. Both Grandmont
(1974) and Sondermann (1974), however, assume the existence of traders who
expect prices in the second period to belong to a compact set with a high proba-
bility irrespective of the level of current prices. The above interpretation of
two periods would require traders to have ‘tight expectations’ over a very long
future. Moreover, in the case of Sondermann, all production decisions are
taken in period 1, which implies that over a long future firms do not consider
any new production decisions.

We avoid such complications by considering a many-period model, in which
traders have tight expectations regarding at least one future period (which
could vary from trader to trader). Also, we allow production and investment
plans for future periods.

Secondly, we extend Sondermann’s work by assuming technological un-
certainty.

Both Grandmont and Sondermann use dynamic programming to solve the
problem. Such an approach leads to difficulties when a two-period horizon is
replaced by a three-period one. Dynamic programming methods give rise to a
third-period optimal policy which is dependent upon the distribution of prices
in the third period, conditional on both the first- and second-period prices. In
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D.N. Rao, D. Sondermann and an unknown referee for helpful comments.
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the absence of independence, decisions for the third period based on the cop.-
ditional distribution of third-period prices, given second-period prices, will, in
general, lead to a higher expected utility than those which do not depend on the
second-period prices. But prices in the second period being unknown, the
distribution of third-period prices is not known with certainty.

In this paper, we solve the problem by viewing it as one of programming in a
space of functions and probability measures.

2. A decision model for temporary equilibrium analysis when traders plan for
many periods

Sondermann (1974) has presented a general decision model, which provides
the framework for a broad class of short-run equilibrium models. In this section,
we consider a special case of that model suitable for temporary equilibrium
analysis when traders plan for many periods.

Let T,J, L be positive integers. In what follows L and J would also be inter-
preted as the sets {1,2,...,L}, {1,2,...,J} and T as the set {2, 3, ..., T}. For
t=12,..,TletP,c Rtand R, = R, x{1}. For teT, @ is a polish space
and let S, = P,xR,, Q, = S,xQ;, and Q = []I., Q,. The elements of Q
describe the states of the world at time periods ¢ € T. The elements of the Borel
o-field, # = £ (Q) induced by the product topology on R are called the events.
Denote by &, the o-field generated by all rectangles of the form [],.r F,,
with F,e #(Q,)and F, = Q,fort > i,ieT.

The space of consequences is denoted by X = []., (X, x M,), where X, isa
compact, convex subset of R' and M, = M, x[0,00), M, = M, x[0,00),
t e T, where M, is a non-empty, compact, convex subset of R’ containing zero.
The set [0,00] is the Alexandroff one-point compactification of [0,c0) with the
usual topology. For t € T, let G, be a set of maps from (Q, #,) into (X, x M,),
B(X,x M,)). Any action the decision-maker may take at time ¢ is an element
of G,. Define

G:={f=x, ) fas-- s SfD):(x, h))e X, xM,,f,€G,, teT}.

The sets G, and G are endowed with the product topologies. Assume that G,
is compact convex and first countable.

Define the projection of f(+) on [ ]/, X, by proj-f(-). Similarly, the projection
of (Fi(*)s fix1(*)s -, f3()) on [ Ti=; X, will be denoted by proj- (fi(-)sfi+1(*)s s
£i(*)). The prolection of f,(-) on M,, teT, will be denoted by /,(-). The last
component of /,(+) will be denoted by m,(-) and that of /, by m, . Define f; , =i

+(0, ..., 0, ¢ ). We assume that given any f;e G,and n > 0,30 < & < 5 such
thatf; . € G;.
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Let .# be the set of probability measures on [],.+ S, endowed with the
topology of weak convergence. Define the map

¢:s,xm([] s,)—»[o,u,

teT
such that Y (s, ,.) € #. Assume:

(P. 1) ¥(:, E)isacontinuous function on [[,.; S, for all closed events E.

Assume also that o is a fixed probability measure on

(Hea(n.))

Fors, € S, (f, e) € G x G, we assume that

ess Sup €, 4, 4+1(w) < o,

weN
teT

with respect to the measure (Y(s, , *) X 0),
(erp+r1s--reL+)) 20, re{l, T},

5;((x, ) —e) =0,

s f(w)—rl,_ () =s,e(w) 20, teT, s eS8,, reR,, (2.1)

a.s. (Y(sy,")xo0).
The set of feasible actions is given by the correspondence § of G x S, into G
with
Ble,s): = {feG:(f e ¢,) satisfies (2.1)}. (2.2)
The preference on the set of actions is given by the map V': G x.# — R, where

V(f, 2): = [au(proj-f(+)) dAxo)(*), feG, AeH, 2.3)
u: ﬁ X, - [0,1], continuous.

The decision problem is to choose, given ¢ € G and s, € S, an
freBles) st VU Dz VLD, VSeBes)
with A = sy, ).
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3. Continuity properties'

In this section, we study the continuity properties of the correspondence g
and the function V.

Lemma 3.1. The correspondence B:G xS, — G defined by (2.2) is u.h.c.,
compact valued and continuous in s, .

Proof. Let f"€ B(e,s,) and /" — f. We then have, for all we @, 5,((x], IT)—e,)
< 0,andforreT,

s fl(@)—r - (@)=, e(w) = 0.
The pointwise convergence of f;" to f, implies that
I'n(w) I 1!(“’);
si((@,))—¢) =0,
and

sf(@)—ry b, y(0)—5, ew) £ 0.

This proves that f(e, s,) is a closed subset of the compact set G and hence compact.
Let (¢!, s?)eG xS, and f"e p(¢",s}) be such that (¢",si,f")— (e, 80, /)
Again, we have,
si>, ) —sier 20,

and
stfi(@)—rf Iy (@) - 57 €f(w) = 0,
forte Tand w € Q. Letting n — oo, we have
5i((x;, h)—e) =0,
and -
sflw)—r, - (@) -s.e(w) £ 0,

which shows that (e, s,, f) belongs to the graph of f. Thus g hasa closed graph.
Since G is compact, the u.h.c. of f follows.

'Jordan (1975) has proved the continuity of similar decision functions, using thle‘ ‘::fek
convergence topology. Since we would like the budget constraint to be satisfied for each stai&
we prefer to use the pointwise convergence topology.
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To prove the Lh.c. of B in s,, we will show that the strong inverse image of
any closed set F < G is closed. If 7'(F) = 0 or a finite set, there is nothing to
prove. Let B~'(F) be an infinite set and s} be an accumulation point of §~!(F).
We will show that f(e, s7) = F.

Let

* = ((XT, 1?),f2*,f3*’ .. ’f;) € B(e’sr)-
For ¢ > 0, the open neighbourhood of /* is given by

N, = {feG:fork > o,|((x}, ). [} @), ..., fXw)

=((x1s ) fo(@), ..., fr(w)) ]| < &,
for(x;,))e Xy xM,, w;eQ,i=12,...,k},

where ||| is a metric for the product topology on G. For n > 0, let 0, be an
n-neighbourhood of s¥. Since s} is an accumulation point of §~'(F),

B~ (F)yn0,#0 forall n>0.
Choose h: = ((x}, 1), h;, ..., ht) € G, such that
(x1511) = (e1ys -+s €11,0, ..., 0, my[2),
and foreachw € Q,
Sth@)=rh_y 1@ s By pegei(@) =58, £ 0, @3.D

forteT.
For0 < A < 1, define

S = A b fa o STab
with

(1, h)a = A0y, 1)+ =D(xT, D),
and

S5 o= A+ (=D

Choose Asuch thatf* € N,.
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Since /* € f(e, sT), it follows that

s¥(x,, 1) —e) <0,

and
Sefera (@)—rdt 1 (@)—selw) =0, VieT, weQ. (3.2

Choose A so small that, for some 5 € 0, N ™ '(F), we have
5((x,, ) —e) < 0.

This implies that f* € f(e, 5) = F. This proves that f* is an accumulation point
of the closed set Fand hence f* € F. Q.E.D.

Let R be the one point compactification of Rand Z = (RY)".ForZ’' < Z, 5, € S,
and e* € G, define fZ(e*, 5,) as in B(e, s,), with X replaced by Z’. Let Z, be an
increasing sequence of closed subsets of Z converging in Hausdorff distance
topology of Z. Define X,, = X n Z,. We then have the following:

Corollary. For every si,ste€S,,s} > st and {e(w)| < K < o VoeQ,
B*(e*, s¥) = Lip*~(e*,s}) = F.

Proof. Let h* € B*(e*, s¥). Since F is closed, it is enough if we prove that h* is
an accumulation point of F. Let¢ > 0. Consider an e-neighbourhood of #*, N,,
defined by

N, = {he B¥(e*, s¥): forsome k < o, || ((x,, &), ha(@)) ... hy(®@))

((xt’ Ir)’ ;(wi)a reny h;‘(wi)) “ < 3,

for(x;,))e X, xM,, ;e Q,i =12,...,k}.2

Leth = (2,, %, ..., e with 2, = (e¥,, e%,,0, ..., 0, m,/[2).

For0 < 1 < 1,defineh = Ah+(1—2) h*.

For n large, e* € X,. Consider the case, where | A*(w)|| < K’ < oo in the
usual norm. Choose 4 so shall that k e N,. For large enough n, s{((X,,1,)—ef)
< 0, since s*(%,,T,)—e?¥) < 0. Also h(w) € X,, Vo € Q. Hence h € f*n(e*, s
for large n. This proves that h* € F.

2 ||- [ will be used for the metric on the compactified space also.
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Consider the case where /* is unbounded. This means that A* is unbounded
for at least one 7 € T. By the construction of the Alexandroff one-point com-
pactification, we can choose an 4** such that 4** belongs to an ¢/2-neighbour-
hood of 4* and h*(w)€ X, for n large. Now the previous arguments may be
applied to A**. This completes the proof.

Lemma 3.2. The mapping V. G x# — R defined in (2.3) is continuous.

Proof. Follows immediately from Delbaen (1974, lemma 8, remark 3).

4, Consumers

There is a finite set of consumers denoted by 4. An individual consumer will
be indexed by a € 4. Till the beginning of Proposition 4.5 we shall be concerned
with an individual consumer’s decision problem and as such the index ‘g’ will
be dropped. Indexing of consumers will be necessary only in Proposition 4.5 and
the notation used there will be self-explanatory.

The individual consumer’s decision problem may be described as follows. In
period ¢, he is restricted to choose his commodity bundle from a non-empty,
compact and convex subset of RL, which we denote by X,. Commodities are
assumed to be non-durable and have to be consumed within the period in
question. Similarly, his choice of durable, non-monetary assets, viz. shares in
the J firms, is restricted to a non-empty, compact and convex subset of R’ ,
viz. M,. As in Sondermann, we shall take M, : = [0,1]’. The consumer’s demand
for money in period | is assumed to come from the set [0,00) « R, and for
periods 2, ..., T, from the sets [0, c0], where [0, co] is the Alexandroff one-point
compactification of R, with the usual topology.

The sets P, and R, of section 2 will be used to denote commodity and asset
prices in period t€ {1, T}. Similarly, Q; will denote the set of states of the world
other than prices (say, weather). For any r, e R,, r, ;,, = |, which means that
the price of money is identically 1.

The consumer’s endowments of goods and financial assets in periods re T
are uncertain. Let ¢,(-) denote his endowments for period re T. We assume
e; € G,;, where G, is defined in exactly the same manner as G,. For period 1, the
consumer has a fixed endowment of goods and assets, which we denote by
ereX,xM,.

Given a price vector of commodities and assets in the first period, the consumer
has to specify a vector ol demand lor consumption goods and assets, say (x}, /})
for the first period along with a set of optimal policy functions, say £*,t€ T, for
the remaining periods. It will be assumed that (x7,/f) e X, x M, and f* € G,
teT. Thus, f* describes the demand for commodities and assets [or period
t€T as a function of prices and other states ol nature in periods 2 through 1.

(¥
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Any action f: = {(xy, ),/ .-, /r} of the consumer has to satisfy the budget
constraint. Given s, € Sy, this is expressed by the requirement that fe o€, s))

where
e(): = {ey, ("), ..., ex(*)},

and @(-,) is identically the same as (-, ) of section 2.

The consumer is endowed with a continuous and convex preference ordering
Z over 1'[,’=1 X,. Instead of working directly with >, we shall be dealing with
a bounded utility function u representing this ordering. It is assumed that

L

u .
1

=

X, - [0,1]

1

is a continuous function.

The consumer’s expectations about future prices is incorporated in the
stochastic kernel Y (s,,-) describing the joint distribution of prices in [Lier S..
¥(-,-) is assumed to satisfy (P.1) of section 2. Moreover, the consumer has a
fixed expectation pattern about Q’, which is given by the distribution a.

The consumer’s expected utility index is given by

V':G'x#H — R,
where

V(Ld(s1,0)) = [ w/'(proj. £(+)) d(Y(sy,*) x a(+)). @1

The consumer’s choice problem is now exactly the same as that posed at the
end of section 2.
The following three propositions can be immediately derived:

Proposition 4.1. The correspondence ¢ : G' x S, into G’ is compact valued and
continuous in s, .

Proof. Follows immediately from Lemma 3.1.
Proposition 4.2. The expected utility functional V': G’ x.# — R is continuous.

Proof. Follows immediately from Lemma 3.2,
Define
W)= {f* =t D S e ple s
V(f* ¥(s,,0) 2 V(s ) V€ ole's 51}
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The consumer’s demand relation for period ! is then given by
&) = AGT ) (X IS ) e v(sy)) 4.2)

Proposition 4.3. The excess demand relation £(s\)~ e is non-empty, convex,
compact-valued and u.h.c.

Proof. Compactness and u.h.c. follow from Proposition 4.1, 4.2 and a result
of Hildenbrand (1974, Corollary (b) of theorem 3, p. 30). Convexity is obvious.

The remaining part of this section is devoted to derive certain propositions
about the individual consumer’s demand for money.

Let
Or-2:=0,%x03% ... xQy 1 xQix Qs x...x0F.

Let ys5,(-|gr-,) denote the distribution of s; given s, € S, and gr_, € QO7_,.
For any agent, in addition to (P.1) of section 2, we assume

(P2) Ve>0, 3K, S, for some ieT, K; compact, such that Vs, € §; and

qr-2€ Qr_2, Y5 (Kilgr-2) > 1—e.

Assumption (P.2) means that every consumer expects prices to be in a compact
set in at least one future period with very high probability. Given

f: = ((xl’ll)’ fz, LRRE] fi—l’ fb fi+h tees fT)E(P(eI’Sl)’
define
Jr-1:=((x0 h)s fas ooos Sficis Jisns -os S1)-

Forg, € G;, define
(fT—l’gl): = ((xlall)’ f2a LR f‘i—l) 8i» ./'l+ls LCEE) fT)
Also,forgr_,€ Q,_,,s5;,€S;, let

(qr—2,34)3 = (qls ---»q.'-h(sioqi'_),qnu ---qu)

=(qys - Gi-19isGisrr--r qr) = WE L.
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With gr_ , specified, f/ determines (i— 1) vectors, viz. (x,, 1), | St < i~1 anq
(T—i+1)functions of s;, vViz. f{q@r-25")s - f1(gr-2,"). In other words,

f@r-2,) = (x5 W) a@r-25) -5 fiea(@r-25°), fil@r -2, ),

Siv1(@r=2,") s S1(Gr-2,"))

= ((xl, 11)9 (xz’ 12)’ sees (xn‘—l ’ li—l),fi(qT—z;'),
Sis1@r-25)s - s S1@1-2,°)).

For ¢ > 0, define
Xef(s.'): = {X; € X;:Vqr_2€ Qro, W(X(, X2y o0y X4—q, Xy,

proj (fi+1(qr-255)s ---» S1(qr-2, 53)))

g u,(xl ’ x2’ CERE xi—l H proj (f;(qT—Za si)’fl+1(qT—21 Si),

""fT(qT—Z’si)))+6e’

sixi, 1qr-2, ) —siei(@r-2, s)—ridi—1(qr-2,5) < €},

where 6, > 0 and independent of f.
Finally, define

4= {s;€ 8;: X/ (s)) # 0).

Thus, the set S} consists of prices in period i, for which the consumer is not able
to improve upon f due to lack of funds.
We assume the following:

(P.3) Foranyfe G'andany(s;,qr-;)€S;x0r_3,

¥si(Sflgr-2) 2 o5
and
3h:Q - X,
such that
(hi, 1) € G,
s{proj- (higr-2, 5 Li(gr-2> 5)))
< si€i@r-2, s)+rilic@r-2, s)+e

hi@r -2, 51) € XL(s)), s € S7»
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and
u(proj* (fr-1(9r-2>5)) hilgr-2> 51))

; u(proj 'f(‘h—z ’ si))a §; € S‘\S; .
Assumption (P.3) means that for every f€ ¢(¢’, 5,) there is always a set of prices
5; € S; with positive (conditional) measure (given any (s,,qr_,) € S; x Qr_,)
for which there are points in the consumption set which are preferred to proj-
f(gr_,, ;) but not satisfying the budget constraints at these prices. In other

words, the consumer is never sure of achieving a maximal element in X;.
Let y; e A (S;) satisfy (P.3). For fe ¢(e,, s,) and g _, € Q7 _,, define

Vihv): = ,[s, u'(proj - flgr-2,*) dyi(*).

As an immediate consequence of (P.3), we have:

Proposition 4.4. 3 g, € G such that

5(proj-gi{qr-25 50, 1(qr -2, 51))
< si€igr-2, s)+rili-y(gr-2, s)+e,
and 4.3)
Vilfr-19r-2,"), 8(4r-2-") ¥
2 Vi(f@Gr-2") ¥)+6;,  Var_,€ Qr_,.

Proof. Obvious.
Define
H(f¥;): = {g;: (4.3) are satisfied }.
It may be noted that H;is u.h.c.infand y,.

Corollary. For every s, € S, and each consumer a, the value of the excess demand
correspondence at any period is zero, i.e., f* €y (s,) implies s,((x¥, IT)—e}) =0
and s, f¥(:)-rl (-)—s€()=0,Vs,€8,,ieT.

Consider the total excess demand correspondence for the first period, viz.

Yaea [€uls))—e0].
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Proposition4.5.>  Assume that

Y ey, eint ), Xoy X Moy
acA agA
- . . . k
Then, if {st} is a sequence of prices in S, with lim || sy | = o, for every sequence

’ H k .
(2%} with 28 € Y, e 4 [Ea(5)) —€ls], one has limy 2L ;4 = o0, i.e., the total demang
for money in the first period tends to infinity.

Proof. Consider the sequence of normalized prices n* with n* = s AR
Since ||z*|| = 1 for all k, 3 a convergent subsequence, still denoted by {n*},
convergingtoa n°.

Suppose now, that the proposition is false. Then, without loss of generality,
z* - 2° (say). By assumption,

E:no‘il:> h“.z:no(x;1XAlﬂ)

ae A aecA

= Y inf n°(X,, x M,,).

aecAd

Thus, 3 at least one consumer a € 4 with

n° e5, > inf n°(X;, x M;,). (4.9)
Let
z = Z (X'Jl,l.',‘.)— z €a1s
aeA acA
where

f:: = {()a‘nlo 1:1)’ :l s ~--,fakr} € 'Ya(sll‘)-

Since z*-z°, it follows that (x,, /%) — (x%,1%),VaeA, where 2°=
Zae,{(xShng)"ZaeAe:n-

From now on we shall restrict our attention to @ € 4 and once again drop the
index a for convenience. We have

n%(x, 1) < n%ef.
Also, from (4.4),3 (X,, I;) € X, x M, with
n%(%,, 1) < n°ej.

3In proving Proposition 4.5, we use (P.2). Professor Grandmont pointed out to us lhi_!{ a
similar proposition can be proved under the weaker assumption that with a positive probability
the price of money is expected to be 1. [See Grandmont-Hildenbrand (1974).]
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Define
ety 1) = (AT, 1, 1)
+(1 =) (X, Tigsoeos Iig)l, m), m—-md =g¢g>0.
Clearly,

O/ A JA 0,7
no(xy, 1) < n'ej. 4.5)

Sincem* - m%,INst.Yk = N, m* < m.
Giveny; € A (S,), 3 gf € G, by Proposition 4.4, such that

s:(proj-gk(+), I5(*)) < sie}+rdl () +e,
and

Vi’((f#—l s gf-‘), Yy > Vi'(fka ¥, Vqr-,€ Qr-,.

Define the following:
Lok k9= (A, By L 1)
+(=2) (X1, Ity -5 b))l m).
2. 50 =f5)+0,0,...,0,e), &=m—m}.
That is, f#,(+)adds & > 0 to the money component of /().

3. gMr= (oM ) S o S A (L= s ST
4. gk5 = {((X’{’ I, ... 1;‘1): m), f‘.)k,u ---,ffu,p gty fle, o JE)
For k large enough,sayk 2 N’ =2 N,
gt e ple, 5)).
Weclaim 3g% _, € O;_,, such that u(g5_,,") # Oand
VEL* - 1g5-2) 2 Vi ou(-1a5-2)). (4.6)
Ifnot,Vq;_,e Qr_, s.t. u(gf_,,") # Oand k = N',

Vi,(fk’ '/’s.k('WT—z)) < Vi'(g'l'k, ‘ps.k("‘h—z))a
or

Is. u'(pro) 'fk(CIT—z)'))di//s."(‘ l9r-2)
< Is‘ u'(proj'g"'k(qT_z,-))dt//,,k(~|q1_2),
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or
for-s §si w'(Proi fXar -2, ) Wepl g7 - )dWs (- )do

< _[Q.r_, js« u'(Proj'gA'k(QT—z»')d'//slk('|‘h—z)d'pkr—z(')do, (4,7)

where, /% _ ,(+) denotes the marginal distribution of W(st,-)on Qr_,. However,
(4.7) contradicts the optimality of / k. Hence (4.6) is satisfied. Define

T
1 BiSio [1 (Xx M) as H(s): = f{ah—s, 5).
=1
T K ke k
2. K8 [ (X, xM)  as K(s): = g"(qr-2, 5).
=1
L K k
3. h:'k: S;— H (X, xM,) as hi’ (55): = gl'k(‘h—z, 5;)-
i=1

Since []/-, (X, x M,) is compact and (x}, I%) is a bounded sequence, we may
choose A*and h**to converge pointwise (on S;) to some hand 4}. Also ¥, «(-|g% _,)
may be assumed to converge weakly to some y° e # (S)), by virtue of (P.2).
Hence

Vith, ¥°) = Vb, ¥°),
since V/(-, *)is continuous by Lemma 3.2. Letting 1 — 1,
Vi, A% = Vi(h,, 1°),

where A, is the pointwise limit (on S;) of A*. Since y° is the weak limit of a
sequence of measures satisfying (P.3), y° satisfies (P.3) also. Also, g¥ depends
in a u.h.c. fashion on (f*, ¥, «(-|9%_,)). But this is a contradiction. Hence, the
total demand for money in the first period goes to infinity. Q.E.D.

S.. Producers

There is a finite set of producers, denoted by J. An individual producer will be
denoted by jeJ. As in the previous section, most of the ensuing discussion will
be related to the behaviour of the individual producer and hence the index '’
will be dropped.

The production possibilities in period i for the producer are given by the
correspondence

Y,: (Q xRS, I S, x.@(']jz Q;)) - RL. (5.1

teT
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The set Yi(w,x), (w,x)e 2 x R% is to be interpreted as the set of outputs
available at time i, when the input at time /— | was x and the state of the world is
w. Moreover, (5.1) says that outpot in period i will depend solely upon the states
of the world (other than prices) occurring up to period i.

We assume that the probability distribution of output for any given input is
completely known to the producers. We further assume:

(T.1) a. Y,isclosed-valued.

b. For any bounded set Fc RL, the set {yeY(R,x):xeF} is
bounded.

(T.2) For each w e Q, the graph of Y, is closed, convex and contains (0, 0).
Note that this implies that the correspondence Y, is continuous for each
.

Production is financed through the issue of shares and the market value of
each firm belongs to its shareholders. The total number of shares of each firm
is normalized to unity. Producers may also carry a portfolio over time and they
are allowed to trade assets and money on the capital market.

At the beginning of period 1, the producer has to choose a list of inputs and
a portfolio he wants to carry over to the next period, for every given price
vector s, € S, . But the choice of the portfolio depends upon what he wants to
produce in the next period and at what price he is able to sell his output. Both
the future price and the output are uncertain. Thus he has to make his plans for
production and portfolio for the future periods conditionally on the future
states of the world. His decision functions for t = 1,2,..., T—1 are formally
described by the following maps:

a S, = RL, @ :(Q,F,)~ RS, t=2,..T-1,

ﬂl :Sl_’Rl.;, ﬁ‘.’.l:(g,g')_’R‘;, ’=2,...,T_l,

g S, ~[01Y, g:(@QF)->[0,1Y, 1=2,...,T-1. (52)

The maps are restricted as in the case of G, and G (see section 2). A firm’s

endowments of goods and money in the different periods are represented, as in
the case of the consumer, by e’' : = (e}, €5(*), ..., e5(*)) e G = G. We will call
(@ B,8): = (a,, By+1, 8)T-1" afeasible programme if for (¢”', 5,) € G x S,

ﬁt-i-l(w) € Y,H(w, a,(w)), we Qo (53)
and

$1((oy(w), gy (w))—ey’) = 0, (5:4)

S (ar(w)’ g,(w))—(,B,(w), gr—l(w))_e'l’(w)) =0 t=2,...,T-1
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Let D: = {(a, B, 8): (5.2), (5.3) and (5.4) are satisfied}. The set D is endowed
with the topology of pointwise convergence. The consequence of the plan
(«, B, g) will be a certain market value of the firm for each period. Foreach we £,
this is given by the map

C,;:D xQ - R with Ca,B,8 w) = ‘Zz [p,B(@)+r, 8:-1(®)].

(5.5)
The set of consequences C is given by {C,(d), ..., C1(d), d€ D}.

Like the consumers, each producer has expectations about future prices and
endowments, which is given by a Markoff Kernel y’(-, -) satisfying (P.1). The
producer’s utility function is given by '’ : RT~' 5 [0, 1], where "’ is continuous,
concave and increasing. The producer’s expected utility index is then given by

V”(d, 51) = jﬂ u“(CZ(')» vy CT('))d(d/(sl 5 .) X 0’(')),
Vd,s)eDxS,. (5.6)

The set of feasible production and financial plans for a producer at price
s, € S; and ¢’ € G"' is given by the correspondence

0:G" xS, - D. (5.7

Each producer chooses an element from his feasible set so as to maximize his
expected utility index. We assume that each producer has an endowment of a
positive amount of money at the beginning of period 1. Moreover,

sup €y p4s41(@) < 0,
wen
te(1,T)

i.e., the initial endowments of money are in a bounded set.
The following propositions are easily established by standard methods:

Proposition 5.1. The correspondence 0: G'' xS, = D is compact-valued and
continuousins, € S, .

Proposition 5.2. The functional V"' is continuous.

Fors, € S,, define

6(s)): = {d* e B(e”,s,): V"' (d*,5,) = V"(d,s,),V de (e, 5))}
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The demand relation for period 1 is given by
”(sl) = {(afs gll') = (x,lk’ 1’1') : ((‘X,*, Igt*-rl(')’ gr*) € 6("1)} (5.8)

Let T = []/_, T,, where T, is a convex and compact subset of RY. Restrict
B = {B,, ..., Br} to take valuesin [[/=, T, x Y(@, R%).
For such (a, 8, g), we have:

Proposition 5.3. The excess demand relation n(s,)—ey is non-empty, compact-
valued, convex-valued and u.h.c.

Finally, we have:

Proposition5.4. Vs, € S, and z € (n(s;)—eY), 5,2 = 0.

6. Market equilibrium

In this section, we prove the existence of a temporary equilibrium in period 1.
First, we consider the case of compact consumption sets. Then we extend the
results to the case of unbounded sets when there is free disposal.

The economy is completely described by

E:={(X,uy Vo, ), (Yiasooo, Yiroui, ¥, )}, aed, jel

The economy is called regular, if all elements of & satisfy the assumptions made
in sections 4 and 5.

Definition 6.1. A price vector st € S, and an (A+J)-tuple (f}(s?), (¢} (s?),
gh(s)) is an equilibrium in period | if
() fAEHelAst), Yaed,
(i) (chi(sT), gh(sH) enilsD), Vjel.
(i) Y fR6H+ Y D gh6H) = Y e+ ) €.
aed JeJ aeA jeJ

Theorem 6.1. If a regular economy satisfies the additional condition

Y ey eint Y (X, x M,,],

ae A acA

then there exists an equilibrium in period 1.
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Proof. In view of the results of sections 4 and 5 and, in particular, Proposition
4.5, the proof of the theorem follows exactly as in Sondermann (1974).

So far our analysis has been based on the assumption that the consumption
and technology sets are compact. In the traditional static models of general
equilibrium without money it is customary to assume that consumption sets are
unbounded. The consumption set in such models cannot be assumed to be
compact for otherwise the twin assumptions of continuity of preferences and
local non-satiation would become inconsistent. Thus for a compact consumption
set there is always a satiation point. However, in a monetary economy,
Sondermann (1974) got around this difficulty by assuming that the agent’s
expectations of future prices are such that there is always a positive probability
of not attaining the satiation point. This is roughly the content of our Assumption
(P.3) also.

In traditional analysis it is assumed that consumption sets are bounded
below, the idea being that there are physical limitations on the amounts an
agent can supply (e.g., only 24 hours of labour). For exactly the same reason one
should insist on physical limitations on the amounts of any good a person can
consume. This will, however, imply that the consumption set is bounded. In
that case there would exist a consumption bundle x° such that x ¥ x° for any
x 2 x°. Under such circumstances the assumption of local nonsatiation leads
to a contradiction.

Thus there are conceptual difficulties involved in assuming that individuals
have non-compact consumption sets. However, in the context of our model,
one might consider a planning problem by introducing a government or a social
planner. For example, this is done in Chetty and Nayak (1976) by introducing
an agent whose consumption set includes all individual consumption sets. Such
considerations lead us to extend our results to the case of unbounded con-
sumption and technology sets.

Before going into the details of this case, let us examine the usual steps
involved in the proof of Theorem 6.1 and see where the assumption of com-
pactness is crucial. First, one deals wuth truncated economies, in which case
compactness of the entire consumption or technology sets plays no role. Hence,
we can find a sequence of equilibrium aggregate excess demands and prices.
Also, Proposition 4.5 can be modified in this case so that ||z*(st)| = co instead
of zf . ;4 — o0, whenever ||s{|| = co. In view of this a convergent subsequence
of equilibrium excess demand prices can be extracted. Now to claim that the
limiting allocation is an equilibrium allocation for the economy in the limit,
i.e., the given economy, we need the u.h.c. of the demand correspondence for
the consumption and technology sets in the limit, and hence non-emptiness of
the demand correspondence. Since an agent can imagine an unbounded budget
set in a future period, his demand correspondence may be empty! This type of
difficulty does not arise with respect to the first period, for he will soon find out
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the current prices of scarce goods are not zero and hence, with limited endow-
ments, budget set is compact. Thus, if we could compactify the feasible sets in
future periods, the agent’s demand correspondence would not be empty, though
the future period’s policy functions will now be required to provide plans for
impossible prices (for the economy in the future period, but feasible in the
imaginary economy of some consumers) like zero for some essential goods. The
existence of a temporary equilibrium in period one will then be possible, it we
could find a suitable compactification ot the commodity space.
Consider an economy in which there is free disposal of goods, i.e.,

(D.1) if yeY;(w,x), y' <y and x’ 2 x, then y' € Y, (o, x'),
Voe®, Vjel.

In this case there are no noxious goods in the economy. Hence we could assume
that each consumer’s preference preordering is (weakly) monotone, i.e., if
x 2 y, then u(x) = u(y). Any consumer has strictly monotone preferences with
respect to a subset of commodities and weakly monotone preferences with
respect to others.

Let the economy &* be such that it satisfies (D.1) and all the assumptions of
sections 4 and 5, with the commodity space R™ replaced by R, where R is the
Alexandroff one point compactification of R.

We have then the following:

Theorem 6.2. If the economy &* satisfies the additional assumption that almost
all consumers have weakly monotone preference, then there exists an equilibrium
in period 1.

Proof. Consider a consumer a€ 4. Let his preference preordering on X, be
given by the continuous utility function u, : X, — [0, 1]. Note that u, is increasing
in commodities. Now extend the function u to X, the closure of X in R:. For
x € X, define u (%) = lim, u,(x,), x, € X, x,} . It is easily checked that u, is
well-defined in X and is continuous. Also, define 0-c0.= 0, so that the points
X € X\ X are feasible only if the intial endowment of money is co or if the prices
of the commodities for which the components of X are co are zero.

The utility functions of producers have already been assumed to be monotone
and hence would extend in the same manner. Their feasible sets are also similarly
defined.

By assumption, the set of feasible decision functions G’ and G*’ are compact.
It follows from Lemma 3.1 and its corollary that the correspondence ¢ and 8 are
continuous. Hence the demand correspondences of consumers and producers
are not empty. For every convergent sequence of elements from the first-period
demand correspondence of consumer ‘a’, we can choose a convergent sequence
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of decision functions for each future period. It is possible for any trader, that the
future decision functions may be unbounded and hence may converge to o at
some points. When the markets meet during the second period, these policy
functions are irrelevant, since they will be planning using the second period’s
prices, which will then be known. From this point on the standard arguments g0
through. Note that the compactification points will not be chosen in period |
in equilibrium by any trader. Q.E.D.

We may also remark that in the presence of noxious commodities, such
Alexandroff’s one point compactification is not useful, since we cannot assume a
monotone preference and hence we cannot extend any continuous function to
RL. One can use Stone-Cech compactification, but then it is not possible to
demonstrate the u.h.c. of the budget set correspondence for subsets of the com-
pactified space. In the absence of free disposal, compactness of consumption and
technology sets is indispensable, since at any fixed price, the budget set could be
unbounded (in the usual norm).*

4In an earlier version of this paper, the authors have proved all the results for a ‘continuum
economy’.
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