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AN INCONSISTENCY OF THE METHOD OF
MAXIMUM LIKELIHOOD
By D. Basu
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An example was given by Neyman and Scott [2] to show that there are situa-
tions where the method of maximum likelihood leads to inconsistent estimators.
In their example considered, the observations were supposed to be drawn from
an infinite sequence of distinct populations involving an infinite sequence of
nuisance parameters.

An example is given here to demonstrate that even in simple situations where
all the observations are independently and identically distributed and involve
only one unknown parameter, the method of maximum likelihood may lead us
astray. The example typifies the situations where the correct method of setting
up a point estimate should begin with a test of hypothesis between two composite
alternatives.

Let A be the set of all rational numbers in the closed interval (0, 1) and B
any countable set of irrational numbers in the same interval. Let X' be a random
variable that takes the two values 0 and 1 with

[} focA,
1 -9 if6eB.

If r i the total number of 1’8 in & set of » random observations on X, then from
the rationality of r/n it follows at once that the maximum likelihood estimator
of 8 is r/n. But r/n converges (in probability) to 6 or 1 — 8 according as 6 ¢ A
or 8 ¢ B.

Now, since 4 and B are both countable sets, it follows [1] that there exists a
consistent test for the composite hypothesis 8 £ A against the composite alterna-

P(X=-l)={
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tive 8 £ B. In other words, there exists a function ¢, of the first n observations
such that ¢, takes only the two values 0 and 1 and such that

0 if 6¢ A,
P(pon = 1]0)—’ n— x,
1 iféeB,

It then follows readily that the estimator
tn = (1 — ga)r/n + oa(l — 7/n)

is a copsistent estimator of 8. Thus, though there exist consistent estimators for
8, the maximum likelihood estimator is not consistent.

For a simple construction for the function ¢, , let {a;] and |8;], for i =
1,2, -+, be two enumerations of the sets A and B, respectively, and let 5, be
the distance between the two sets (ay, ---, ax) and (1 — 8y, -+« , 1 — §,).
Let k(n) be the largest integer & such that & > n™". Note that k(n) increases
monotonically to infinity. Let Iy, and Ji be the open intervals of length n™'"¢
centered around ay and 1 — B, respectively and let

R, = Iin, Sa= U Ji..
ASE(N) kgh(n)

For every n, the sets R, and S, are clearly disjoint. Now consider a fixed k.
For all » for which k(n) 2 k we have

P(r/neSa|0 = Bi) Z Pr/nedin|8 = Bs)
= P(lr/n =1 = gl < —n7" |0 = 8)
— lasn— o,

because r/n is asymptotically normal with mean 1 — £, and asymptotic s.d.
vV/B:i(1 ~ Bi)/n. By the same argument we have
Pir/neSal0 =) S1 — Plr/neRa|60 =)
~—0asn— o,
Now, if we define
1 ifr/neS,
(0 otherwise,
then ¢, clearly has the required property.
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