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ON ASYMPTOTIC PROPERTIES OF A GENERALISED
PREDICTOR OF FINITE POPULATION VARIANCE

By P. MUKHOPADHYAY

Indian Statistical Institute

SUMMARY. A predictor of a finite population variance under probability sampling
suggested by a multiple regression model is shown to be asymptotically design unbiased and
consistent.

1. INTRODUCTION
We consider estimating a finite population variance through probability
sampling. Let U denote a finite population of N identifiable units labelled
1,2, ..., N and y the character of interest taking value y; on unit ¢,7 =1, ...,
N. Its variance is

N N
Vy)=a, 2 y¢—a, T yiys ... (LD)
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where a, =—1(1— -l\) ay = 1 and ¥y = (yy, ..., yy). Let a sample s be
N N2 N2 Lo
selected from U following a design p, having inclusion—probabilities
m= X p(s), me= X p(s), etic. Let Ij, I;» denote indicator random vari-
834 831,14

ables with I; = 1(0) according as unit i € (¢ )s and I;; = 1(0) according as the
pair (i,4") e(¢)s. Suppose auxiliary variable x; with 2; its value on unit ¢ is
available. Also assume that y; is the realised value of a random variable Y7,
t=1,..., N. We propose a predictor of V(Y) where ¥ = (Y, ..., Yy) as
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here B; is a function of I, ¥ and X, I = (I, ..., Iy), X = ((@)) an Nxk
matrix such that B; when suitably assigned is computable given the data stated
above. The multiple-regression model-based form (1.2) is suggested following
Sarndal (1980).
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Following Isaki and Fuller (1982) and Robinson and Sirndal (1983) we
show that vg(Y) is asymptotically design unbiased and congistent for V(Y)
under conditions which do not require any modelling.

2. ASYMPTOTIC DESIGN UNBIASEDNESS AND CONSISTENCY OF THE
GENERALISED PREDICTOR

Following Robinson and Sirndal (1983) we define a sequence of
populations U; of increasing sizes N; < N, < N < ... such that U, C U,
C U;... Let {s;} denote a sequence of samples s; of effective size ny; drawn
from U; using sampling design p;, ¢ =1,2,3,... with n; <n, <my3 < ... .
Let my, myre etic. denote inclusion-probabilities for p;. Let also Ij; and Iy
denote corresponding indicator variables. Then we have a sequence of
population values {yt, Xt} where yt = (y,, ..., yNt), Xt = ((wy)) is an Ny Xk

matrix, a sequence of popuation parameters {V;(yt)} and a sequence of predic-
tors {v Gt(Y‘)} where

N¢ I, V2 ¥ Lin .Y,
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t =1 Tt igirml Mg
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L= (I .., Iy,) and ¥¢ = (¥, ..., Yy ).

1 1 1
@y =Wt( 1— ), Aoy = ¥ Bjt is a function of I, ¥ and Xt with

For the asymptotic analysis let N;— 00 as {— 0. Let § be the probability
distribution of the infinite dimensional random vector (Y, Y5, ...).

Defimition 1. {vg} is asymptotically design unbiased (4DU) if
lim E{(vgs| Y?)—V(¥t)} =0
t=—> ©

with £ —probability one.

Definition 2. {vg} is asymptotically design consistent (4DC) for V;
if given any € > 0,

lim P{|log—Vs|> €|¥Y} =0
t—y e

with £—probability one.
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Here E denotes design expectation. By Markov’s inequality if vg; is ADU
it must be ADC.

Theorem : Under assumptions (a. 1)—(a. 9) below, v is ADU and ADC.
The assumptions are

1 VN,
@ 1) Bm 5 3 Y <oo with E—probability one.
Ny Zh T

[ X
(@.2) lim ¢,(t) = oo where ¢,(t) = Ny min my.

t— oo 1IN,
(@. 3) lim yry(t) = O where Y,(t) = mox l—ﬂﬂt— —1’

t—o 120N | TisTi's
(a. 4) lim Py(t) = 00 where @,(t) = N3 min  myn

iS5 ILiz&i' SN,
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a. 6) lim 1) = 0 where Y4(t) = max . —1|
(@. 6) lim 40 W= e
. Myire!'s
a.7) lim yry(t) = O where Y, (t) = max —————-ll
@.7) fim ) Wo=mes 0
1
.8) lim - 2 5 rj=12,..k.
(a. 8) t_?:)?:b N, 2 xh < oo forj
k

@.9) Tim E( ) B},) < & with E-probability one.

(> a j=1
Proof : We have

k
vgt— Vi = Cily)+ zlpjtat(xj) - (2.2)

where

o) =aw 3 71 (H1) 0y 55 ¥ (J0 )

and Cy(x;) is defined mmllarly. Hence

— |3 13 Y
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346 P. MUKHOPADHYAY

Now
B(CHy)| ¥?) = a, [ :;_:t.l v? (51& ~1) +, fN'z_:l Y2YE.
(Fames =) a2 23 mom ()
—2 ayay [ 2i§l§=1 Y3y (ﬂi“ —1 )
+i§‘§:: PIRAL (7.%;"_':_ _1)] .. (24)
The first term in (2.4) is dominated by
1 M oy

lv; E_-:l m
and— 0 as {— oo with §-probability one under assumptions (a. 1) and (a.2).
The subsequent terms also tend to 0 with &-probability one as {— co under
(a. 1)—(a. 7). Hence E(C?%(y)| ¥t)— 0 with &-probability one as {— co. Simi-

k
larly under (a.2)—(a. 8), B X C%(x;)—> 0 as t— 0. These coupled with the
j=1

assumption (a. 9) prove that vg is ADU and ADC.

Note : The assumptions (a. 2), (a. 4), (a. 5) imply n;— 00 as t— co. All
the assumptions (a. 2)—(a. 7) are satisfied for simple random sampling.
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