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1, INTRODUCTION

The technique of fractile graphical analysis (F.G.A.), in the
form of bivariate graphs, was developed and applied in the
analysis of economic data in a series of papers (Mahalanobis,
1958a, 1958b, 1960, 1962). The wide applicability of this method
was further demonstrated in recent papers by Linder (1963),
Rhea Das (1960a, b, 1964) and others. Some conjectures made
by the author were studied in a number of theoretical papers by
Kawada (1961), Kitagawa (1960), Mitrofanova (1961), Sethu-
raman (1961, 1963) and Takeuchi (1961). The computational
aspects through the use of unit record machines were examined
by Roy and Kalyanasundaram (1983). The object of the present
paper is to provide further theoretical foundations of extensions
of F.G.A.

Genesis of the problem, Let us suppose that we wish to
study the differences in the distribution of per capita consump-
tion of cereals between two different regions or over time in a
single region. It is a common practice in such cases to compare
the mean values, standard deviations and other measures charac-

terizing the distributions. Such overall comparisons may not be
meaningful or completely informative especially when differences
in the consumption of cereals are not the same for all ‘comparable
sub-sets’ of the populations under comparison (in two regions or
at different points of time). Thus it may be pertinent to ask
whether there is any differential increase in the consumption of
cereals between the ‘poor’ and ‘rich’ sections of the populations.
Such a problem leads us to define comparable subsets of popula-
tions such as poor, rich and so on. For this purpose we use a
suitable concomitant variable such as per capita income of an
individual as an indication of economio status. We note that
values of income in real terms, that is, making adjustments for
changes in prices, at different times or in different regions are not,
however, comparable and thereforp comparable subsets cannot
be defined as groups of individuals having the same per capita
income. But groups of individuals having the same relative
economic status in the two populations, as defined by ranks with
respect to income within a popul may be ble to
\ In other si there may be other
ways of defining comparable subsets of the populations. After
choosing & number of comparable subsets on the basis of & con-
comitant variable, we examine the difference in the distributions
of a main variable for every pair of comparable subsets. Fractile
graphical analysis is a convenient technique by which the desired
comparisons can be made through appropriate graphs drawn on
the basis of sample data. The actual computations involved
when there are one main variable and one concomitant variable
are briefly explained in Section 2, and certain generalizations to
cases inclusive of mean values, standard deviations ete. are dis-
cussed in other sections.

ool

2, BIVARIATE FRACTILE GRAPH

A fractile graph in the case of two dimensional data is defined
as follows. Let (Y, X) denote two variables and (Y,, X)),
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.Yy, Xy), be N independent observations. One particular
variate, say X, is selected for ranking the observations in ascend-
ing order. Replacing the X values by ranks and arranging the
observations in ascending order of X, we obtain

(2.1) (Yo 1, (Y 2), s (Yo N)

where ¥, is the ¥ valuo assocfated with the X value of rank i.
Now divide the observations {2.1) into a chosen number, g, of
groups such that each group consists of h = Njg consccutive
observations. These are called fractile groaps. The ith fractile
group represented by [i] consists of the abservations

(22) (Ynohgun h—h+1), (Yin_ngp ih=h+2). oo (Vny. ih)
which are replaced by the pair

(2.3) (i 1)

where i represents the ith fractile group and Yy is any statistic
(such as the mean, median, maximum, etc.) based on the ¥
values of the observations in [i],

(2.4) Y((n-lnh weny Ytlln-
The g pairs
(2.5) (Vi 1) o Yig, 9)

provide the fractile graph, by plotting Yy against i, i = 1,....¢
and joining the successive points by straight lincs.

The graph so obtained is represented by 5. The fractile graph
for the entire population, using the same procedure for all
members of the population, may be designated T';. As the
sample size increnses, Gy will provide a consistent extimator
of Iy,

Separation between graphs, Tocomparetwa fractilegraphs
based on independent samples from two different populations it
is necessary to consider the difference hetween graphs of parallel
samples from the same population. For this purpuse we divide
each sample into two independent halves. The graphs of the
two half samples from the first population are denoted by g,
and Gy, and that of the entire sample by Gy, Similarly we have
the corresponding graphs Gy, Gy, and G for a sample from the
second population. We then choose a mensure of scparation
|A—Bj| between any two graphs A and B. To test the
significance of the observed difference between (g andl () we
may use a statistio of the type

VL
=F _ntn’ R
(V/nl)lFg = Clggll+ /WG — 03D

16—l

(2.8) M

The overall measure of separation, proposed in the earlier papers,
is the area between graphs. -The exact distribution of M is
unknown.

The purpose of drawing the fractile graphs is not, however,
only ta make an overall comparison ovér the whole range as
provided by a statistic of the type (2.8). It also scems possible
to compare the graphs at cach fractile point or at sets of consecu-
tive fractile points and draw’ inferences. If necessury, a test of



the type (2.6) may be used for partioular sections of the graphs
to examine the significance of the observed differences.

In practice a significance test is hardly necessary when there
is a clear separation of the graphs, over the whole rango or over
any portion of the graphs, indicated by the fractile points for the
two halves of one sample being completely above or below those
for the other sample.

The F.G.A. can be used in any situation in which parallel or
interp twork of ples (LLP.N.S.) can be drawn,
for example, in the study of consumption of cereals in India
(Mahalanobis, 1962) or in testing the normality of frequency dis-
tributions by Linder (1963). The F.G.A. can also be used to
test the significance of differences in concentration curves

(Mahalanobis, 1960)'.

11t may bo noted that the F.G.A. is basod on concopts which have no connec-
tion with concontration curves. Tho innovation in F.G.A. is tho introduction of
tho concept of 8 graphical orror. It is thereforo possiblo to carry out tests of
significance with F.Q.A. which is not possible with a concontration curve. This
crurial point of using the graphical orror for the tests of significanco was missed
by Swamy (1968).

Surmises. The exact distribution of the separation in
FGA is not known. The author made some surmises (Mahala-
nobis 1958b) which have been later approximately verified by
model sampling experiments.

The error area e between two fractile graphs (with sample
sizes N, and N,, and g the fixed number of fractile groups for
both graphs) would tend to decrease as V/(N,+N,)/N,N,, and
to increase proportionately to g. Also, as each fractile group
consists of b = N/g observations, it follows that, when sample
sizes are kept constant, then the error area e would tend to vary
approximately as g¥3. Also, if ¢ is changed to gk, then changes
in the error area would vary proportionately to k2, which is &
most useful property in testing the significance of the separation
by changing values of g.

3. EXTENSION OF F.G.A TO METRICISED
CLASSIFICATORY VARIATE.

The method of F.G.A. has been used so far by superposing
the fractile groups for the two sets of samples from two popula-
tions, and drawing all fractile graphs in such superposed posi-
tions. In this procedure, as the ranking order of z alone is
taken into consideration, the values of each Yy and Y; etc can
be plotted against any set of ¢ points on the x-scale, for example,
at equal or at random intervals. The surmises mentioned
above would still hold good.

The object of the extension of F.Gi.A., discussed in the
present paper, is to include in the isons the two mean
values and the two standard deviations of the z-variate for the
two bined ples. If it is d that the distribution
of z is normal, then the appropriate (but to some extent
approximate) procedure would be to plot v.luu of Yyand Y;
for the two sub ples and the bi ple from both
Lot 1 and Lot 2 on the normal-probit pointa on the z-scale,
that is, against 1.75, 0.68 eto.

Tests of Normality. As a prior step, it is possible to use
F.G.A. to test the normality of the z-distribution, following the

procedure of Linder (1963). It is desired to make a bivariate
(z,y) comparison for two samples, called Lot 1 and Lot 2,
from two *‘populations”, processed under different conditions
of t Two sub. ples, of 100 each, were drawn from
Lot 1 and Lot 2, and measurements were taken of and y ona
percentago scale. Variate x (represented on the z-goale in all
accompanying charts) wns chosen as the ranking variate, that
is, a8 the ‘independent’ variate, to study changes in y with
variations of r.

" 1
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Each of two sub-samples drawn from Lot 1 was separately
ranked in ascending order of the value of z, and was divided
into 10 decile groups, each consisting of 10 observations; the two
sub-samples were pooled, again ranked, and divided into 10
decile groups. The basio data are given in the form of average
values of z and y for each decile, separately, for sub-sample 1
(8.8.1), sub-sample 2 (s.8.2), and the combined sample in Table
(0.1) for Lot 1. Similar data for Lot 2 are given in Table (0.2).

Average valuos of z and Yy
in frectilo groups based on x-ranking

sorial ___0e0al  ___ g.m2 . combined
nunber alues values

x‘ y T y z F
Table (0e1) Lot 1
1 420 745 399 692 40,9 6.T5
2 48,8 8,00 46,7 630  4T.7 To11
3 530 705 519 6.82 526 7.0
4 550 6,65 575 8.60  55.7 7.53
5 58,4 7.58 621 8.5  60.2 8.18
6 63,0 7445 654 7.0 643 7466
7 670 8,18 68,9 818  6T.7 8.44
8 68,9 B8 725 8.3 0.8 7.7
9 T 728 193 885  T6.2 B.44
10 8.4 930 N4 930 869 9.15
Table (0.2) lot 2
1 36.5 8.2 333 8.62 348 8.22
2 0.6 6,95 41,7 B8.40 4.2 1.80
3 45.8 8,48  47.0 B8.52  46.4 8.56
4 514 1052 50,9 9.2  51.0 9.86
5 53.4 8,20  54.9 10,38 53.9 9.46
6 56,4 10,45  58.8 9.42  57.8 9.96
1 60.0 9455 6341 11.48 61.1 10.46
8 64.2 11,08 66,8 1C.80  65.8  10.55
9 T4 11,18 T2.6 10,50  T2.0  10.97
10 82,7 15.15  85.8 15,25 84,2  15.%0

The mean value and the standard deviation of the combined
sample were found to be 62.31 and 13.34 respectively for Lot 1.
The corresponding normal-probit points, on the above basis,
were drawn on the z-scale. and are shown as 1.75, 1.05. 0.68,
0.39, 0.13, minus and plus, in Chart (1).  These r-values are given
for each decile in col. (2) of Table (1.1). The corresponding
observed mean values of x for each decile are given, in cols. (3),
(4) and (5) of the same Table (1.1).

Table (1.1) Lot | : Test of normality of x-distribution

sorial valu 13
o, of  z-scale y-scalo for observod
fastile for normal — _ssavalvesofy
distribution 8.8.1 5.8.2 ocombined
1 368.9 42,0 39.9 4.9
2 48.4 48.8 46.7 4.7
3 533 53.0 51.9 52.6
4 571 55.0 57.5 55.7
5 60.6 58.1 62.1 60.2
6 64.0 63.0 65.1 64.3
1 67.5 67.0 68.9 67.7
8 NG 68,9 2.5 0.8
9 76.2 el 9.3 76,2
10 85.7 82.4 90.4 86.9

The x-scale gives tae location of moan values of decile
fractile groupe for a normal distribution with
obsorved moan value = 62,31 and standard deviation = 13.34



The observed mean values of z for s.s.1 in col. (3) are
plotted on the y-scale on ocorresponding normal-probit
points given in col. (2); and adjoining points of y aro
joined by a straight line to give the fractile graph for s.s.1
for Lot 1, as shown in the lower part of Chart 1.1. The
fractile graphs for 8.8.2 and for the combined sample are plotted

L
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CHART 1] ——>> X~ scale

in the same way. The area between the two sub-sample graphs
gives the error-area associated with the combined fractile graph
for Lot 1. From Chart 1, it can be seen, that a straight line
can be drawn lying within the error-area over practically the
whole range with the exception of the bottom decile which
deviates a little upwards. The distribution of z may therefore
be considered approximately normal with some deviation at
the lower end. It is also scen that the error-arca increases
indicating wider dispersion towards the top end.

Data for Lot 2 were processed in the same way. The
observed mean value was 56.83, and the standard deviation
14.31. Relevant figures for the normal-probit points on the
z-scale, and corresponding mean values of x for each decile,
are shown in Table (1.2). The fractile graphs are shown in Chart

Table (1.2) Lot 2 : Test of normality of x-aistribution

serial mean values of decile fractile groups
::éig: x-scale y-scale for observed
fractile for normal values o
groups aistribution s.s.! 8.8.,2  combined
(1) (2) (3) (4) (5)
1 g 36.5 333 34.3
2 4.9 40.6 4.7 4.2
3 471 45.3 47.0 46.4
4 51.3 51.1 50.9 51.0
5 55.0 53.4 54.9 53.9
6 58,6 56.4 58.3 57.8
1 62.4 60.0 63.1 61.1
8 66.5 64.2 66.3 65.8
9 .8 .4 T2.6 72.0
10 81.9 8.7 85.3 84.2

The x-scale gives the locution of mean values of decile
fructile groups for a normal aietribution with
observed meen value = 56.83 and standard deviation = 14,31

(1.2). from which it can he seen that a straight line can be drawn
within the error-area, over the whole range except again for the
bottom decile.

- 517 -

FRACTILE GRAPHICAL ANALYSIN
Trar or Nommaviry 3
or z-Distainurion ror Lot 2
vberrved mean value = 86,83
observed K.1). = 14.31
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Generalised F.G.A. method for testing distributions.
It is possible to' generalise the F.G.A. method for testing
the normality of a distribution. Fractile groups can be
always formed for samples of observations whatever be the
distribution of the variate. Also, for any distribution ¢ of a
variate x, there is a theoretical mean value of x for each fractile
group which can be located on the r-scale. These points may
be called the @-probit points on the 2-scale. Also, for any distri-
bution ¢ of z, if the theoretical mean values for different fractile
groups are plotted on the y-scale on the corresponding ¢-probit
points on the z-scale, then all the y-points must lie on a straight
line. This property makes it possible to use F.G.A. for testing
the goodness of fit of a given ¢-distribution to any set of ob-
servation. It may be noted that I have used the word ‘probit’
in a much more general sense than is the usual practice.

Bivariate metricised F.G.A. of y on x. As the distri-
bution of z is approximately normal for both Lot 1 and Lot 2,
it is possible to plot the mean value of y for each fractile group
on the corresponding normal-probit point on the z-scale, and
to obtain the fractile graph by joining adjoining y-points. The
normal-probit point on the z-scale for each decile group of Lot 1

Table (2.1) Lot 1 1 Bivariate Fractile Graphical

Analysis of y on x

serial decile fractile groups based on x-ranking
no. of
decile x-scale y-scale for observed
fractile for normal mean values of y
groups probits 8.8.1 8.,8,2  combined
(1) (2) () ) )
1 40.4 T.45 0.12 6.75
2 48.5 t.00 6.30 1
3 533 7.05 6.82 7.01
4 57.2 6.65 8.60 7.53
5 60.6 7.58 b.15 8.18
6 64.0 7.45 1.70 .66
7 67.4 8.18 CRE] 8.44
] NG 8.70 8,30 1.70
9 76.1 T.28 8.85 8.44
10 84.3 9.30 9.0 9.15

is given in col (2) of Table (2.1), and the corresponding observed
mean values of y are given for 8.8, 1, s.s. 2, and the combined
sample respectively in col. (3), (4) and (5) of Table (2.1). The
fractile graphs are obtained by plotting y-valucs on the corres-
ponding nurmal probit-points on the x-scale. and joining
adjacent y points. The three graphs for Lot 1 are shown in the
lower part of Chart 2.



Bimilar data for Lot 2 are given in Table (2.2), and the
fractile graphs are shown in the upper part of Chart 2. Becauso
the mean value and standard deviation of Lot | are approciably
difforent from the mean value of standard doviation of Lot 2,
the end pointa ¥, and Y;, in the firet deoile, do not lie on
the same point on the r-scale. It is pomiblo, at this stage, to
introduce a simple rule of construction, namely, to join the
end-puinta by a horizontal and s vertical line further away from
the end-points. In this case & horivantal line is drawn from Y,
10 tne point y, on which & vertical ine can bo dropped trom Y.
At the top ond, a vortical line is drawn from ), to the puint y,,

Bivariate Frectile Uruphical
Anulysis of y on %

Teole (2.2) Lot 21

aecile fractile grouye basea on x-randng

which can bo joined by a horizontal line with Y, The ‘sopars-
tion' between Lot 1 and Lot 2 can be defined aa the arca bounded
by the two combined graphs and by two horizontal and two
vertical linee drawn under the above rule of construction, that is,
thearea, y, ¥ Yioy,q ¥}y Yiy,. The two errur-arcas for Lot 1
and 2 do not overlap except for & amall portion at the bottom
ead. The ‘sepamation’ between Lot 1 and Lot 2, in respect of y
on z, may be, therefore, considered to bo aignificant, It is also
scen that y incrases with z at an appreciably greater rate
for Lot 2 in comparison with Lot 1, showing that y ia more
strongly associated with = for Lot 2.

It would be noted that in Tables (2.1) and (2.2) and
in Chart 2, the normal-probit pointe on the z-scale, for the com-
bined samples, have been used for plotting not only the values

serial of y for the combined samples but also for plotting the values
::;x:: 1-scale y-ecale for ovservea of y for the two sub-samples for both Lot 1 and Lot 2. The
v £ : :
frectile ﬂ::,::‘“ ...."’ ..::2 = approximation introduced by this procedure can be easily
groupe 4 removed. The normal-probit points on the z-scale for sub-
(1) (2) [©)] (4) (5) sample 1 can be used for plotting the values of y for sub-sample 1,
f 3.3 8.20 8.02 .22 and & similar procedure can be adopted for plotting values of y
2 42.0 6.95 4.40 7.0 for sub-samplo 2. ‘1ne error-area between the fractile graphs
3 47.2 8.48 652 8.5 for two sub-samples can bo then formed by using the same
; 2;'3 'g': 'z"’: 3': construction as has been already described for forming the area
* i : : of the scparation between the fractile grapha for the combined
s o e i we samples for Lot 1 and Lot 2. A consistent method can be,
B 6.5 11,05 10,60 10,55 therefore, doveloped for error-areas and separation by using
9 na 1.8 10.50 10.97 tho above procedure,
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