SANKHYA: THE INDIAN JOURNAL OF STATISTICS

ON TIIE APPLICATION OF HYPERSPACE GEOMETRY TO TIIE
TIIEORY OF MULTIPLE CORRELATION.

By RAJ CIIANDRA DOSE, sa,

[l‘dxlonal Nole. In rmm )r:m. geomelrical repr fon is being i
used in i i in isti As these methods are not yet familiar to
stalistical workers ir. India, Mr. Raj Chandra Bose was requested to prepare a serivs of
notes on this subject for presentation before study mectings of the Imdian Statistical
Institute,

The present note gives a summary of what may be called the classical portion of the
subject. Prof. Karl Pearson in his paper on Some Novel Properties of Parlial ard
Multiple Corrclation Cocfficients in a Universe of Manifold Characleristics (Biomelrsika,
Vol. XI, May, 1916, pp. 231.238) had remarked (p. 237) :—"It is greatly to be desired
that the ‘trigonometry' of higher dimensioned plane space should be fully worked out,
for, all our relations between multiple correlation and partial correlation cocfficients of n
variates are properties of the ‘angles,’ ‘edges’ and perptndn:ulars o( sphero--| pobhcdrn in

multiple space. It would be a fine task for an adeq ipped pure matl

to write a treatise on ‘Spherical Polyhedrometry’ ; he need not fear that his results
would be without ical application, for they eml the whole range of problems
from anntomy to medicine and from licine to jology, and i ly to the

doctrine of evolution.”

Acting upon this suggestion, the late Professor James McMahon, of the Cornell Univer-
sily, gave a systematic \reatment in an article on Hyperspherical Goniomelry ; and ils
Abplication to Correlalion Theory for N Variables which was published in the Riomet-
vika, Vol. XV, December, 1923, pp. 173-208.

Mr. Raj Chandra Bose, who was not acquainted at that time with Prof. McMahon’s
work, gives in this present note an independent discussion of the same subject. Although
the ground covered is much the same, it will be noticed that there are interesting points
on difference in his method of approach and treatment, He also gives some new resuls.
As Prof. McMahon's article is not easily available, it is hoped that the prescut note will
be found useful by workers in India,—P. C, M.}

1. Let there be m characters which have been measured for n individuals. We may
then denote by xy the ith character for the jth individual, Let us set

xy=xly=5,(x"y) /n . W (1

where S, denotes summation from j=1 to j=n. That is, xy denotes the deviation of the
ith character from its mean for the jth individual.

Now let us take a space of n dimensions and in jt plot the points N, -\'......-\'..
where the rectangular co-ordinates of X, are (¥, ¥i...... Xu). The projection of the line
OX, along the jth axis is %y, and s gives the deviation of the ith character from its
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mean for the jth individual. The points X,, N ...... .\. may be called character points.
The figure formed by these points is fund: 1 in our

2, Now let us consider an equation of the form
=dax b daxgt L Ao F A . F et @
This may be regarded as an equation for determining the measure of the ith character
for any individual when the of the ini are known. The
quantity

Fy=xy= X et L L i) - 22
is the residue or the error in estimating the ith character for the jth individual by means
of equation (2:1).
It is our object to clicose the constants 1), 4, .......... .. in such a way as to make
S; (y%) . (23
as sinall as possible.

When so chosen, the constant dy is the regression cocfficient
Binzsevvictan e eren . 0annan ..., in Yule’s notation,
aitd the equation (2°1) becomes

K=bias. et Tt By e e Xy
F b e om X F Do oo e L m Xie
F e Dy o Qe . tmo)) N e . (29)

This is the i i ing the ith ch with the remaining ones.
The # values of 5y may, in this case, be called the deviations of the nth order for the ith
character, in relation to the characters 1, 2, 3,...... (i—1), (i+1), <s....... m.  They may be
denoted by Xpyss... -1 Genr ... my IEwe put

) /0 w (29)

thert 035, ...0-1) O41).eve..m may be called the stondard deviation of the mth
order for the ith character in relation to the characters No. 1, 2, 3, ...... (=1)(+1), s n,

Pigr e 0 0w =S¥ ainben.

3, It is now our ohject to interpret geometrically the regression cocflicients
Buacrsssoeton) (6 oo marb én)o. oo, the deviations Xy, c6omarn......ohj, and the
standard deviation oy,

BT WY T NPT
Fer this purpose, we note that the co-ordinates of any point P lying in the hyperplane
OX, X3 Xioy Niprenereeena Nm are linear functions of the co-ordinates of the points
X1y XpeeewoeNiots Nigrerene Nuo 1€ the co-ordinates of P be
2=y X4 Mg Xyt Kooy Fhgen Xueny Foonn A Xey . (3
for j=1,2, 8......ccoouueeum, then

+Maan ON + e (3D

OF=), OX,+X, OX,+ .
where a bar placed over any distance dernotes that it is to be taken vectorially. Now

PXE=S(xy=2)" = Siy,") o w3
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Ve thus have to make ,’.\'.‘ a minimum. P must then be the foot of the perpendicutar
from the point X, on the hyperptane OX |, X,.. Ny

2t Neeeen N

We thus have the following result :~

Tf Niss. . tion tanr... m denotes the foot of the perpendicular from the character point
X on the liyperplane OX, Ny N
remaining character points, then the regression cocficients byys . ...\, aoy) 641).nees » 8TC
just those coefficients which are nceded to express th® co-ordinates of Nyyzsn.. 600 ssp...m

Va formed by the origin and the

linearly in terms of the co-ordinates of X, Ny, wooNisy Nij e N 34)
Hence from (3'2) we have
ONiisseeoonton.m = Silbuans. Gonten...ocntsn...u (35)
where the summation extends over all values of k from 1 to m except /.

Again the deviation xpg,...... 6o e ..e..my 18 OW the projection of the line
XiXeinn ..6on0sn. .n along the axis of X e (36)

While NyXiigg. o tonten...m = /MO0, 0080 m . 37

4. Since the line N, Nyay...0-0051. ... = is pependicular to the hyperphine
[2), V15 HRING. VP, (TR s ' it is perpendicular to the line ON, (i $k=m) contained
in the hyperplane.  But the direction cosines of these lines arc respectively proportional

4

10 Xp13s ... 6on) 040 ... mp 20 Xy (=1, 2, 3,c0ciiiiim).

Hcuce we have
Sy (XupXiazs e at) Bend s mg) = o 41)
where S, is a summation from j=1 to j=n, and i{ k.

Thus the product moment of any deviation of the first order for any character, and
a devintion of a higher order for any other character vanishes.

Next let us draw perpendiculars from X, and N, respectively on the hyperplane
ONX; XyuvroersennNme  According to our notation the feet of the perpendiculars are denoted
by Xise... .omand X Consider the projection of the line X X,4,......u 00
the line X; Ny4,.....
Projec. { X;Xy5¢...n) = Projec. { X,0) + Projec. {OXysi...m)

= Projec. (X,0) e o (42)
since OX\,;......m Is perpendicular to Ny Nyy,..... » being contuined in a hyperplune
to which X, Xyaq.. ... .= is normal-

It follows from (3:6) that

S(len.-....l.)) (X20.0.en my)
=(X; Niai...w) % Projee. (X; Xig,..-m) 02 N; Npuioeoam... (33

In the same way
S, (xy) (Xrae..omp = (N3 Npar...md XProjec. (N0) on X, Nagyooom  (4°4)
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Heuce from (42) we have

S iainm) (Neae omp = 8 10g) (Fpaye

. (48)

3. Now in conformity with our previous notation fet X, ...m be the foot of the
perpendicular from X, to the hyperplane OX, X, X «Nm and It cem Npsm
be the feet of the perpendiculars from N, and X, respectively  on the hyperplane
0N, N Xjvveninn X

Consider the projection of the line X, N, on the linc X,,,.. s+ Now
Projec. (Niye . aXi)=Trojec. (Xy, ... a0) + Projec. (O pai...0) + Projee. (N 4,... = X))

...... wN, is perpendicular to a hyperplane which ¢ntirely contains
w und is therefore perpendicular to it, while X, .m0 lies in a hyper-
plane to which X, N,,,..... = i8 perpendicular and is therefore |-crpcnd|cular toit. Ience

Projec, (N4, V=Projec. (ON 1, ]
= Projec, (byau.o.. .. wOND)+HPrOjecbragis.nnn a0} kL e,
+Trojec. (brassi...... . nONa) from (35)
AW
=biaae.... [P, A )
Thus if 8 be (e angle between the lines Ny, . . .. X1 and Xy, .....«X; We have
Nisw Ny Cos8=bpge.om Npsy .o Xs e o (81)
It follows from (3'7) that
buaa...... (] LRI aCos6)/opsi..iiim e - (52)
It follows in the same way that
bavsaianens [ LT = Cos 8)/oy,..... [ . (53
If we define the partial cocflicient of corrclation 1,,,,...... = by the relation
LATETRI. w=(bisss...... mbarag.... .w)t, it follows from (52) and (53) that
fiagi... .a=Cosd e o (54)

But the angle between the lines N, is the same as
the angle between the hyperplanes ON, X, X oo N Wethus
bave the follawing geometrical interpretation for lhc corrcladon cocﬂincnl Fisaens on -

w is the coslnc of the angle Letween the
L (55)

The corrclation coeflicient r,4,,..
hyperplanes ON, X, X .Xaand 0.

6. The various identitics and. il liti i the correlation
coefficients now flow from the result (§5). We shall i the first instance consider the
case of three variables only.

Let the lines OX,, OX,, DX, cut the unit sphere with cenire O contained in the
hyperplane 0X,X,X; at the poims A, B, C. These points form a sphericol triangle
A B C on the unit sphere whose elements we denote by the usual notation. Then
from (5'5)
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1y, @«Cos g, v, =Cos b, 1, =Cosc }

(L3)]
fy30 2 Cos A, 1, =Cos B, 1,,=CoiC
DBut we koow that
Cos A= (Cos b. Cos c=Cosa)/Sinb. Sin ¢
Hence,
s = (T =1} /{1 =101 (1=r ) e w {62}
Again from the reciprocal formula
Cos a=(Cos B . Cos C+Cos A)/Sin B, in £
we get
733={ta faa= 1) (L=t ) (=1, 00 L. Lo (63)

It is also known that
(Sin A)/(Sin a) = (Sin B)/(Sin b) = (Sin C)/(Sin ¢)
= /{1 -Cos a=Cos* b—Cos* ¢+2 Cos a Cus b Cus ¢)/Sin a Sin b Sin ¢,
that is, (1 —Cos® a— Cos? b=Cos® ¢ +2 Cus a Cos b Cos ¢)<I
or {Cos” a+Cos? b+ Cos? c—2 Cas a Cos b Cos ¢)>0
or (Past 11y =2 1y 05, 0,00 .., w (64
From the reciprocal formula we get
(Paaa ¥ Mt P 2 1y gy 1130) D0 v (68)
In the same way, other well-known identities and inequalities, connecting the elemcats

a, b, ¢, 4, B, €, of the spherical triangle, will lead to corresponding identities and
inequalities connecting the correlation coefficients.

Now coming to the general case, we note that the angles between the hyperplanes
OX, X, o Nm 0N, X, ‘ws ON5 X, X, = are the samie as the
angles between the lines O, OY,, OY, .where 0Y,, OY arc the sections
of these hyperplanes by the hyperplane absolutely ortl 1to ON, X, Na.  Again
the angles between the hyperplanes ON, X, X, X;...... .« Na, OX; X X, X,
OX, X, X, X... . «.Xa are the same as the angles between the planes OY, Ya, 0¥, Yy
and OY, Y,. Conscquemly, if the lines OY,, OY,, OY, cut the unit sphere with centre
O and lying in the hyperplane OY, Y, V,, ot the points A, B, C, we have

fia05--0-m=C0s 0, Ty amCos b, 154 m=Cos ¢

} (66)

Tasus oo m®™Cos W, g eommCos B, 1y, ...a=Cos €

Thus the results (6:2), (6:3), (6'4), (6'5) remain valid, if we add the same subscripts 10
every correlation coeffic For ) ding to (62) we have

’.ll-u.- om T 248 -0 n0
T e T (1

(November, 1033.)
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