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DILATION OF A CLASS OF QUANTUM DYNAMICAL
SEMIGROUPS

DEBASHISH GOSWAMI AND KALYAN B SINHA

ABSTRACT. Hudson-Parthasarathy (H-P) type quantum stochastic dilation
of a class of Cp semigroups of completely positive maps ( quantum dynami-
cal or Markov semigroups) on a von Neumann or C* algebra, with unbounded
generators, is constructed under some assumptions on the semigroup and its
generator. The assumption of symmetry with respect to a semifinite trace
allows the use of Hilbert space techniques,while that of covariance with re-
spect to an action of a Lie group on the algebra gives a better control on
the domain of the generator. A dilation of the dynamical semigroup is ob-
tained, under some further assumptions on the domain of the generator, with
the help of a conjugation by a unitary quantum stochastic process satisfying
Hudson-Parthasarathy equation in Fock space.

1. Introduction

In an earlier series of papers ([13], [14]), we had constructed a theory of sto-
chastic dilation “naturally” associated with a given quantum dynamical semigroup
(q.d.s.) on a von Neumann or C* algebra with bounded generator. There the com-
putations involved C* or von Neumann Hilbert modules, using the results of [3],
map-valued quantum stochastic processes on modules and stochastic integration
with respect to them ([15], [19]). It is then natural to consider the case of a
q.d.s. with unbounded generator and ask the same questions about the associated
stochastic dilations. As one would expect, the problem is too intractable in this
generality and we impose some further structures on it, viz. we assume that the
semigroup is symmetric with respect to a semifinite trace and covariant under the
action of a Lie group on the algebra. This additional hypothesis enables us to
control the domains of the various operator coefficients appearing in the quantum
stochastic differential equations so that the Mohari-Sinha conditions ([17],[16])
can be applied. As precursors of this work, we may mention those in [10] and [1].
While the first one deals with a general EH flow with unbounded structure maps
under some additional hypotheses, the second one treats the problem in a different
spirit.

A remark about notation: we shall denote by Lin(V, W) the space of linear maps
from a vecor space V to another vector space W, and by Dom(L) the domain of
a possibly unbounded operator on a Banach (or more generally, locally convex)
space. Tensor product of Hilbert spaces or of operators will be usually denoted
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by ®, and sometimes ®,1, is used to denote algebraic tensor product (i.e. without
any kind of topological completion). Let H1, Hs be two Hilbert spaces and A be a
( possibly unbounded ) linear operator from H; to H; ® Ho with domain D. For
each f € Hy, we define a linear operator (f, A) with domain D and taking value
in H; such that,

(F, Ay, v) = (Au,v @ f) (L.1)
for w € D, v € H;. We shall denote by (A, f) the adjoint of (f, A), whenever
it exists. Similarly, for any T' € B(H1 ® Hz) and f € Ha, one can define Ty €
B(H1,H1 ® Ha) by setting Tru =T(u ® f).

2. Preliminaries

Let A be a separable C*-algebra and 7 be a densely defined, semifinite, lower
semicontinuous and faithful trace on A. Let A, = {z : 7(z*z) < oo}. Let
h = L?*(7), and A is naturally imbedded in B(h). We denote by A the von
Neumann algebra obtained by taking the closure of A with respect to the ultraweak
topology inherited from B(h). Clearly A, is ultraweakly dense in A. Assume
furthermore that G is a second countable Lie group with (x;,¢ = 1,...N) a basis of
its Lie algebra, g — o, € Aut(A) a strongly continuous representation. Suppose
that ay(A;) C A, and 7(ay(z*y)) = T(a*y) for z € A;,y € A, g € G, which, by a
standard polarization argument, is equivalent to the assumption that 7(a,(z*z)) =
T(2z*x) for x € A;. This allows one to extend a4 to a unitary linear operator (to
be denoted by uy) on h and clearly a4(z) = ugzuy for z € A. It is indeed easy to
verify this relation on vectors in A, and then it extends to the whole of h by the
fact that h is the completion of A,. For f € C*°(G) (i.e. f is smooth complex-
valued function with compact support on GG) and an element x € A, let us denote
by a(f)(x) the norm-convergent integral [, f(g)agy(x)dg, where dg denotes the
left Haar measure on G.

Lemma 2.1. g — uy is strongly continuous with respect to the Hilbert-space
topology of h.

Proof. Let Ay = {z € A | 7(|z]) < oo}. It is known that A; is dense in & in
the topology of h. Furthermore, for z € A; and y € A;, |7((ug(x) — 2)*y)| <
|(ug(x) — x)*||7(|y|), which proves that g — 7((ag(x) — z)*y) is continuous, by
the strong continuity of a with respect to the norm topology of A. But by the
density of A; and A, in h and the fact that uy is unitary, we conclude that for
fixed £ € h, g — uy is continuous with respect to the weak topology of h, and
hence is strongly continuous. O

The above lemma allows us to define a(f)(§) = [ f(9)ug(§)dg € h for f €
C*(G),§ € h. Furthermore, from the expression a,y(r) = ugzuy, it is possible
to extend a4 to the whole of B(h) as a normal automorphism group implemented
by the unitary group uy on h and we shall denote this extended automorphism
group too by the same notation. Let Ao, = {z € A : g — ay4(x) is infinitely
differentiable with respect to the norm topology }, i.e. Ao, is the intersection of
the domains of 9;,0;,...0;,; k > 1, for all possible i1, iz,... € {1,2,...N}, where 9;
denotes the closed *-derivation on A given by the generator of the one-parameter
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automorphism group Qegp(ty;), Where exp denotes the usual exponential map for
the Lie group G. The following result is essentially a consequence of the results
obtained in [11], [18].

Proposition 2.2. (i) Ay is dense x-subalgebra of A.
(ii) Similarly, we denote by dy the self-adjoint generator of the unitary group
Ueap(txy) O N such that Uezp(iy,) = et and consider the subspace hoo =

i g Dom(d;,di,...ds, ; k =1,2,...). Then hoo is dense in h.

(111) If we equip Aox with a family of norms ||.||co,n; n =0,1,2, ... given by:

lelloon =" > 180 (@)l

i1,12,...9k; k<n

forn > 1, and ||z||c,0 = ||z||, and similarly define a family of Hilbertian norms
Ill2,n; m=0,1,2,... on he by:

I€2n =" D> ldidipedi (617

i1,02,...05;k<n

on heo, then Ao and heo are complete with respect to the locally convex topologies
induced by the respective (countable) family of norms as defined above. In other
words, As and he are Frechet spaces in the topologies (to be called “Frechet
topologies” from now on) described above.

(1) 0g(Aso) € Ao, tug(hoo) € hoo for all g € G. Furthermore, g — ay4(x),g —
ug(&) are smooth (C*°) in the respective Frechet topologies for & € A, & € hoo.
(v) Let Ao = Aco [Vhoo- It is a *-closed two-sided ideal in As, and is dense in
A, A, h and he with respect to the relevant topologies.

Proof. The proof of (i) and (ii) will follow immediately from the references cited
before the statement of this proposition. The proof of (iii) is quite standard, which
uses the fact that 9;,d;’s are closed maps in A and h respectively.

Next we indicate briefly the proof of (iv) for A only, since it is similar for hq.
First of all, by the definition of A, and the fact that G x G 3 (g1,92) — ¢192 € G
is C°° map, we observe that for € A the map (g1, 9) — ag, (ag(2)) = ag,¢(x)
is C* on G x G, hence in particular for fixed g, G 2 g1 — ag, (ag4(x)) is C,
ie. agy(r) € As. Similarly, for fixed z € A, and any positive integer k, the map
F : RF x G — A given by F(ty,...t),g) = aezp(t1x1:1)--.ezp(tikx;c)g(x) is C*. By
differentiating F" in its first k£ components at 0, we get that 0;,...0;, (aq(z)) is C™
in g.

To prove (v), we need to note first that the elements of the form «(f)(§), with
feCX(G) and € € A, are clearly in A, ~. Let us first consider the density in h
and h. Since the topology of ho, is stronger than that of h and since h is dense
in h in the topology of h, it suffices to prove that the set of elements of the above
form is dense in h in the Frechet topology. For this, we take £ € ho, and choose a
net z, of elements from A, which converges in the topology of the Hilbert space h
to &, and then it is clear that a(f)(z,) — a(f)(§) Vf € C°(G) with respect to the
Frechet topology of he, since d;, ...d;, a(f)(z, — &) = (=1)*a(xi, ---xi f) (20 — ).
Thus, it is enough to show that {a(f)(€), f € C(G), € € hoo} is dense in h in the
Frechet topology. For this, we choose a net f, € C>°(G) such that [, o fpdg = 1¥p
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and the support of f,, converges to the singleton set containing the identity element
of the group G, and then it is simple to see that a(fy)(§) — ¢ in the Frechet
topology. Finally, the norm-density of A - in A and the Frechet density in A
will follow by similar arguments. O

Remark 2.3. It may be noted that for ¢ € Aso 7, 0i,...0;, () = di, ...d;, (x) € AN h.
This follows from the fact that if y, is a net in .4 h which converges both in the
norm topology of A as well as in the Hilbert space topology of h, then the norm-
limit belongs to h and the two limits must coincide as vectors of h.

Now we shall introduce some more useful notation and terminology and prove
some preparatory results. If H is any Hilbert space with a strongly continuous
unitary representation of G given by U,, we denote by H., the intersection of
the domains of the self-adjoint generators of different one-parameter subgroups,
just as we did in case of h. We denote the corresponding family of “Sobolev-like”
norms again by the same notation as in case of h and consider H., as a Frechet
space as earlier. We call such a pair (H,U,) a Sobolev-Hilbert space and for two
such pairs (H,U,) and (K, V), we denote by B(Hoo,Kso) the space of all linear
maps S from H to K such that Hoo is in the domain of S, S(Hs) C Koo, and
S is continuous with respect to the Frechet topologies of the respective spaces.
We call a linear map L from H to K to be covariant if H,, C Dom(L) and
LU,(&) =VyL(§)Vg € G, § € Hoo.

Lemma 2.4. If L from H to K is bounded (in the usual Hilbert space sense) and
covariant in the above sense, then L € B(Heo, Koo )-

Proof. Let dZ" and dF be respectively the self-adjoint generator of the one param-
eter subgroup corresponding to x; in ‘K and K. From the relation LU; = V,L
it follows that (since L is bounded) L maps the domain of d!* into the domain
of d¥ and Ld!* = dL. By repeated application of this argument it follows that
Ldlt...d}{(€) = df;...d} L(§)VE € Hoo, and thus || L]z, < [[L][[|€]|2,n- O

We shall call an element of B(Hso, Koo) @ “smooth” map, and if such a smooth
map L satisfies an estimate ||L&||2,, < C||€]|2,n+p for all n and for some integer p
and a constant C, then we say that L is a smooth map of order p with the bound
< C. From the proof of the above lemma we observe that any bounded covariant
map is smooth of order 0 with the bound < ||L||. By a similar reasoning we can
prove the following:

Lemma 2.5. Suppose that L is a closed (in the Hilbert space sense), covariant
map from H to K and Heo is in the domain of L. Under these assumptions, L is
smooth of the order p for some p.

Proof. For simplicity of notation, we shall use the same symbol d; for both dl*
and df, and also we use the same symbols for the corresponding one parameter
groups of unitaries acting on H and K. Let L be a map as above. Since L is closed
in the Hilbert space sense, and the Frechet topology in H., is stronger than its
Hilbert space topology, it follows that L is closed as a map from the Frechet space

H to the Hilbert space K, and being defined on the entire H, it is continuous
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with respect to the above topologies. By the definition of Frechet space continuity,
there exists some C and p such that ||L(£)]|2,0 < C|€||2,p- Now, for any fixed k,
let wp = Uegp(ty,,)- Since uy maps hoo into itself and L is covariant, we have that

L(“t(g)_g) = u‘(Lg)_Lg. Now, since “t(g)_g — di(§) as t — 0+ in the Frechet

topology, we have that L(* (t) E) = “t(Lf) Le converges to Ldr& in the Hilbert
space topology of I, and so by the closedness of dj L must belong to the domain
of di, with Ldi& = dkLS. Repeated use of this argument proves that L(Hs) € Koo

and L(d;,...d; €) = d;, ...d;, (LE)VE € Hoo. Now, a direct computation enables one
to show that Lis of order p with the bound < C. O

Theorem 2.6. Let (H,U,),(K,V,) be two Sobolev-Hilbert spaces as in earlier
discussion, and L be a closed (not as Frechet space map but as Hilbert space map)
linear map from H to K. Furthermore, assume that Hoo is in the domain of |L|?
and is a core for |L|?, and LU, = V4L on Hoo. Then we have the following
conclusions:

(i) L is a smooth covariant map with some order p and bound < C' for some C;
(i) L* (the densely defined adjoint in the Hilbert space sense ) will have Koo in
its domain;

(#ii) L* is also a smooth covariant map from Koo to Hoo; with order p and bound
< C asin (i)

Proof. Let the polar decomposition of L be given by L = W|L|. We claim that
both W and |L| are covariant maps. First we note that H, is also a core for
L (being a core for |L|?) and since U, is a unitary operator that maps Hoo into
itself, clearly H is a core for LU, and also for V,L. Thus the relation LU, = V,L
on Ho implies that the operators LU, and V;L have the same domain and they
are equal. Now, note that L being closed and V being bounded, we have that
(VgL)* = L*V} = L*V;-1. Furthermore, since U, ! maps the core Ho, for L into
itself, one can easﬂy verlfy that (LUy)* = U, L* Thus we get that U,L* = L*V,Vg.
It then follows that U,|L|> = |L|*U, and hence by spectral theorem U, and |L]
will commute. By Lemma 2.5, we get that |L|(Hoo) € Hoo, and |L| is a smooth
covariant map of some order.

Now, if P denotes the projection onto the closure of the range of |L|, then P
clearly commutes with U, for all g, hence in particular U, Ran(P)* C Ran(P)*.
Thus WU, P+ = WPLU =0 = V,WPL. On the other hand, V,WP = WU,P,
because V WWIL| =V,L =LU, = W|L\U = WU,|L|. Hence we have that W is a
bounded covariant map, and thus by 2.4, it follows that W* is covariant too, and in
particular W*(Ks) € Hoo C Dom(|L|), so that Koo € Dom(L*) = Dom(|L\W*).
Furthermore, from the fact that W and W* are smooth maps of order 0 with
bound < 1 (as |[W]| = [[W*| = 1) and |L| is a smooth covariant map of some
order p with bound < C for some C, clearly both L = W/|L| and L* = |L|W* are
smooth covariant maps of order p and bound < C| which completes the proof. [

Lemma 2.7. Let (H;, U;),z' =1,2 and (K;, V;),i = 1,2 be Sobolev Hilbert spaces
and k be any Hilbert space. Then we can construct Sobolev Hilbert spaces (H; ®
Ki,Ui@V}) and (H; @ k,U. 1) (with the symbols carrying their usual meanings)
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and if L € B(H1,Ha ), M € B(K1_,K2_), then we have the following:

(i) LoM e B(H1®K1)oo, (Ha @ K2)oo), and

(i1) (H1®k) oo is the completion of Hi, ®qigk under the respective Frechet topology
and the map L ®qi1g I on Hi_ Raig k extends as a smooth map on the respective
Frechet space (we shall denote this smooth map by L ® I or sometimes i) Fur-
thermore, if L is of order p with some constant C, so will be L.

Proof. (i) is straightforward. To prove (ii), we fix any orthonormal basis {e;} of
k and let £ = > & ® e; be a vector in the domain of the self adjoint generator
of the one parameter unitary group u; ® I, where wu; is as in the proof of Lemma
2.5 and the summation is over a countable set since § = 0 for all but countably
many values of [. So, without loss of generality we may assume that the set of I’s
with & nonzero is indexed by 1,2,.... Since Z(%) ® ¢ is Cauchy (in the
Hilbert space topology ) suppose that Z(%) ®e; — >, m ® e;. Clearly, for
each I, m; = limt_,o(%), which implies that & € Dom(dg) and di&§ = n;.
Thus, if dj, denotes the self adjoint generator of the one parameter unitary group
ur ® I, then we have proved that the domain of it consists of precisely the vectors
S & ®e; such that each & € Dom(dy) and > ||di(&)||* < oo. Repeated use of this
argument enables us to prove that (H; ® k) consists of the vectors £ = > ®¢;
with the property that & € Hy VI and for any n, [[£]|5,, = >, 1&]3,, < oo. From
this, it is clear that Y ;" , & ® e; converges (as m — 00) to & in each of the ||.||2,,
norms, i.e. in the Frechet topology. The rest of the proof follows by observing
that for any & = 334,10 & ® €1 € Hi00 @aig k, [|L(E)3, = 2 L& - 0

3. Review of q.s.d.e. with unbounded coefficients

We assume that the reader is familar with the Hudson-Parthasarathy (H-P) for-
malism of quantum stochastic calculus (see, for example, [19]) including quantum
stochastic differential equation (q.s.d.e.) with unbounded coefficients (see [12], [9]).
Let h = L?(7) be as before, and let kg be a separable Hilbert space. Recall that
a Hudson-Parthasarathy (H-P) dilation of a q.d.s. T} on A C B(h) is given by a
family of unitary operator (U;);>0 on h@'(L?(R4, ko)) satisfying a q.s.d.e. of the
form dU; = UtLgdAg (t), with some appropriate (possibly unbounded) operators
L7 defined on a large enough common domain, and such that Uy = I, and

< ve(0),Us(x @ U ue(0) >=< v, Ty(x)u > Vt >0, z € A

For the sake of clarity of exposition, we shall use a coordinate-free formalism
of quantum stochastic calculus developed in [13] (for bounded coefficients) and
[12] (for unbounded coefficients). We shall recall here a few useful facts about
the existence and unitarity of solution of g.s.d.e. with unbounded operator coeffi-
cients. For the proofs of these results and for a detailed discussion on q.s.d.e. with
unbounded coefficients, we refer to chapter 6 of [12] and also to [17],[16].

Let Dy, Vy be dense subspaces of h and kg respectively. We denote by Z,. the
set {Z e Bh@ky) : Z+2Z*+ZQZ* <0}, where kg = C @ ko = h @ (h @ ko)
and Q = 0l ® Ingk,, as in [12] and [13]. For a quadruple (R, S,T,A) where
A € Lin(Dy,h), R,S € Lin(Do,h ® ko), T € Lin(Dy ® Vo, h ® ko) satisfying
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Do C Neey, Dom((R,§)), we introduce a linear map Z, to be called 'coefficient
matrix’, from Dy @ (CH V) to h ® ko by

A R*
Z= ( s T )
Note here that by assumption (v ® £) € Dom(R*) for all u € Dy, £ € Vy. We

recall from [13] and [12] that for an adapted operator valued process V, on h @ I’
= h@'(L3(Ry, ko)), one can define the quantum stochastic integral

X = /t Vi(agr(ds) + ag(ds) + Ar(ds) + Ads)
0

with respect to a quadruple (R, S, T, A), which satisfies
< velg), Xpue(f) >=

/ <ve(g), Vi{< R, f(s) > + < g(3), S > + < 9(5), Tres) > +Abue(f) > ds.
0

We denote by Z the set of the above quadruples (R, S, T, A) with the associated
coefficient matrix Z such that we can find a sequence Z(™ ¢ Z, n = 1,2,...,
satisfying the following for all £, € Vy and u € Dy :

lim (€, Z")u = (£, Zy)u, (3.1)

n—oo

sup | 2 ul| < oo (3.2)
n>1

For X € B(h®T), v,{ € C& Vy, we define the bilinear forms £/(X) on the
vector space Dy @ I' (algebraic tensor product) defined below :

(vib, £ (X))

= (v, X(v, Ze)ud') + ({7, Zeyvp, Xu') + (QZyvp, XQZcwy)'),
(3.3)

where u,v € Dy and 1,9’ € T'. Note that we have used the same notation for X
and its ampliation (X ® I k‘o)‘ Clearly, we have the bound

(v, LI(X)ug)| < C(u,v, 7, OQIX N[l

where C(u,v,7, Q) := [[oll[7V[1Z @O + [[ull V[ Z O + 12 ()| 2 ()]
We denote £8(X) simply by £(X), where 0 = (1 0) € C & V. Note that

(v, L(X)uy)') = (v, X Aur)’) + (Av), Xut') + (Rup, X Ruy)’),

so that formally one has £L(X) = XA+ A*X + R*XR. For z € B(h), let Lo(x)
denote the bilinear form on Dy given by

(v, Lo(x)u) := (v, zAu) + (Av, zu) + (Rv, x Ru);
and it is easy to see that

(v, L(X)ug)’) = (v, Lo((th, Xy))u)



94 DEBASHISH GOSWAMI AND KALYAN B SINHA

for X € B(h®T), ¢,¢' € I'. We also identify Vy naturally with 0 ® Vg, so for

&n' €V, Ef]/(X) will mean [Zggg?)(X). For A > 0, let us denote by () the set

{z € B(h): (v, Lo(x)u) = Mv,zu) for all u,v € Dy}.

Theorem 3.1. Let (R, S, T, A) € Z with the coefficient matriz Z, and let Z™) | n =
1,2,... be a sequence of elements of Z. satisfying 3.1 and 3.2. Assume that

(i)
LUI) =0 forall v, € Co Wy, (3.4)
Bx = {0} for some A; (3.5)

(i) there exist dense subspaces Dy C h, Vo C ko such that Do ® Vy is contained in
the domain of Z*, and the following conditions hold:

lim (£, Z(”):;>u = (£, Z5)u, forall §,n € Vo, u € Dy; (3.6)
n—oo
sup ||Z(”):;u|| < oo for all § € Vy,u € Dy; (3.7
n>1
LYI) =0 forall v, € C& Vy; (3.8)
By = {0} for some X > 0; (3.9)

where the definitions of Eg and B are similar to the definitions of Ef] and By,

with the replacement of Z, Dy and Vo by Z*, Dy and Vo respectively. Then the
following q.s.d.e. admits a unitary operator-valued solution.

dV; = Vi(ag(dt) + al(dt) + Ap(dt) + Adt), Vo = I. (3.10)

4. Assumptions on the semigroup and its generator

Let T; be a q.d.s. on A which is 7-symmetric, that is, 7(T:(z)y) = 7(T:(y))
for all positive z,y € A, and for all ¢ > 0. We refer the reader to [5] for a detailed
account of such semigroups from the point of view of Dirichlet forms. We shall
need some of the results obtained in that reference. As it is mentioned in that
reference, T, can be canonically extended to a normal 7-symmetric q.d.s. on A as
well as to Cy-semigroup of positive contractions on the Hilbert space h. We shall
denote all these semigroups by the same symbol T; as long as no confusion can
arise. Furthermore, we assume that T} on A is conservative, i.e. T;(1) = 1Vt > 0.

Let us denote by £ the C* generator of T; on A, and by L5 the generator of
T; on h. Clearly, £, is a negative self-adjoint map on h. We also recall ([5]) that
there is a canonical Dirichlet form 7 on h given by, Dom(n) = Dom((—L3)?),
n(a) = |\(7£2)%(a)|\§70,a € Dom(n). We recall from [5] that B := A[)Dom(n) is
a x-algebra, called the Dirichlet algebra, which is norm-dense in A.

We now make the following assumptions.

Assumptions:

(A1) T, is covariant, i.e. T; commutes with a4 for allt > 0,9 € G.
(A2)L has Ay in its domain.

(A3) L2 has h in its domain.
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Remark 4.1. If the G-action on A is ergodic, that is, the fixed point subalgebra is
trivial, it can be proven (see [12]) that the assumption (A3) follows automatically
from the other two assumptions.

Lemma 4.2. (i) Ax r is a core for both L and Ly ,
(ii) £(Asr) € Ar
(111) Lo( Ao r) C Acor-

Proof. By the Proposition 2.2, A - is dense in .4 and h in their respective topolo-
gies. The hypothesis of covariance of T; implies that A is invariant under 73.
Furthermore, by (A2)-(A3) As,r is in the domains of £ and £5. Thus by Theo-
rem 1.9 of [8], one has (i). It follows as in the proof of the Proposition 2.2 that
L(As) € As. Similarly, he, is invariant under T} and is a core for Ly, and
Lo(hoo) € heo. Since £ and Lo coincide on As , = A[)heo, the conclusions
follow. |

Modifying slightly the arguments of [5] [20], we describe the structure of L.

Theorem 4.3. (i) There is a canonical Hilbert space K equipped with an A-A
bimodule structure, in which the right action is denoted by (a,&) — €a, £ € K,a €
A and the left action by (a,€&) — w(a)¢, € € K,a € A.

(i) There is a densely defined closable linear map oy from A into K such that
Aoo.r C B =Dom(dy) (where B is the Dirichlet algebra mentioned earlier), and do
is a bimodule derivation, i.e. dg(ab) = do(a)b + m(a)dy(b)Va,b € B.

(i11) For a,b € Ax r, [100(a)b|lic < Cqllbll2,0, where ||.||x denotes the Hilbert space
norm of K, and C, is a constant depending only on a. Thus, for any fired a €
Avo.r, the map Ao 3 b \/250(a)b € K extends to a unique bounded linear map
between the Hilbert spaces h and IC, and this bounded map will be denoted by 6(a).
(iv) For a,b,c € A -, we have

dL(a,b,c) = d(a)*n(b)d(c) = L(a*be) — L(a"b)e — a* L(bc) + a*L(b)c.

(v) K is the closed linear span of {d(a)b:a,b € Ax -}
(vi) ™ extends to a normal x-homomorphism on A.

Proof. We refer for the proof of (i) and (ii) to [20] and [5]. Now, we note that
Ao is contained in the “Dirichlet algebra” (c.f. [5]) and in fact is a form-core for
the Dirichlet form n mentioned earlier. Using the calculations made in the proof
of Lemma 3.3 of [8, page 8|, we see that for a,b € A 7,

|60 (a)b||2 = %T(—b*ﬁ(a)*ab —b*a*L(a)b+ b*L(a*a)b).

Here, we have also used the fact that a,a*,a*a € Dom(L). From the above
expression (iii) immediately follows. We verify (iv) by direct and straightforward
calculations, which we omit. To prove (v), we first recall from [5] that K can
be taken to be the closed linear span of the vectors of the form do(a)b,a,b € B.
Now, by Lemma 3.3 of [5], [|00(a)bl|3 < [|b]|Z, on(a,a). Since A - is on one hand
norm-dense in A and also form core for n on the other hand, (v) follows.

To prove (vi), it is enough to show that whenever we have a Cauchy net a, €
Ao, in the weak topology, then (£, w(a,,)§) is also Cauchy for any fixed £ belonging
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to the dense subspace of K spanned by the vectors of the form &(b)c, with b, ¢ €
Ao . But it is clear that for this, it suffices to show that a — (§(b)b’, w(a)d(b)b’)
is weakly continuous. Now, by the symmetry of £ and the trace property of 7, we
have that for a € A+,

(OB, m(a)d(b)b')
= {(b,abL(V'V)) — (b,al (b)) — (L(BV'D'™), ab) + (L(bY (bD')*), a).
The first three terms in the right hand side are clearly weakly continuous in a, so

we have to concentrate only on the last term, which is of the form 7(L(xzz*)a) for
z € As ~. Now, we have,

T(L(zz™)a) = 7(L(x)x*a) + T(xL(z¥)a) + 7(5(x*)*6(z")a),

and since £(Ax,r) C Ao -, the first two terms in the right hand side of the above
expression are weakly continuous in a, so we are left with the term 7(6(z*)*§(z*)a).
Let us choose an approximate identity e, of the C* algebra A such that each e,
belongs to A, (this is clearly possible, since A, is a norm-dense *-ideal, and
for z € A;, one has that |z| € A;). By normality of 7, 7(§(z*)*§(z*)) =
supyT(end(x*)*6(z%)en) = 2sup,||do(x*)enls < 23upn||en|\go’0n($*,x*) < 00,
since |lenlco0 < 1 and * € A » € Dom(n). Thus, 6(z*)*6(z*) = y? for some
y € A, hence 7(6(x*)*6(x*)a) = 7(yay), which proves the required weak continu-
ity. O

Now we obtain the Christensen-Evans type form of the generator L.
Theorem 4.4. Let R: h — K be defined as follows:
Dom(R) = Awo,», Rz = V25(z).

Then R has a densely defined adjoint R*, whose domain contains the linear span
of the vectors §(x)y, =,y € As,r and

R*(8(z)y) = 2L(y) — L(x)y — L(xy).
We denote the closure of R by the same notation R. For z,y € A+,
1 1
(R*m(z)R — §R*R:v - 533R*R)(y) = L(x)y.

Furthermore,
6(l‘)y = (Rl‘ - W(I‘)R)(y),l‘,y S Aoo,Ta

1
Proof. For z,y,z € Ac,r, We observe by using the symmetry of £ that
(0(x)y, Rz)
2(do(x)y, do (2 )
= 7Ty L(z"2) —y L(z7)z —y a7 L(2))

T(L(y
({zL(y

)w*z—( z)y)*z — L(zy)"2)
) — L(x)y — L(xy)},2).
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This suffices for the proof of the statements regarding R*. It can be verified by a
straightforward computation that (R*r(z)R— 1 R* Rz — S2R*R)(y) = L(z)y holds
for x,y € As,~. The remaining statements are also verified in a straightforward
manner. (]

5. H-P Dilation
We shall now prove the existence of a unitary HP dilation for T5.

Theorem 5.1. There exist a Hilbert space k1 and a partial isometry X : K — h®kq
(where ko = L*(G) ® k1) such that 7(z) = X*(x ® Iy, )L and R = X R is covariant
in the sense that (ug ® vg)R = ]:Zug on As r where vy = Ly ® Iy, , Ly denoting
the left reqular representation of G in L?(G).

Proof. The proof is essentially by the ideas as those in [6], so we omit the details.
First we construct a strongly continuous unitary representation V, of G in K
(strong continuity will follow by covariance of £ on a dense set of vectors, and
hence by unitarity for every vector) such that 7 is covariant under this G-action in
KC. This V, satisfies V,6(x) = 6(ag(x)) by the construction, which clearly implies
that V,R = Ruy on A . Thus, 7 is a normal covariant *-representation of A
in I, hence extends to a normal *-representation, say 7 of the crossed product
von Neumann algebra A >G, which is the weak closure of the algebra generated
by (z ® Ir2q)),z € A and ug ® Ly,g € G in B(h ® L*(G)). Thus there is
Y : K — h® L*(G) @ k; (for some k;) such that ¥*(X ® Ij,)X = 7(X), for
X € A>G. So in particular X*(z @ Iy,,)¥ = 7(z), and $*(uy ® v,)X = V. The
rest of the proof follows easily from the arguments similar to those in [6]. O

It is clear that for z € Au r, L(z) = R*(z ® 13,)R — %R*Rx - %xl:l*f% This
enables us to write down the candidate for the unitary dilation for the q.d.s. T3.

Before stating and proving the main theorem concerning H-P dilation, we make
a crucial observation. Let us consider the form-generator given by B(h) > = —
(Ru, (x®1)Rv) — +(zu, R*Rv) — 5 (R*Ru, zv), u,v € Dom(R*R). By the construc-
tion of Davies ([7]), there exists a unique minimal q.d.s. on B(h), say Ty, such that
the predual semigroup of T}, say T;*, has the generator (say E*) whose domain
contains all elements of the form y = (1 4+ R*R) 'p(1 + R*R)~! for p € Byi(h),
and L. (y) = m.(RipR}) — LRiRip — LpRi Ry, where Ry = R(1+ R*R)™! and
7, denotes the predual of the normal *-representation z — (z ® 1) of B(h) into
B(h® ko) (i.e. for T € Bi(h® ko), ms(T) = >, Tii, Tii € Bi(h) being the diagonal
elements of T' expressed in a block-operator form with respect to an orthonormal
basis of kg, and the sum is in the trace-norm).

Lemma 5.2. T} is conservative.

Proof. Let L denote the generator of T,. We claim that Asor C Dom(ﬁ) and
L=Lon A . Fix any x € Ay . Let D, be the linear span of operators of the
form (14 R*R)"'o(1 + R*R)~" for o € By(h). Clearly, for p € D,, tr(L(zx)p) =
tr(zL.(p)) = tr(L(z)p) (using the explicit forms of £ and £), and since D, is a

core for L, (see [7]), we have tr(zL.(p)) = tr(L(z)p) for all p € Dom(L.). Now,



98 DEBASHISH GOSWAMI AND KALYAN B SINHA

for p € Dom(L,), tr(TE=2p) = tr(p(TelD=r) — tp(2F, t—lfTH )ds)) =

tr(L(z)t1 f TS «(p)ds)); and we extend this equality by continuity to all p € By (h).

Letting t — 04, we get that € Dom(£) and tr(L(x)p) = tr(L(z)p)¥p € By(h),
which implies that £(z) = £(z). From this, it follows by easy arguments using the
fact that the resolvents of L leaves A ; invariant that Tt( ) =T (z) Vo € Ao+,
and hence by the ultraweak density of AOO -in A, T, and T, agree on A (where we
use the same notation for the C* semigroup 7; and its canonical normal extension
on A). In particular T;(1) = 1. O

We note that since the set of smooth complex-valued functions on G with com-
pact supports is dense in L?(G) in the L?-norm, it is clear that kg, is dense in
the Hilbert space kg, so let us choose and fix an orthonormal basis {e;} of kg from
ko 0. (note that ko can be chosen to be separable since A is o-finite von Neumann
algebra and G is second countable )

Theorem 5.3. The q.s.d.e.
1~ ~
dU; = Ut( (dt) —ap(dt) — §R*Rdt); Up=1 (5.1)

on the space h @ T(L*(Ry) ® ko) admits a unitary operator-valued solution which
implements a HP dilation for Tj.

Proof. Since R*R = —2L5, and since hoo C Dom(Ls) C Dom(f%), the closed
Hilbert space operator R is also continuous as a map from he to h ® ko with
respect to the Frechet topology and the Hilbert space topology of the domain and
the range respectively. Thus the relation Ruq = (ug ® vg)R on Ay extends by
continuity to ho.. That is, R is covariant, and by the assumptions made on Lo at
the beginning of this section it is easy to see that the conditions of the Theorem
2.6 are satisfied, so that there are C,p such that ||Rw|2,0 < C|lw|2,. Moreover,
by Theorem 2.6, we obtain in particular that Dom(R*)(Hilbert space domain)
contains (7 ® ko)oo. For any vector £ € koo, it is clear that ke, C Dom((€, R)*).
We shall now apply the Theorem 3.1 to prove the ex1stence and unitarity of
solution of the q.s.d.e. (5.1). To this end, take D = D = hoo, Vo = Vo = koo and

_1pxp _ p=*
Z = < 2]§R (‘? ).Let G, =n(n— Ly)"!, and
gy . ( —3GaRRG, —GuR*
B RG, 0o )

We shall show that the hypotheses of Theorem 3.1 are satisfied. Clearly, Z (m*
and Z(™ belong to Z.. Furthermore, note that G, is clearly a bounded (with
|G|l < 1) covariant map, hence smooth of order 0 with bound < 1. In particular,
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it maps D into itself. We have that
|RGLw|? = (RG,w, RG,w)
(w, G (=2L2)Grw)
= (w,(=2L£2)2G%Gn(—2L2)7w) (as La, Gy commute)
= [ Gu(=2L2) 5]

< (=2L0) 2w,
From this it follows that
sup [ 2" w]” = sup{||RG,w|® + |G R (wE)|}
n>1 n>1

< (=2La)2w|? + || R (we) |2
<  0oQ.

Thus the condition (3.2) is verified. To verify that lim, o (7, Z{" )w = (i), Zg)w
for all w € D, &,n € Vy, we first prove the following general fact:

If L is a closed linear map from h to h with he in its domain, so that ||Lw||z,0 <
M||wla, for some M and r, then for w € heo, each of the sequences G, Lw,
LG,w and G,LG,w converges to Lw as n — oo. To prove this fact, it suffices
to observe that Gpw clearly in hoo and [|Gpw —wll5, = >, o wo [(Gn —
I)(di,di,...ds, w)||5 (as Gy is covariant), which goes to 0 as G, — I strongly.
Thus we have

|GnLGrw — Lwl|2,0 |GrnL(Grw — w)ll2,0 + [[(Grn — I)Lw||2,0

<
< M[|Grw = wllz,r + [[(Gn = ) Lwll2,0,

which proves that G,,LG,,w — Lw. Similarly, one can show G, Lw — Lw and
LG, w — Luw.
Using this fact, it is easy to see that

1 - - -
(@, z§”>>w = —5CGuR"RGyw — Gu R (wl) + (n, RGyw)
1- - - -
— fiR*Rw — R*(w€) + (n, Rw)
== <ﬁ, Zé>w

Similar facts can be proved replacing Z by Z* and Z(™ by Z (M The conditions
(3.4) and (3.8) are also easy to verify. Moreover, We have £y = Lo and 3y = [
in this case. Since h is a core for R*R and Tt is conservative, it follows (see
[17], [4] ) that gx = {0}. This proves that U; exists and is unitary for all ¢.
That U; implements an H-P dilation for T}, that is, (we(0)Ui(a ® INUFw'e(0)) =
(w, Ty (a)w') for all w,w" € h and a € A is clear from the g.s.d.e. (5.1) satisfied by
U;. O

We conclude this article by mentioning a few natural examples of q.d.s. which
satisfy the assumptions A1-A3.

Example 1. Let A = Cy(R"), G = R", with the obvious action of R™ on A
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by translation. The trace 7 is given by integration with respect to the Lebesgue
measure. We take T} to be the heat semigroup on R™, which is given by

1 >l — yi)2
(T2f)(z) = (Vart) Jan f(y)eXP(—T
and Tof = f. It can be verified by simple calculation that T} is indeed covariant
and symmetric. Furthermore, the norm-generator £ of T} is nothing but the
differential operator > ., ;—;?, from which it is easily seen that A2 and A3 are
satisfied.

)dy, t>0;

Example 2. This is an example from noncommutative geometry (see Chapter
9 of [12]). Consider the noncommutaive 2d-dimensional plane considered in the
Chapter 9 of [12], with the notation explained there. We claim that the q.d.s. (1%)

generated by the ‘Laplacian’ — E?il 5J2- is covariant with respect to the action

¢o of R?? and it is also symmetric with respect to the canonical trace 7 on the
noncommutative 2d-plane. To verify the covariance, we observe the following:

ba(b(f)) = b(fa),
where fo(z) = ¢/® f(z). Thus,

Tb(a)) = [ €57 e fla) Wade = 6u(T0(T).

Moreover, we have,

HTB) ) = [ 5 Faiahde = () Ti ).

which proves symmetry. A simple computation shows that the assumptions A2
and A3 hold.
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