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SUMMARY. We shall first review some of the sampling techniques involving multiple auxil-
iary variables. In certain situations, when we have many study variables, it is of interest to estimate
parameters relating to these variables. However, sonte of the study variables may be poorly cor-
related with the selection probabilities when probability proportional to size sampling technique
is being used. In this article, we shall also discuss how to provide alternative estimators in such
cases. Next we consider multivariate stratified surveys and finally touch upon some of the recent
developments including analysis of complex surveys based on several variables.

1. INTRODUCTION

The importance as well as intricacies of designing sample surveys for many
variables were recognised by Mahalanobis even while methodology for uni-
variate surveys was being developed. While discussing large scale sample sur-
veys, he (1944) commented :

“The above examples sufficiently illustrate the general principles for
uni-stage sampling in the case of a single variate. Solutions (with special
forms for cost and variance functions) for multi-variate and uni-stage
sampling or multi-stage univariate or multi-stage multi-variate sampling
are not considered here. Material for satisfactory graduation of appropri-
ate cost functions and variance or covariance functions is accumulating
for certain crops, and it is hoped to deal with the problem in a later paper.
Some simple artificial functions might have been discussed here, but for
purposes of elucidation that is scarcely worthwhile, since the uni-variate
uni-stage examples provide sufficient illustration of the general princi-
ples”.

Subsequently, these observations were echoed in Mahalanobis (1952) where
he visualised the following:

“ In case of repeated surveys for single character (with added com-
plications when several characters are to be estimated, as is usually the
case) we need some sort of a ‘composite’ error defined in terms of stan-
dard errors of the several estimates calculated on the basis of the sample
design.”

1Based on the talk given at the Internations] Symposium on Multivariate Analysis held in
December 1992 at New Delhi.
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Also while discussing the possibility of using the concept of analysis of dis-
persion in sample surveys for multiple variables, Chakravarti (1954) observed
that practical experimenters fight shy of the methods of multivariate anal-
ys13 and application has failed to keep pace with the development of the
theory. However, by the sixties and seventies there has been tremendous growth
in the literature which encompasses the use of multiple auxiliary variables for
designing and estimation in sample surveys. On the other hand, inference for
sample surveys of many variables is relatively of recent origin, born out of the
increasing need for the analysis of complex surveys. In this paper, we shall
review some of these topics, highlighting only certain important aspects.

2.  MULTIPURPOSE SURVEYS

The integrated multi-subject nature of the National Sample Survey (NSS)
initiated by Mahalanobis in India in 1950 goes beyond the realm of designing of
sample surveys for several variables in the sense that not only data is collected on
different variables for the sample unit but data on different subjects from sample
units which are necessarily different is obtained for certain surveys (Lahiri (1954,
1964), Murthy (1964)). In multipurpose surveys where estimation of parameters
of several variables is involved, it is usually found that different sets of selection
probabilities would suit different characters better. For example, in the NSS,
for household enquiries probabilities of selection of units use data on the variate
‘population’ while for land utilization surveys the variate ‘area’ is considered.

In order to reduce field costs, in such situations, it is desirable to have a
selection scheme which makes the sample units (villages) for both enquiries
more or less identical. Lahiri (1954) has suggested ‘serpentine method’ and
‘two-dimensional method’ to achieve this while Des Raj (1956) developed the
methodology for this, following Dantzig’s solution for the transportation prob-
lem. Maczynski and Pathak (1984) studied the more general problem of inte-
gration of k > 2 surveys, while Mitra and Pathak (1984) provided algorithms
for optimal integration for the case of two and three survey variables (see also
Mitra (1988)).

3. MULTIPLE AUXILIARY INFORMATION

Historically, data collected on several auxiliary variables for inference pur-
poses has been utilized by users and advocates of purposive selection method.
Jensen (1926) gave an example from a study in Denmark where ten auxiliary
variates were utilized successfully. At the same time, examples of complete fail-
ure of purposive selection method used in Gini and Galvani’s (1929) balanced
samples based on seven variables are too well known. For measuring the yield of
Cinchona bark, Mahalanobis in 1940 suggested the use of three simple physical
measurements for regressing (1946).
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An important milestone with regard to the utilization of multivariate aux-
iliary information was due to Olkin (1958) who extended the ratio estimator
to the case when data on p auxiliary variables is available. However, it was
Ghosh (1947) who in a small note first envisaged the concept of double sam-
pling with many auxiliary variables. Olkin (1958) considered the multivariate
ratio estimator

P
Yur = Z w,‘Yn‘.
i=1
where f/n, is the ratio estimator of the population total Y of the study variable
using the i-th auxiliary variable, i = 1,2, - -, p and the weights w;’s are obtained
such that V{¥)p) is minimised.

This approach has been followed by several authors who developed multi-
variate product, multivariate difference and multivariate regression estimators
as well as weighted combinations of ratio (product) estimators for auxiliary vari-
ables positively (negatively) correlated with study variate (cf. Des Raj (1965),
Singh (1965, 1967a, 1967b), Srivastava (1965), Rao and Mudholkar (1967)).

It may be pointed out here (also see Rao (1991a)) that certain authors erro-
neously combine a ratio estimator and a product estimator both based on the
same single auxiliary variable or combine ratio and product estimators based
on several auxiliary variables without regard to their correlation with the study
variable. The question of determining optimum weights in multivariate ratio,
product and regression estimators was discussed by Tripathi (1978) while Bedi
(1985) considered the two-phase multivariate estimator. A class of estimators
based on general sampling design and multivariate auxiliary information was
given in Tripathi (1987). For a review of the use of auxiliary information which
includes the multivariate situation, we refer to Tripathi et al. (1990) and Ad-
hvaryu (1986).

Srivastava’s (1967) estimator ¥ = ¥(X/X)" obtained by ‘exponentiation’
has been interpreted by Rao (1991b) as a ‘repeated substitution method’ where
starting from ¥ - ¥(X/X), the better estimator ¥{X/X) is substituted in the

place of ¥, thereby obtaining ¥ = Y(X/X)" after o interations. Rao (1991b)
has demonstrated that in most populations, the optimum value of a which is
equal to B/ R, where 3 is the population regression coefficient and R is the ratio
‘of the totals of study and auxiliary variables, is close to unity and hence one
does not effectively gain anything by this ‘exponentiation’. However, several
authors tend to use this technique without any motivation. On the positive
side, the ‘repeated substitution method’ leads to an improvement in estimation
as can be seen in the following :

Suppose that y is the study variable and x and z are two auxiliary variates
with respective population totals ¥, X and Z. Consider the ratio estimator for
Y given by

¥R = (N2 2).
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Writing, as usual ¥'= Y{(1 + ¢;), X = X(1 + €3), Z = Z(1 + e3) where E(e;) =
E(e;) = E(e3) = 0 it can be easily shown that upto second degree approxima-
tion,

VIFD) = VIX/ X)) + YA = 2pyecye. — 202.60¢,) < IV(X/ X))

1
if py. S Pzz— > =, where c stands for c.v..
c, c, 2

When c; =~ ¢, >~ c;, the condition reduces to py, — pz. > % which is likely to
be true when the correlation between y and z is very high while there is less
correlation between x and z (also see Singh (1967b)).

Next consider the repeated substitution estimate for the difference method
given by

Y =YD 4 gy 0
with V0 =¥48(X = )

where 8 = Cov. (¥, X)/V(X) = 5,z and B = Cov (¥, X)/V1X).

It was shown in Rao (1991b) that 8, = 0 and thus there is no possibility

of improvement by this method. However, when auxiliary information on two
variables, say = and z is available we consider

Vp=[+8(X-X)]+8(2-2)
where this time
B2 = COV(?(g)’ Z)/V(Z) = ﬁyz - ﬁyzﬁzz-

Hence . -
VYD) =VIV(1-pl) + A
where
A = BWVZ)-26, Cov (Y, 2) + 26,6, Cov (X, 2)
-BV2)

< 0.

Thus V¥p) < V(f’g)) and there is a definite improvement.
Alternatively, one can show that

V¥ = VO a-g, )
%
< Wf"(})).

The above can be extended to regression estimation on the lines of Rao (1991b)
and to the situation when we have p > 2 auxiliary variables.
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4. ALTERNATIVE ESTIMATORS FOR PPS SAMPLING

Auxiliary information on a variable x related to the study variable y can be
profitably used for selecting the sample units with probabilities proportional to
size (PPS) x. However, it was demonstrated by Des Raj (1954) that a PPS
sampling estimation could be worse than SRS estimation if the regression line
of y on z is far from the origin. Reddy and Rao (1977) considered a transformed
variable X! = X;+dX, use of which produced very efficient estimators for PPX'
sampling.

Next consider the situation where we have information on two auxiliary
variables leading to selection probabilities p; and p} with Y p; =) p, = 1. Let
p. = api+ (1 — a)p,,0 < a < 1. For PPS With Replacement sampling, we have

M- = yve—— L
T on - Sapi+(1-a)p,  p

- £ —a) Z {pz(apz + (lpi o)p; )}

1

Also

. o 1\ Yi(pi—p)
vy -vid) = n;—m

where ¥, 7, ¥" denote the estimators with the corresponding probabilities of
selection p;, p';, p; respectively. Now

(1-a) [~ Yi(pi —p)
n {z]: iy
YQ(Pz Ps) 1 __1_
+Z PR () M}
a—wnuv—wn}
(-~ (@i—p)'Y?
o ;pip’i(apﬁ(l—a)p’i)
(1 - ){N¥) - N}

viy") - vy)

IN

or
VY") < aVd) + (1 - a)UY).
Remark 4.1: If ¥) < {Y"), then V¥") < Y") and if V(Y') <Vy),
then V") < V¥). This shows that selection with probabilities p'; is better
than the worse of selection with p; and p';.



SAMPLING DESIGNS AND MULTIPLE CHARACTERISTICS 377

Remark 4.2: When p; = 1/N, i.e., SRS is used, Reddy and Rao’s (1977)
Theorem 3.1 follows.

Remark 4.3 : The above result can easily be extended to the case of
multivariate (¢ > 1) auxiliary information leading to

q
V(¥rrs @) < 3 aiV(¥hps)
i=1

where (¥7) is based on probabilities of selection p}’s, j=1,2,---,Nand i =
1,2,---,qand }“’%},S is based on probabilities of selection Y1) c;p with 3 { oy =
1. Agrawal and Singh (1980) and Tripathi and Chaubey (1990) considered the
use of a function of the multivariate auxiliary information as size for obtaining
optimum probabilities of selection.

In sample surveys of many variables, some of the study variables may be
poorly correlated with the selection probabilities used for PPS sampling. J.N.K.
Rao (1966) has provided alternative estimators when the study variable and size
measure are unrelated and demonstrated that these alternative estimators are
more efficient though biased. Bansal and Singh (1985) noticed that J.N.K. Rao’s
model deals with only zero correlation and hence developed a new estimator
of the population total for characteristics that are poorly correlated with the
selection probabilities. Simple alternatives were suggested by Amahia, Chaubey
and Rao (1989) who considered the class of estimators

1 yipi/p}
n9 pi

= Tll > v/}

where p* = (1 — a),lv + ppi, i = 1,2,---, N which takes into account the corre-
lation p between y and =z.
Amahia et al. (1989) also considered another alternative

Y, =

Yi
p=- 4
negrn

where \
= [(1—p>N+§]

and determined the efficiency and robustness of these estimators. For PPS
sampling without replacement for multiple characteristics, Rao (1987) discussed
estimators alternative to Horvitz-Thompson estimator, Rao-Hartley-Cochran

estimator and Murthy’s estimator. )
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5. STRATIFIED SAMPLING AND OPTIMIZATION

Neyman (1934) in his celebrated paper discussed multi-variate stratified sam-
pling. When several highly correlated variables are considered the minimum
variance allocation for a particular variable will itself yield a compromise alloca-
tion for the other variables of the survey. Neyman’s prescription was to ‘sample
proportionately to the size of strata’ since ‘in many cases the characters sought
are not likely to be highly correlated’. He further (1938) recommended that if
there are many variables of equal importance a ‘basic characteristic’ which is
correlated with the ones we are interested in should be found and adjustments
be made according to this ‘basic characteristic’.

Peters and Bucher (1940) derived an allocation n; maximizing 3 } e; where
e; is the relative efficiency for the j-th variate defined as the ratio of variances
with optimum allocation VJ and compromise allocation V7. Dalenius (1953)
proposed the minimisation of 3 %_,(Vj — V3)/Vi subject to Y. n¢ = n where
n is a compromise allocation. Hansen, Hurwitz and Madow (1953) discussed
some practical problems. Under SRS, Chatterjee (1968) suggested minimisation
of average relative increase in variance due to the use of actual allocation instead
of optimum allocation, averaged over p variables, i.e.,

NUR R R 2
minimise ;Z[EZ(nfj—nf) /ni]
j=1 " i=1

where n?j is the optimum allocation for the i-th stratum using variable j, which
leads to

ne =Y (" /5 (3 mh”.
7 i g

Yates (1960) considered minimisation of L = )" a;V; subject to C = Cy +
Y- Cin; where a; are known constants and minimisation of C subject to V; <
vj,J =1,2,---,pand 0 < n; < N;. Overall measures of deviation for the
p-variate case given by

k
Dy =) did; and Dy = Det. (D'D)
i=1
have been suggested by Rao (1984) where

(dil’dﬂ) tr 1dip)
() and dij = (n; — nf) / /T

Rao (1984) as well as Mukerjee and Rao (1985) considered the situation
when costs are given and illustrated the efficiencies of all the above allocations.

d;
D



SAMPLING DESIGNS AND MULTIPLE CHARACTERISTICS 379

One of the early users of programming techniques was Kokan (1963) who
minimised the cost C = Cy + Z,‘;l Cin; or equivalently maximised

M .
¢= Zl: 1+ Nz,

. ’ 1 1 1 . .
subject to V; <wvjand 0 < z; <1-— N where z; = TN and V; is the vari-
ance of the estimator (SRS) for the j-th character, b}I' non—iinear programming
methods. For different types of constraints, Hughes and Rao (1979) have given
algorithms for optimal allocation. For a recent paper, we refer to Bethel (1989).

In a different context, the problem of choosing optimum number of primary
sampling units (psu’s) and secondary sampling units (ssu’s) under given costs
was discussed by Chakravarti (1953). He considered multistage sampling design
for estimating the mean vector p' = (g1, g, - - -, sp) of p variables. Let fi; = g;
based on n; psu’s and n; ssu’s per selected psu. Consider the model

% =p+ By + &)

where

Yi = (Y16 Y26 YpGis))

s o= (p,p2, k)

ﬁ: = (ﬂli,ﬂ%,"’»ﬂm’)

ey = (G120 i)
for i = 1,2,---,n; psu’s and j = 1,2,---,ny ssu’s in each selected psu.
Assuming

E(8)=0, E(s) =0, E (@)=
E (&i5¢;) = /\2\7'5, J
we have the dispersion matrix given by

AV

Cov. (371?372"",gp)= m n1n2'

Chakravarti then obtained allocation to two stages of sampling such that
the efficiency of estimated mean vector is maximized, subject to a fixed cost
C=a+bn, +cniny.

It is interesting to note that even in the early forties, Mahalanobis (1944)
was interested in determining the ‘optimum size and density of grids’ in surveys
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dealing with several crops by attaching to the crops arbitrary weights ‘deter-
mined by, say, the money value of the different variates...’. Alternatively, he
formulated the problem as one of requiring the optimum distribution at given
(different) levels of error for the different variates — the optimum having refer-

ence to minimum total cost.

6. SOME THEORETICAL DEVELOPMENTS

Suppose that we are interested in estimating the total T; = Zf;l yij of
the i-th study variable taking values y;; on the j-th unit of the i-th variable,
j=12+--,Nand i =1,2,..-,p based on a sample selected using the design
p(8). Our sample vector consists of

Y; = (¥15,Y2); "+, Yps) for each jes and T= (Tl,f’g,-w,.’f}) where T} =
Y jes Beijyij. T'is unbiased for Tif Y Buijp(s) = 1Vi = 1,2,---,p. The
variance covariance matrix of T'is

D =E{(T-D(T-D)

This is symmetric and the i-th diagonal element is equal to the variance of T
and the off-diagonal element (i1') is equal to the covariance between T; and Ty.

Following Godambe (1955), Godambe and Joshi (1965) and Basu (1971),
one can visualize a result parallel to non existence theorem which is simply
stated below.

Remark 6.1: There does not exist a best unbiased estimator of the popula-
tion vector T’ = (Th, Ty, - -+, T) when minimization of elements of the variance-
covariance matrix of T is chosen as the criterion of bestness.

Remark 6.2 : It is easy to see that any criterion which involves a linear
combination of variances and covariances results in the non-existence of a best
unbiased estimator. Criteria such as generalized variance can also be tried out.

Extending the theory further, it is possible to consider the choice of optimum
sampling strategy for estimating the parametric vector T under certain suitably
chosen super population models (see among others, Godambe (1955), Cassel et
al. (1977)). \

For notational convenience, assume that p = 2 and we wish to estimate the
vector T = (XN, i, N, Z)). To be more specific, consider the vector of
Horvitz-Thompson (1952) estimators for the estimation of T. We then have

T=F29=C Y0 (6.1)

€] ies
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Now . .
win o [V cov. (1.2)
where N
uY) = Z enW+2§}ﬁ~nns (6.3)
i#j
and

Cov.(¥,2) = Z(_ —~1)YiZ + Z Z( T _ 1)z, (6.4)
i#j

When auxiliary information on a variable z is available, related to y and z
assume a simple super population model § of the following type :

E(yilz:) = Ty
E(zi|z:) = ng,z
(wilzi) = 0%
Walz) = okt (6:3)
Clyi, zlm) = ofa}
and  C(yi,y;) = Clvi,2) =C(z,2) =0
Under the model (6.5) we have the Expected Dispersion Matrix given by :
p EV(Y) & Cov. (Y,2)
& = A 6.6
M) ( i (6:6)
where R
85V(¥) = El (l - l)x + a?v(zass 1_r1)
&V 2) = %Zl—-0$+%WZ;) (6.7)

& Cov. (V,2) = o? zi'(l -2 + Y %)

which are obtained from (6.3) and (6.4) using the model assumptions (6.5).
Under the criterion of element-wise mlnimum or minimum generalized vari-

ance, it follows that the strategy {mPz, T' = (YHT, ZHT)} is 6-opt1mum for T'.

Remark 6.3 : If in the above model £(z;|z;) is taken as ayg(z;), 19(z,|:1:,) =
039%(x;), while 7Px design minimizes £ V(Yur) and a 7 Pg(x) design minimizes
EV Zyr), elther anProra 1rPg(a:) design minimizes £ Cov. (¥, Z) according as
C(yi, z) = 03x? or a2(g(x;))®. A relevant choice would perhaps be C(y;, z) =
o3z;g(x;). Also see the comment by Hedayat and Sinha (1991, p. 305 ). For
further details, Holt (1977) and Mukerjee and Sengupta (1989) may be referred
to.

If one is interested in a population parameter © which is a non-linear function
of p totals of the study variables y1, y2, -+, yp ie. © = f(I),Ta, ---,T})



382 T. J. RAO

then Taylor Linearization technique of variance estimation can be used. Also
when the parameters of interest are the regression coefficients 3y, B2, -+, Bp-1
obtained by fitting y, = B1y1 + Baya + -+ - + Bp-1Yp-1, a Horvitz-Thompson type
m -estimator can be suggested for which variance estimation is done by using
Taylor Linearization method. Fur further details on this and related problems
we refer to Sarndal, Swensson and Wretman (1992).

Most of the large scale sample surveys are complex with stratification, clus-
tering etc.. Koch et al. (1975) discussed various strategies for multivariate
analysis of data from complex surveys. Bebbington and Smith (1977) studied
the effect of survey design on multivariate analytical techniques with particular
reference to estimation of correlation matrix and principal component analysis.
We also refer to Binder et al. (1984) for a detailed bibliography on complex
survey data analysis. Further, Smith and Holmes (1989) exhibited a variety of
studies to include regression analysis as well. For an excellent reference on these
and related topics we refer to Skinner, Holt and Smith (1989).
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