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INTRODDCTION,

An experimental study of ling distributions for istics relating to a Di-variate
normal cotrelated population is in progress in the Statistical Laboratory, Calcutta.
During the course of this work the ratio of variances of the two correlated variater were
formed ond compared against the theoretical distribution of the ratio given by R. A,
Fisher. The ag: was not satisf; v, and it was realized that, while Fisher's
distribution was obtaincd on the aseumption that the two variates were independent, in
the present case they were actually correlated. It was \hicrefore considered desirable to
examine the question in greater detail.

1. The distribution funciion of the ratio of variances oblained from lwo independent
samples.

If two samples drawn at random from a given normal bivariate population have vari..
ances 5,7 and 5,°, the distribution of

1
z = l— log, —‘L,_
S5

2
hias heen given by Fisher (1024) :

P n
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2
and », and n, orc the degrees of freedom on which the estimates of 5, ond s,* are bascd.
5

1f w= & = et the distribution function of e is obtainad in the form
i
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Again, if x=
the distribution of x is given by a very simple Eulerion form :
LI v

1 - -
x (fex)  dx T

B(%, M)’
(32

If 5, and 5,' arc two obscrved variances in two independent samples hased on w, and
n, degrees of freedot respectively, we can casily test whether these two samples helong ta
one normal population by calculating any one of the three statistics :

df (x) =

5,

(n S L
(2) ws= 2
L ]

(3)  x=

1,8, 4 g5yt

and obtaining with the help of the distribution functions (1.1), (1.2) or (1.3) the probabi-
litics of occurrence of a value of z (or w or x as the case maybe) equal to or exceeding the
ohserved value.  If this probability is small, say lcss than *01, we consider it reasonable
for a)l practical purposes to sssume that the variances 5,* and s,* are not random estimates
of some definite population variance,

Fisher has given tables of 5 p.c. ond 1 p.c. values of z so that, if any observed 2
exceeds the 1 p.e. value, we take the two variances to be significantly different from cach
other, Corresponding tables of @ have been preparcd by Mahalanobis (1932) for facility of
calculation in using the above test of significance.

If two samples are drawn at random frotm two populations having variances ," and o,
and if the variances as cstimated from the samiples are 5,* and &1, it is easy to show that
the distriution of

Z = log, &t — log, O
S Iy
is similar t that of z in (11}, The distribution ot

' o /o,

is similar to that of w in (1,2} and of
ns!
il

is similar to that of x in (1.3).
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2. Distribution of the Ratio of V'ariances from a Corselated Population.

btained on the hypothesis that the two variutes fur

Al the above distributions were
which 3, ond s, ure caleulated from the two observed samples are independent. It is of
ome interest to investigate the form of the distribution of z, » and x when the twd samples
are drawn at random from a given normal bivariate correlated population.

The joint distribution of the estimated vatues of the cozfficient of €3 rrefation { r) and
the two standard deviations (s, and s,) was given by Fisher (1015) as follows

df =C,.c (i—':?— . G.' Sl=r) L ds, ods, L dr o (271)
where
&' = o=, &' = oMi-p)n, k= pin/gig,

ps 0,, 94 are the population values of the cocflicient of correlation and standard devia.
tions, ' is the size of sample and C, is a constant.

Integrating over the entire range of 7, we obtain the frequency surface of 5, and s,

(:, & .
&gl *

Y@= i1 gags T -2)(2,.‘+2) 37" g

5
.- LR

[, ! L Tl T [

1 o st
T T e e R M ] s, . dsy o (2.2)

1f g, = g, =g i.e. the populution variances of the two variates are ideaticul

| Posnts!
(Zn =2)(2n"+2) T

Foveainian

1 PP s tes ]
+ =D+ 2).. BT T + nine ds, ds,

Letw = :_' , then for g given valuc of s,, ds, » s,dw. Hence by substitution,
1
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On integration for s, from ;=0 to s,=00 the distribution of w is obtained readily

2' pT(w'+1) Ol

df{w) = y, . 2v1 . g* .[l‘(u-l). T t T =3 ((Ta +
L2 _pT(n'+3) w
21 @ -2)2n42) (TR T
2» T +2p=1) W |

+'p'| t =22+ 2)... 2+ 4p—6) {1 +u)
‘The value of y, has been given by Karl Pearson (1925).
Y (7 L
e {17
Substituting the value of y, we have
2M(—1) a- e w1

o M e
HE
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S U B ,)Ei‘ e
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(30)
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This is the distribution of w (=s,/s;) when the two samples of size »’ are drawn from
a bivariate normal populstion with cocfficient of correlation p and standard deviation o for
Loth varintes,

If p = 0, the distribution equation reduces to

-1 e

4( n—l) (l+-')“‘d

dj(w) =

(301

u'in cyuation (2°1) as well as in subscquent analysis represents the sctual size of the
samples and is one more than the corresponding degrees of freed Henee if 1 = number
of degrees of freedam, nan’=1 and cquation (3:01) may be written in the form

2 -
()= — 2. . code (302
N 1+ (3:02)

n(zz)
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It win be scen that putting »,=nuy=n in cquution (1'2), we obiain this identical
equation (3:02),

Fram cquation (30), it is casy to write down the curresponding distribution cyuations
of zand x for cortelated sumples.
Tlus putting  « =

o
T we have
»

Ay = S0y emy L U= aet-0)] de .

(5

Similarly, when z=log, » the distribution of (2);

ain J

Ty [ e
-

ap = 2Dy

r [
( 2 )I

Expressing our equations in terins of degrees of freedum (#), we have distributions of
z, » anil x corresponding to {1°1), {1'2) and (I'3) as follows:

o (32)

Y= 2 ) R e "S‘d ‘
e B(;—.;L) (l + ,n)' |. (I+f")’] ‘ (#1)
df () = M e [| - wa

55 ()

[ [ -

O (S bR

ney

If we put p=0, all these three equations correspond to the forms (1*1—1°3) uhtained
carlicr by an altogether different procedure.

1f the two population variances of the bivariate correlated populutions are not identical
and are say o and o' (0,5%0,),  we pt

o5 s s ot y
w't = G_'I,_/;‘;,. = ‘_'l? ;‘? = w?/Const. (sl
| = Mg 8l o Lo, %0
and F 2 log, e 3 log, o
= z— Const. . (52
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The distribution of ¥, « and &’ can be casily shown to be identicn. with (41 -4y
exeept for a MR modification due Lo constant terwms.
J. Resulls of a Sampling Experiment.

As an cxperimeatal verification of the distribution functions shown in (41 to (43,8
sumpling experiment was conducted from a tiormal bivariate pojudtation in £ and y with the
following population flable in the Statistical Lal y:

Mcanof x = a = 0
Mean of 5y = o = 0
Standard Deviation of amoy= 1
Standard Devistion of y=o,= |
Cucfficicnt of corrclation between x and y= p = 0'8

The distribution of x being simplest in form, was chosen for the test.  Samples of 5
were drawn ut random and the varfances 5, and 5,* were caleulated for cach sample. Values
of x = 5./(5,°+5,") were obtained for cach case.

The actnal observed frequencics for 240 such samples were compared with  expected
values calculuted from cynation (4-3). With ¢ cells the observed value of x* was 4.24
with P=0.83, givingon cxcellent fit.  Using R. A. Fisher’s original distribution for
uncorrcluted samples (cquation (11310 x* was 15.12 with P=0.06. The details of the

li experil will be publishied in a sut t irsuc.

4. Discussion.

The difl L the two distributions will e more and more narked a3 p fncreases
Some caution {3 therefore necessary in testing the significance of variances of twa ramples
particularly where an association is suspected.  “The § poc.and | pc. points of zor wot x
when p is not xero Is different from the corresponding points given by Fisher for uncorres
tated samples.  Thus, in the present example for w, = n, =4, we have the following fiductal
values of »*

p=0 |p=06

Spe. | 6388 | 4005

I pe | 13978 {11531

Taking the correlation into consideration, an ebserved ratis of variances of 11°531
reaches the | ., c. level of significance.  1f we neglect the corrclution, an uhserved value of
15978 i% rvuired for this level of significance,  Thus i we negleet the existence of a

n
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correlation, a much higher valae uf the observed rutiv of variances will be required to reach
the same degree of certainty.  In other words, Fisher's z-test is too stringent for this case
of correlated xamples and this stringency i with the lc of the correl;

1u conclusion, I ackuowledge my indebtedness to Prof. P, C. Mahulanobis for hix
geaeral guidance and valuable criticism in  the preparation and presentation of this paper.
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AN EDITORIAL CORRECTION.

In an Editorial Note to 8 S. Bose’s *“Tables for Testing the Significance of Lincar
Regression in the case of ‘Time series and other Single-valued Samples’ on p. 284 of
Sankhyd: The Indian Journal of Statistics, ¥ol. 1, Parts 2 & 3. 1934, the nced for caution
in using results based on small samples was emphasized. ‘The argument was not however
clearly stated, and the Editor is indehted te Dr. [, 8. Pearson for pointing this out in a
Jetter dated 30th October 1934 :—

“If assumptions regarding normality und randomness are justified, surely the sampling
distribution of the ratio in cquatinn {4), p. 278 is exact, quite apart from luck of knowledge
1t is the same a8 in Student’s Test where, if we accept 0™ as the nppropriate crite-
ria, its sampling distribution is known without ity approximation, although o is not
known, Trouble may arise because with so few observations we cannot he sure that our
assumptions are justified, but I should have thought not for any reason of vur using only
an cxtimate of a standard error.  The test allows for this sutomatically, with the result of
coutrse thiat its power of discrimination is less than if we know o, but it doss not tehl us
anything false fthe initial assumptions are justified,"’

Dr. Pears):: has explained the position very clearly, Only one remark may be ndided.
Student’s z {or R. A Fisher's 1) and R. A, Fisher’s z are both ratios, and the distri-
butions are completel pendent of the population variance. There is no difticulty so
long as the :xgmﬁcance of these ratios i3 heing tested.  But the diffienlty uppears when
one of the items in the ratio (the sample mcan ltself or the sample vuriance) is being
investigated, In the prerent case also the Tables are based on the distribntion of a raliv,
und a similar difficulty will arise if the significance of the regression coefficient itsell i%
being tested.  This difficulty increases rapidly as the size of the sample is decreasel.

. C. Mahalanobis.

of a.
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