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THE MOMENT PROBLEM FOR THE STANDARD
k-DIMENSIONAL SIMPLEX

By J.C. GUPTA
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SUMMARY. We give necessary and sufficient conditions for a multi-sequence of real con-

stants to be the moment multi-sequence of a probability measure on the standard simplex in

Rk,
1. Historical Introduction

The problem of moments on S, a closed subset of R¥, is as follows. Given a
multi-sequence of real constants

N(ﬂlaﬁQw'%ﬁk)a /BlvﬁQa"'vﬂk :071727"'7
1(0,0,...,0) =1, (1)

one is interested in finding necessary and sufficient conditions on the multi-
sequence so that there exists a probability measure P, supported on S, for which

/x'flx’gzx’g’“ dP = u(B1, P, ..., Bk)
s

for all
b1, B2, P =0,1,2,... ..(1.2)

We say that the moment problem on S is determined if any P, supported
on S, is uniquely determined by its moment multi-sequence; otherwise we call it
indeterminate. Clearly the moment problem on a compact set is determined. For
the case k = 1 and S = [0, 00) the moment problem was posed and completely
solved by Stieltjes (1894-95). The case k = 1 and S = (—o0, 00) was studied
and solved by Hamburger (1920-21). Hausdorff (1923) solved the problem for
the unit interval of the real line and Haviland (1935-36) for rectangles in higher
dimensions. For more details, see Shohat and Tamarkin (1943).
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2. Moment Problem on the Standard Simplex

We recall Hausdorff’s solution to the moment problem on the 1-dimensional
standard simplex, viz., [0,1] C R*. A sequence {u(n)},>0, #(0) =1, is called a
completely monotone sequence if

(—1)"A"u(k) >0, k,n=0,1,2,... (2.1

where Ap(k) := u(k + 1) — p(k) and A™ stands for n applications of A.

THEOREM 2.1 (Hausdorff, 1923). A sequence {u(n)}n>0,1(0) = 1, is the
moment sequence of some probability measure on [0,1] if and only if it is com-
pletely monotone.

Hausdorff’s proof exploits some properties of the Bernstein polynomials, see
Shohat and Tamarkin (1943); also see Feller (1965).
We study the problem of moments on the standard k-dimensional simplex :

Sk =A{(z1,22,...,2) s x; >0V, 1 +x2+ ...+ <1} ...(2.2)

We introduce the notion of a completely monotone multi-sequence.

Definition. The multi-sequence given in (1.1) is said to be completely mono-
tone if

(=1)P0 NP LBy, By, Bre) =0 Y60, B, By e =0,1,2...  ...(2.3)
where
Ap(Br, B2, Br) == p(Br + 1, B2y .o, Bk) + u(Br, B2 + 1, Br)+
oot (B By B+ 1) — (B, B2y Br)- . (2.4)

THEOREM 2.2. There exists a probability measure P on the standard k-
simplex Sk such that

/ el xR dP = (B, Ba, -, Br) ...(2.5)
Sk

if and only if the multi-sequence (0B, B2, ..., Bk),B1, P2y, 0 = 0,1,2,... is
completely monotone.

Before giving a formal proof we would like to discuss the main idea behind it.
Let B = {0,1,...,k} and let @ be an exchangeable probability on Ep° := Ej, x
Ej x .... By a theorem of de Finetti (1937) @ has the following representation :

Q(A) = /PP‘X’(A)d v(P) ... (2.6)
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for all Borel subsets A of Ep°. Here P> := P x P x ... is a product probability
on Ep°, P is the class of all probabilities P on Fj, and v is a probability on
P equipped with a suitable o-field. We observe that a probability P on Ej =
{0,1,2,...,k} can be identified with the element (z1,xa,...,2) of the simplex
Sk where z; = P({i}),i =1,2,...,k; of course 1 — 21 — a9 — ... —xp = P({0}).
The theorem of de Finetti establishes a one-one correspondence between the
class of exchangeable probabilities on E7° and the class P of all probabilities on
Si. We exploit this correspondence in our proof; see the concluding paragraphs
of this section.

ProoF. If u(B1,02,.-.,0k),B1,02,--., 0k = 0,1,2,... is the multi-sequence
of moments of a probability P on Sf, then

(71),8()&50“([317527 v 7676)

Z ( & ) (—1) et (8 i1, Bo +dn, ., B + k)

o ) 20,01y vy Uk
io+i1+...+ix=00 Y ’

— / xflxgr"xg’“ (1—xq —.’EQ—...—xk)BO dP
Sk
> 0
for all By, B1, ..., Bk so that the multi-sequence is completely monotone.

Conversely, let w(61,082,.--,0k), 51, 02,--, 0 = 0,1,2,..., u(0,0,...,0) =
1 be a given completely monotone sequence. We define, for 5o+ 51 +... 0k = n,

4 (B0, B, - Br) = (1) A% u(By, Ba, ..., Br) - (2.7)

and observe that

qn(ﬂo,ﬁla"~7ﬂk) ZO V ﬂo,ﬂl,...,ﬂk:O,l,Q,.... (28)

For Bp > 1 and By + 81 + ... + Br = n, we define
VQn(ﬂOaﬁlr"aﬂk) = QTL(ﬁOaﬁlv"wﬂk) +QTL(ﬂO - 1751 +17"'aﬂk)

By (2.7) and (2.9) it easily follows that

V%(ﬁmﬁl, e 7ﬁk) = anl(ﬁo - 17617 s 751@) s (210)

where n = By + 01+ ... + Ok.
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It follows from (2.10) and (2.7) that, for all 5y =0,1,2,...,

M(ﬂhﬁ% cee 761@‘) = Vﬁo%(ﬂoaﬂl, sy Bk) e (211)

where n =06y + 51 + ...+ Be.
In particular we have

2 <ﬁo,61,n...,ﬁk>qn(ﬁoﬁl,...,gk)

Bo+B1+...+Bk=n
=v"¢n(n,0,...,0) = u(0,0,...,0) = 1. ... (2.12)

On the n-fold product E}} let @, be the symmetric measure assigning mass
an(Bo, B1, - - -, Bk) to each point w = (w1, w2, ...,w,) of E} for which #{i : w; =
j}=285, 7=0,1,...,k By (2.8) and (2.12) @, is a probability. In an obvious
way (), may be considered as a probability on the n-dimensional cylinder sets,
defined in terms of the first n coordinates of Ep° and, by (2.9) and (2.10),
Qn, n=1,2,... form a consistent set of probabilities on the finite-dimensional
cylinders of E°. It then follows by, say, the Kolmogorov’s consistency theorem
that @,,n = 1,2,... determine a unique probability ) on the Borel o-field of
E}°; this @ is an exchangeable probability.

Let X,,, n=1,2,..., be the coordinate variables on E° and let

& :{0,1,2,...,k} — {0,1} be the indicator of {i}, i =0,1,...,k

and .
She o= LX)+ &E(Xe) + .+ &G(XR)
...(2.13)

#{j:X;=4j=1,2,...,n}.
Clearly,

Q{Sg :ﬂO,S}z :ﬂla'“ass :ﬂk} = (ﬂo,ﬂl:r%«.,ﬁk) qn(ﬂOth"'aﬂk)-
L (2.14)

Now choose and fix m and (1, B2, ..., 0k such that By + G2 + ...+ B = m.

For all n > m, by (2.10), we have

(B, B2y, Bk) =" agn(n —m, Br, ..., Br)
= Z ( nmvik)qn(io,51+il,...,ﬁk+ik)

ig+i1+...Fig=n—m 0

i03i17"'7ik n

_ Z ( n—m )Q{ngimsyll251+i1,-~-,571§=ﬂk+ik}
<i0a51+i1,~~-

io+ti1+...+ig=n—m

aﬂk+zk)
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by (2.14)
(n—m)! 1 2 k :
= > Q{Sh =01, 8) = ag,..., Sk = i} [ J (i),
' aptar+...,ap=n =1
k . .
n™.(n —m)! St St—1 St—0i+1
_ E n n R
e I (3) (57)- (55
gl 1 g2 B2 Sk B
= lim E - - R (21
e |(5) (5) (%) @19

n

Under @ let v, be the law of (==, == ... ==
all Blaﬁ%-'-vﬁk = 0,1,... 5 by (215),

1 2 k
S", 5, 5 ) on the simplex S. Then, for

/ xflx§2xfk dvy, — (B, B2, .-, Br)-
Sk

It follows from the compactness of Sy that there exists a probability measure
v on Sy such that v, weakly converges to 7 and

/ Pl di = (B, Ba, -, Br) ...(2.16)
Sk

for 81,82y, Bk = 0,1,2,....
This completes the proof. 0

To complete the story we identify the probability 7 in (2.16) with the ‘mixing’
probability v in the de Finetti representation of the exchangeable probability
as given in (2.6).

For each n =1,2,..., let S,, be the o-field of those Borel sets of E2° which
are invariant under any permutation of the first n coordinates. Further let S
be the o-field of symmetric Borel sets of E°. Then S,, | S and, by the reverse
martingale convergence theorem,

S — .
—0 = Bo(§(X1)[1Sn) a-s. Eq(&;(X1)IIS) = Q(X1 = jIIS). - (2.17)

By de Finetti’s theorem Xi, Xs5,... are conditionally i.i.d. given &, and
consequently, for 1 < j <k,

iys a3 Q0 = 1119) QX = 11IS) - (X5, = j1IS)

=Q(X1=Xo=...= Xg, = j||5).
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k SJ j—1 J
EQ[[[(=)%] = Q{Xi=j, D> Bm <i< D Bmi j=12,....k}
m=1 m=1

k
- /P [P dv(P)

_ B1,.82 Bk s
7/ R A 172
Sk
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