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RELIABILITY FUNCTION OF CONSECUTIVE-k-OUT-OF-n
SYSTEMS FOR THE GENERAL CASE

By K.G. RAMAMURTHY
Indian Statistical Institute, Bangalore

SUMMARY. In this paper, we characterise the coefficients in the simple form of the
reliability function of Consecutive-k-out-n:G systems. We also provide a table using which the

reliability function can be written down when k£ < n < 6k + 4.
1. Introduction

We write ‘(C, k,n)’ as a shortened form of ‘Consecutive-k-out-of-n’. A (C, k,n :
G)((C,k,n : F)) system consists of n linearly ordered components and the sys-
tem functions (fails) if and only if at least k consecutive components function
(fail). A (C,k,n: F)((C,k,n : G)) system is the dual of (C, K,n : G)((C,k,n :
F)) system (Chao et al (1995, p. 123)). Let Ry, (p1,p2, .-, 0n)(Rf, (P1,D2,---,Pn))
denote the reliability function of a (C, k,n : G)((C, k,n : F)) system. It is known
that

an(pl,pQ,- .. apn) =1- Rgn(l 7p171 — P2, .. -71 7pn)
for all (p1,p2,...pn) € [0,1]". The derivation of a functional form for R,, (or
equivalently Ry, ) is the subject matter of this paper.
In a recent paper (Ramamurthy (1997)) it has been shown that

41
[+

S e (A M O Py

r=1

where [z] denotes the integral part of z. We now generalise this result for any
(p1,p2,---,p0n) €[0,1]™

Recursive equations have been developed for Ry, and Ry, . See for example
Kuo et al (1990), Hwang (1982) and Shantikumar (1982). A(C,k,n : F') system
can be modeled as a nonhomogeneous finite discrete time Markov Chain with
k-transient states and one absorbing state. Ry, can then be interpreted as the
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probability that the number of steps to absorption is more than n (Fu and Hu
(1987) and also Chao and Fu (1989)). The computation of Ry, here requires
multiplication of n transition probability matrices. Chao et al (1995) have sur-
veyed the literature on reliability studies of (C, k,n) systems.

In this paper we look at the problem from a different angle. Let

Ry, (p1,p2,---,pPn) = Z ~o Hpj

SC{1,2,...,n} jes

be the simple form of Ry, . It is shown that V(Sn) € {-1,0,1} for any S C
{1,2,...,n} and the value of vgn) can be determined trivially. If I' = {S : S C
{1,2,...,n} and 'yg") # 0}, then

Rgn(pl,pg,. .. ,pn) — Z,ygn) Hpj'

Ser jes

We give procedures for finding the collection I'. Finally we provide a table using
which Ry, (p1,p2,--.,Pn) can be written down for k < n < 6k + 4.

2. Notation and Preliminaries

The following notation is used throughout this paper
[x] : integral part of x

P(A) : power set of the set A

|A] : Cardinality of the set A

A" : Cartesian product of r copies of the set A
N : the set of positive integers

S+(r)={j:j=s+rs€ S} for SC NU{0} and r € N U {0}, that is,
the translate of the set S through r

I(r,s)={j:j€ NU{0} and r < j < s} for (r,s) € (N U{0})?
n : the number of components

I(1,n) : the component set
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(zf, 25, ... 2) blnary vector associated with each S C I(1,n) defined by
:11f]€Sandx =0ifj¢ 8
1 a general structure on I(1,n)
yP : dual of ¢, another structure on I(1,n)

pu() ={T :T C I(1,n) and (2T, 2T, ... 2T) =1} : the collection of path
sets of the structure

p; : reliability of component j
Ry(p1,p2,---,pyn) : reliability function ¢

Z ag H p; : the simple form of Ry (p1,p2;.--,Pn)
SCI(l,n)  j€S

(C,k,n : @) : Consecutive-k-out-of-n : G

(C,k,n: F) : Consecutive-k-out-of-n : F'

k : minimum number of consecutive components required to function (fail)
for a (C,k,n: G)((C,k,n : F)) system to function (fail), it is assumed k > 2

Fn) = ()

Ay = {k, 2k, +1,3k + 2,4k +3,...}

By ={k+1,2k+23k+3,4k+4,...}

Qe = {(l1, b2, .. l) i > 1, (b, by, ... bp,) € (A UBy)™ and Z(€j+1)
<n+1}
élk:n ES {(61,62,...,€m) : (€1,€2,...,£m) € Qk:n and fl < 62 <...< ém}

b(l1,02,...,4y) =|{j : j € I(1,m) and ¢; € By}| defined for m > 1 and
(fl,fg, R ,ém) S (Ak @] Bk)m

(5(£1,€2,...,£m) = {S : S = U;’;l(I(O,éi — 1) + (ui)),ui_l 4+l 1+1<u <
n+2—2(€j+1) and ¢ € I(1,m)} with ug = ¢p = 0 for each (¢1,£a,...,4m) € Qkn

i=i
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fk(’l",s) = {(617£2a s aem) :m 2 1, (Zla€27' . agm) € (Ak: U Bk))m Z(gj + 1)

—

J
=r(k+1)+sand b(l1,0s,...,0,) =s} for (r,s) € N x (NU{0}).

fk(r,s) = {([1,62, . ,Em) : (61762,. .. ;‘gm) S fk(r,s) and 61 < gg o< Em}

w(gn) ={S:SCI(1l,n)and S D I(j,j+k—1) forsome j € I(1l,n—k+1)}:
the collection of path sets of a (C,k,n : G) system.

Ry, (p1,p2,...,pn) : the reliability function of a (C,k,n : G) system.

Ry, (p1,p2,-..,pn) : the reliability function of a (C, k,n : F') system.

Z 'yén) H p; : the simple form of Ry, (p1,p2,...,Pn)
SCI(1,n) jes

Consider a structure or system with component set I(1,n) and {0,1}" being
the collection of component state vectors. Let ¢ : {0,1}™ — {0, 1} be its struc-
ture function. Since the knowledge of the structure function is equivalent to the
knowledge of the structure, we shall often use the phrase ‘structure v’ in place
of ‘structure having structure function ¥’. When we need to keep track of the
set of components, we say ‘structure ¢ on I(1,n)". The dual ¥” of v is another
structure on I(1,n) defined by

VP (xy, 29, .. ) =1 —p(1 — 21,1 —20,...,1 —2,)

for all (z1,2,...,2,) € {0,1}". We note that (°)P = .

Let S C I(1,n) and (z7,25,...,25) be the binary vector associated with S.
We call S(I(1,n) —S) a path (cut) set of ¢ when ¥(x7, 25, ..., 27) = 1(0). We
note that T'C I(1,n) is a path (cut) set of ¢ if and only if it is cut (path) set of
PP,

Recall that 1(1) denotes the collection of path sets of . We call j € I(1,n)
an irrelevant component of ¢ if S — {j} and SU {j} € p(y) for all S € u(v).
otherwise we say that j is a relevant component of ¢. It is easy to see that j is
a relevant component of 1 if and only if it is a relevant component of ¥,

We call ¢ a coherent structure on I(1,n) if all the components are relevant
and also

L0 & u(v)

2. 1(1,n) € (1))

3. SCTCI(1l,n)and S € u(yp) =T € p().
It is easy to see that v is coherent on I(1,n) if and only if ¢/ is coherent. We
refer to Barlow and Proschan (1975) or Kaufman et al (1977) or Ramamurthy
(1990) for more details about coherent structures.
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Suppose there exist constants ag for each S C I(1,n) such that

V(X1 Xy Ty) = Z ag H xj for V(z1,29,...,2,) € {0,1}™

SCI(1,n)  j€S
We call the right hand side the simple form of ¢). Here we adopt the convention
that ] jesTi=1 when S is empty. The simple form always exists and is unique

(Ramamurthy (1990, p. 29)). Let S C I(1,n) and (25,25, ..., 73) be the binary
vector associated with S. We note that

Yy, s, ... 2 = Za?H:ﬁf

TCS  jeT

It follows from the Mobius Inversion Theorem (see Berge (1977) p. 85) or Ra-
mamurthy (1990 p. 31) that for all S C ((1,n) we have

0 = (0Tl )
TCS

_ Z (_1)IS|—|T|
Te(P(S)nu(¥))
Suppose now ¢ is coherent and S & u(¢)). We note that T & u(¢) for al T C S
and hence P(S) N () = 0. Tt follows that oy = 0. However it is possible that

ofg = 0 even when S € p(v). We refer to Ramamurthy (1990) for further details
about simple forms.

Finally let X7, X5, ..., X, be independently distributed binary random vari-
ables with X; taking values 1 and 0 with probabilities p; and 1— p;, respectively.
We now have

Ry(p1,p2,---,pn) = Prob{y(Xi,Xo,...,X,) =1}

= E(1/)(X13X277Xn))

E > ab ][ X

sCi(in)  jeS

- Y @l

SCI(1n)  jeS

We also call the right hand side the simple form of the reliability function R.
From the earlier discussion we note that the simple form is unique and in fact
for S C I(1,n) we note that a‘é is given by

= 3 (s

TeP(S)Nu(v)
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Furthermore when v is coherent then aqé = 0 whenever S is not a path set of .
3. Reliability Function of a Consecutive-k-out-n : G system

A (C k,n:G)((C,k,n: F)) system consists of n linearly ordered component
and the system function (fails) if and only if at least & consecutive components
function (fail). To avoid trivialities, we shall assume throughout this paper that
n > k > 2. Without loss of any generality, we take the component set to be
I(1,n) unless otherwise specifically mentioned. A (C,k,n : F) system is the
dual of a (C,k,n : G) system. We note that a subset S of I(1,n) is a path
(cut) set of (C,k,n : G)((C,k,n : F)) system if and only if S D I(j,j+k —1)
some j € I(1,n — k + 1). It follows that u(g,) the collection of path sets of a
(C,k,n : Q) system is given by

wlgn) : {S:SCI(1,n)and SDI(j,j+k—1) for some j € I(1,n—k+1)}

We verify that both C,k,n : G) and (C,k,n : F) systems are coherent. Recall
that Ry, (p1,p2,--.,Pn)(Ry, (P1,D2, .., Pn)) denotes the reliability function of a
(Ck,n:G)((C,k,n: F)) system and

Ry, (p1,02,---son) =1—Ry (1 —p1,1 —pa,...,1 —py)
for all (p1,p2,...,pn) € [0,1]™. We also recall that ’yé") is the coeflicient of
Hjespj in the simple form of R, , that is

Rgn(PlaPanpn) = Z 'Yg” Hpj

SCI(1,n) JjES
The coefficients 'ygn) are given by
W= 3 ()T forall S C I(1,m).

Tep(gn)NP(S)

Furthermore Wén) = 0 whenever S € u(gy) and in particular Wén) =0 for |S| < k.
We shall now characterise ’y(sn) for any S C I(1,n).
THEOREM 1. Let S C I(1,n) and r € I(1,n). If S+ (r) C I(1,n) then
(m _ )
Ts+(r) = Vs -

PROOF. Let S and r be as in the hypothesis. Recall that

S+(r)y={j:j=i+r andie S}
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It follows that
PS+(r)=4j:j=T+(r) and T € P(S)}
P(S+(r)Nulgn) =1{j:j=T+(r) and T € P(S) N p(gn)}

We now have

(n) _ S+(r)|-|T| _ S|—|T+(r
Tonw = Z (=D)ISHOI=IT = Z (—1)ISI=IT+)]
Te(S+(r))Nulgn) TeP(S)Nu(gn)

— S (ST Z .

TEP(S)QN(QH)

a

THEOREM 2. For k <m <n and S C I(1,m) we have ,y(sm) _ V(Sn)'

PROOF. Let m and S be as in the hypothesis. For T' C I(1,m) we note that
T € p(gm) if and only if T € p(gn).

It follows that

A G L CA I N O § L

TeP(S)Nialgm) TeP(S)Nul(gn)
a
THEOREM 3. For m € I(k,n) we have
Rgm(p17p27 ce ’pm) = Rgn(p17p27 v 7pm707 07 R 0)
PROOF. Let m € I(k,n). Using Theorem 2, we have
Rgn(p17p27'~~apm70307'~~;0) - Z Wgn)HpJ
SCI(1,m) jES
= > W ]Iw
SCI(1,m) jes
= Rgn(p17p27'~~7pm)
a

LEMMA 1. Let J and H be disjoint subsets of I(1,n) andT = {S: S =JUT
and T € P(H)}. We then have

—DVI i H=0
Z(_”'S':{(()) it H #0

ser
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PROOF. Let J, H and T be as in the hypothesis. If H = () then P(H) = {0}
and the required result trivially holds. Suppose now H # () and say |H| = r.
We now have

S = () e

Ser

= (-nVla-1r=0.

REMARK. Note that we allow the possibility of J being empty in the above
lemma.

LEMMA 2. Let Jy, Hy, Ja, Ha, be disjoint subsets of I(1,n) such that

(i) Hy and Hs are both nonempty.

(i) there exists an r € I(2,n — 1) such that Jy U H;y C I(1,r — 1) and
JoUHy C I(r+1,n)).

Further let Q; = {S : S = J;UT and T € P(H;)} fori =1 and 2 and
N={S:5=PUQ and (P,Q) € Q1 x Qa}. We then have

Z (_1)IS\:_ Z (_I)IPI. Z (_1)|Q|

SeQnu(gn) PeQ;Nu(gn) QEQ2Nu(gn)

PROOF. Let the subsets Jy, Ja, H1, Ha of I(1,n) be as in the hypothesis of
the lemma. We define

I = {T:7=PUQand (P,Q) € (2N plgn)) x 2}
Iy = {TT:PUQand(P,Q)EQlX(Qgﬁy(gn))}
I3 = {T:T=PuUQand (P,Q) € (1 Npulgn)) x (22N pulgn))}
b = > =)= (-1 fori=1,2,3.
TeQNu(gn) Tel;
¢ = Z (-1 and d; = Z (- for i = 1,2
TeQ; TeQNu(gn)

Since H; and H, are both nonempty, we have in view of Lemma 1 that
c1 = cg = 0. We note that I's =T’y NT'5. It is easy to see that

Pe Q1 - N(gn) and Q € QQ - N(gn) = PU Q ¢ M(gn)
PeQynu(gn) =PUQ € u(gy) for all Q € Qs.
Q€ Qnulgn) = PUQ € ulgy,) for all P € Q.
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It now follows that QN u(g,) = T'1 Ul and hence we have b = by + by — b3. We
shall now show by = by = 0. If Q1 N p(g,) = 0, then T'y = () and trivially b; = 0.
Suppose now Q4 N u(g,) # 0. In this case we have by = dj.ce. Since cp = 0, it is
true that by = 0. Similarly we show that by = 0. It follows that b = —b3. It is
therefore enough to show that b3 = dids. We have b3 = 0 whenever I's = (). We
note that for ¢ = 1 and 2.

d; =0
QiNplgn) =0=
I's =10

It follows that b3 = 0 = d;.ds whenever at least one of the collections Q1 N u(gy)
or Qo N u(gy) is empty. Now consider the case when Q1 N u(g,) and Qo N wu(gy)
are both nonempty. Since

I3 ={T:T=PuUQ and (P,Q) € (21N pu(gn)) x (2N u(gn))}
we verify that b3 = dqds. O

LEMMA 3. Fork+2<m <nandQ={T:T € P(I(1,m)) and (m—k) € T}
we have

> -pfi=o.
TeQNu(gn)

PRrROOF. For 0 <r <k let

Q = {T:TeP(IQm)and T DI(m—k,m—k+r)}
& = {T':TePdQ,m—-k—1+r)andTDI(m—km—k—1+r)}
I = {T:T=PUQand (P,Q)€& xPI(m—k+1+4+r,m))}
b, = Z (_1)|T|’
TeQ, Nu(gn)
d'r = Z (_1)‘T‘7
Ter-Nu(gn)

We note that Q5 = 2 and hence we have to show that by = 0. We also
observe that &, = P(I(1,m —k —1)),T'y = & and also

Q1 ={T:TePI(1,m)) and T 2 I(m —k,m—1)}.
Since |I(m — k,m — 1)| = k, it follows that I(m — k,m — 1) € u(gn).
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We have

Qo1 Np(gn) = U1 ={T:T=I(m—k,m—1))UP and P € P(H)}

where H = {m} UI(1,m — k —1)). It follows from Lemma 1 that

b1 = Z (_1)\T\ - Z (_1)|T| =0

TeQr_1Nu(gn) TEQ 1

If we can show that b,_; = b, for 1 < r < k — 1, then it follows that by = 0.
To do this, we note that Q,_1 = Q, UL, for 1 <r <k —1 and also ,. and T,
are disjoint collections of subsets of I(1,m). It follows that b._; = b, + d,. for
1 <r <k—1. We have using Lemma 2

o= Y  (pT=- 3 (-p 3 (—1)/7!

TeTrNp(gn) Te&rNu(gn) TeP (I(m—k+14rm)Nu(gn)

for 1 <7 <k-—1. Since PU(m—k+1+7,m))Nu(g,) =0 for r > 1, it follows
that d, = 0 for 1 < r < k — 1. Therefore it must be true that b._; = b, for
1 <r<k-—1. Since br_1 = 0, we have by = 0.

THEOREM 4. For k+ 2 <m < n we have V%)m) = 7}?1) k-1
PROOF. We note that I(1,m) = QUT where
Q = {I:TeP(I(l,m))andm—-keT}
r = {T:TePl(1,m)) andm—k¢T}
and € and I' are disjoint. We have
VEnl),m) — Z (_1)m—|T|

TeP(I(1,m))Nulgn)

G D DN C LU SRR

TeQNu(gn) TeTNu(gn)

In view of Lemma 3, we have

> T

TeQNu(gn)

We note that P(I(m —k +1,m)) N u(gn) = {I(m—k+1,m)} and
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'={T:T=PUQand (P,Q) e PUI(1,m—-k—-1))xP(I(m—-k+1,m))}

Using Lemma 2, we get

Z (-7 = — Z (=171, Z (—1)lel

Ternu(gn) PEP(I(1,m—k=1))"u(gn) QEP(I(m—k+1,m))Npu(gn)
— (_1)k+1(_1)m—k—1 Z (_1)m—k—1—|P|
PeEP(I(1,m—k—=1))Nu(gn)

m., (1)
(1) Wm,m—k—m

(n) _ . (n)
11,m) = T1(1,m—k-1)" a

COROLLARY. For (r,s) € (I(1,n))? such that s > r+k+1 we have fyy(LT) 9=

It now follows that

(n)
V1 r,s—k—1)

PrOOF. The case where r = 1 has already been proved in Theorem 4.
(n) _ (n)

I(r,s) — Pyl(l,sfrjtl)’
Since s —r + 1 > k 4 2, using first Theorem 4 and then Theorem 1 we get

Consider now the case where r > 2. By Theorem 1, we have ~y

(n) _ (0 _ ~m) _ ()
V1 rs) 71(1,5—7’—}-1) - ’Yl(l,s—r—k) - FYI(T,s—k—l)

Ul

THEOREM 5. Let S1 and Sy be two nonempty subsets of 1(1,n) such that

S CI(l,r—1) and S C I(r+1,n) for some r € I(2,n —1). We then have
(n) _ _ () _(n)
/YS:[USQ - ’781 '731 :

PROOF. Let S7 and S5 be as in the hypothesis. Using Lemma 2 we have

’anEJS — Z (_1)|31\+|52|—|T|
1 2
TP (51US2)Nugn)
= — Z (_1)|51|—|P\. Z (_1)\52|—|Q|
PEP(SQF]M(Q") QGP(SZ)"W’(QH)
= -5
COROLLARY. Let m > 2 and S1,52,...,S, be m nonempty subsets of

I(1,n). Suppose there exists (ri,72,...,"m-1) € (I(1,n))™"1 such that 1 <
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r1<7To < ...<Tm—1 <n.andSy CI(1,r1 —1),5 CI(ri+1,72),...,5, C

I(ry—1+ 1,n). We then have

s s = (UG ).

PROOF. Repeated application of Theorem 5

THEOREM 6. We have
(i) 1V =0 = yg?f,s) forre (1,k—1) and %{k) -1
(i1) fy§?1)7k+1) =—1forn>k+1.

PRrROOF. We note that

k k1 k41
Ry (01,92, okopin) = [ [ oi + [T 2 — [ 2
j=1 =2 j=1

The required results follow in view of Theorem 2.
THEOREM 7. For (r,s) € (I(1,n))? such that r < s we have

1 whens—r+1=k(mod(k+ 1))

(n) -1

Vi(rs) = when s —r + 1= 0(mod(k + 1))

0 otherwise

PRrROOF. Let r and s be as in the hypothesis and note that I(r,s) is not
empty. Suppose s —r + 1 = k(mod(k +1)). This implies s —r+1=1(k+ 1)+ k&

ors=r—1+4+4£(k+1)+k for some £ € N U{0}. We now have

(n) _ (n)
Vi(r,s) Vi(rr—140(k+1)+k)

(n)
V(1 i(k+1)+k) 0y Theorem 1

= 75?1),@ by Theorem 4

= 1 by Theorem 6

Consider now the case where s —r + 1 = 0(mod(k 4+ 1)). We note that s =

r— 14 £4(k + 1) for some ¢ € N. It follows that
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(n) _ (n)
Vi(rs) = Nirr—146(k+1))

(n)
= Nuk+1)) by Theorem 1

= 7}?1)7k+1) by Theorem 4

= —1 by Theorem 6
Finally let s — r + 1 = h(mod(k + 1)) where h € I(1,k — 1). We note that
s=r—1+4(k+ 1)+ h for some ¢ € N U{0}. It follows that

) _

n
Ti(r,s) Vi(rr—14+€(k+1)+h)

(n)

= M(1,6(k+1)+h) Py Theorem 1

= '7}7(11),,1) by Theorem 4

= 0 by Theorem 6

THEOREM 8. For any nonempty subset S of I(1,n) there exist anm € I(1,n)
and (ri,s;) € (I(1,n))? for 1 < i < m such that 1 < ri,s,m < n,r; < s; for
1<i<m,rigr >2s;+2 for1<i<m-—1 and

S = I(r;, s;)

m
i=1

Furthermore .
75" = 0 e
i=1

PRrOOF. The proof for the first part is constructive in nature. Suppose S
is a nonempty subset of I(1,n). Let h = maxj s.t. j € S and put Ty = S.
Further let r1 = minj s.t. j € T1 and s; = maxj s.t. j € T1 and also ¢ € T} for
r1 <14 < j. If sy = h then m = 1 and note that S = I(ry, s1). Otherwise put
Ty =Ty — I(r1,s1). Let ro = minj s.t. j € T and sy = maxj s.t. j € Ty and
1 € Ty for 7o < ¢ < j. It is easy to verify that ro > s1 + 2. If s9 = h then m = 2
and note that S = I(r1,s1) U I(rg,s2). Otherwise let T5 = Ty — I(rg, s2) and
continue so on till termination.

The validity of the second part follows from the corollary to Theorem 5.

REMARKS. We call the nonempty collection {I(r;,s;) : 4 € I(1,m)} of The-
orem 8 the R— partition of the nonempty subset S of I(1,n). Here m denotes
the number of sets which constitute the partition. Since r; < s;, we note that
each one of the sets I(r;, s;) is nonempty. It is easy to see that
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m m
n > |S\+m—1:Z(si—ri—l—l)—km—l:z:(si—ri)—|—2m—1.
i=1 i=1
THEOREM 9. Let S be a nonempty subset of I(1,n) and {I(r;,s;) : i €
I(1,m)} be its R-partition. Further let

D, = {i:ieI(l,m)ands;—r;+1=k(mod(k+1))}
Dy = {i:ieI(l,m) ands; —r;+1=0(mod(k+1))}
Ds = {i:it€I(l,m) and s;—r;+1=h(mod(k+1)),h e I(l,k—1)}

we then have

0 when D3 # ()
(n) _
Vs =
(=1)IP11=1 when Ds = 0.

ProOF. Let S,m,I(r;,s;),i € I(1,m) and D; for i = 1,2,3 be as in the
hypothesis. Further let z; = |D;| for ¢ = 1,2,3 and note that I(1,m) = Dy U
Dy U D3 and z1 4+ z9 + z3 = m. Since r; < s; for 1 < i < m, in view of Theorem
7, we have.

1 if ieD;
W) o =14 -1 if ieDy
0 if ie D3
Using Theorem 8 we get
87 = g
= (—1)21+Z2+Z3—1 H (n) H (n) H (n)
Vi(ri,s:) VI(rs,s0) Vi(ri,s:)
€Dy 1€D> 1€D3

where we use the convention that

[T 7)., =1 when D; =0 for j =1,2,3
i€D;

It now follows that
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Ds#0 = =0

Di=0 = 2z =021 = (-1)a+=-i(-1)= = (1)~

0
We note from Theorem 9 that 4" € {~1,0,1} for all § C I(1,n). Let

r={s:5CI(l,n) and ’y(S”) # 0}. We then have

Rg,,,(pl;pQ, cee 7pn) = Z'Yévn) Hpj

ser jes

If we can develop a procedure for finding I" and ’yg") for each S € I, the problem

of finding a computationally feasible expression for the reliability function R,,
is solved to a great extent. This is what we propose to do.

When we translate suitably one or more sets in the R-partition of a subset .S
of I(1,n), we get another subset S’ of I(1,n) with the property 'ygf) = 755"). We
make use of this concept to develop a simple procedure for generating I". Recall
(see the list of notation) that

A, = {k2k+1,3k+2,4k+3,...}
Be = {k+1,20k+1),3(k+1),4(k+1),...}
Af.py, = {(617£2,...7€m):le,(£1,€27...,€m)E(AkUBk)m

and » (¢ +1) <n+1}

j=1

and also for each (¢1,...,4y,) € (A U By)™ we define

b(ﬁl,gg,. .. ,€m) = ‘{] 1 j € I(l,m) and éj € Bk}|

Further we associate with each (¢1, o, ..., ¢y) € .y acollection §(4y, la, ..., 4y)

of subsets of I(1,n) defined by

(5(£1,€2,...,€m) = {S 1S = UZZI(I(O,& — 1) + (ui)),ui_l +li_1+1<u;

§n+2—Z(€j+1) and i € I(1,m)}

j=i
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where ¢y = ug = 0. It is now fairly straight forward to verify that

I = U 601, la,. .. )

(Zl,ZQ,...,Zm)GOékm,

and note that Vén) = (=1)mHi=bllte ) for all S € §(01, L, . .., bm). Tt follows
that

h1 ho
Ry, (p1,p2:-.pPn) = Z (_1)m+1—b(€1,42,..,,Zm) Z Z

(L1,82,....0m)EOtg:n ur=1ug=uy+01+1

N m wi+€;—1

> II{ II »

Uy =Um —1+m—1+11=1 J=u;

m
where h; =n+2 — Z(éj +1).
j=i
We note from the definition itself that ay., is empty when n < k. We shall
now investigate some more properties of ag., mainly from the computational
point of view.

_ LEMMA 4. For £ € N we have £+ 1 — (k + 1)k(¢) € 1(0,k). Furthermore
k(£) > 1 for £ > k.

PROOF. Recall that k() is the integral part of (I +1)/(k + 1), that is

w0-[¢2]

It follows that £+ 1 — (k + 1)k(¢) € I(0,k). It is trivially true that k(¢) > 1
when ¢ > k.

LEMMA 5. Let m € N and ({1,02,...,4) € (A U Bg)™ be such that

m

n+1= Z(fj +1). We then have

() b(ly, Lo, ... ) = (k+ 1)[5)(&’%’%&")] +(n+1—(k+1k(n))
o n+ 1=l b, ) b(ly,lay .. lm)
@) ) = o — ) — | At
(i) b(él,fg,...,ém))] - [k(n) - (n+1—(k+1)k(n))]
k+1 = k+2

PROOF. First of all we note that 0 <n+1— (k+ 1)k(n) < k and
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éj cA, = lj +1= (k? + 1)E(€J)

ngBk = lj—‘y-l:(k‘-i-l)E(fj)—Fl.

‘We now have

(n+1)=> (;+1)=(k+1)(k(l2) +k(l;) + ...+ k(L)) +b(lr, Lo, ... L)
j=1

m

If follows that

nii] = k(1) + k(l2) + ...+ k(lm) + [W}

n+1—(k+ 1D)k(n) =b(ly, la, ..., lm) — [’W] (k+1)

This proves (i) and (ii). To prove (iii) we note that

(k+1D)En)+(n+1—(k+Dk(n)) =n+1= i(ejﬂ) > b0y, la, ... ) (E+2)

j=1

Using (i) we get

[W] (k+1)(k+2) < (k(n) — (n+1— (k+1k(n)))(k+1)

It now follows that

|:b(£1,£2, N ,Em):| < {k(n) - (7’L+ 1-— (k+ 1)%(%))
k+1 - k+2

This proves (iii) 0
LEMMA 6. When r(k+ 1)+ s>k + 1 we have &(r,8) # 0 if only if s < 7.
PROOF. Recall that (see the list of notation)

fk(T,S) = {(81762; s aém) tm 2> 17 (613627~ s 7£m) € (Ak UBk)mv (éj + 1) =

j=1

r(k+1)+sand b(ly, 0z, ..., 4y) = s}
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Suppose s > r+1 and also & (7, s) # 0. Then there exists a vector (€1, £a, ..., 4y) €

&k (r,s) for some m > 1. We now have r(k + 1)+ s = Z(éj +1)>s(k+2) =
j=1
s(k+1)+s>(r+1)(k+ 1)+ s leading to a contradiction. Therefore it must
be true that & (r, s) is empty when s > 7.
Suppose now s < r. We put

k+1 forj=1tos

0 =
k forj=s+1tor
and m = r. We now have
i+ =sk+2)+(r—s)(k+1)=rk+1)+s
j=1
with b(¢1,42,...,4n) = s. It follows that (¢1,0,...,4,) € &k(r,s) and hence
&k (r, s) is nonempty. 0

LEMMA 7. For m € N we have
(Z) -1 € Qg:p .
(ii) (b1, L2, ... . bn) € Qg = m < k(n)

(iii) (01,2, .. bm) € Qhn — Qgen—1 = D (L +1) =n+1.

=1

PROOF. Suppose m > 1 and ({1,%a,...,0m) € Qpp—1. We note that
(1,02, ..., 0) € (Ax U Bg)™ and also

(lj+1)<n<n+1

M

j=1

If follows that (¢1,42,...,4n
Suppose now (¢1,4s,...,

~

€ Q.. This establishes (i).
m) € Q. for some m > 1. We have

S

n+1>% (0;+1)>m(k+1).

[

j=1

It follows that m < k(n). This proves (ii).
Finally let (¢1,02,...,4m) € Qg — Qg1 for some m > 1. We have

L+ +l+) 4+ +ln+1)<n+1.
If the strict inequality holds above then
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which implies (¢1,02,...,4n) € ar.n—1 leading to a contradiction. Therefore it
must be true that

L+ 4+ U+ +... 4+ lpy1) =n+1.
This completes the proof.

Ul
THEOREM 10. Let t =n+1— (k+ 1)k(n) and
k(n) —t
d =
]

We then have

Qk:p — Apin—1 = U Fz

i€1(0,d)

where T'; is the collection defined for i € I1(0,d) by

Fi = {(617£27"'a€m):mzla(Ztha"wg ) Ak:UBk: "L7Z£ +1
=1

n+1and b(ly,lo,....0n) =t+i(k+1)}

ProOF. First we note that 0 < ¢ < k and also in view of Lemma 7 we have
Qp.py — Olgip—1 = {(61,@2, L. ,gm) :m > 1, (fhgg, C.. ,Zm) S (Ak U Bk)m and

Z(Ej +1) = n+1}. Let D and E be the sets defined by D = {s : s =
j=1
b(ly, 0o, ..., L) for some m > 1 and (¢1,02,...,4m) € Qg — Qgp_1} and E =
{s:s=t+i(k+1) for some i € I(0,d)}.

We shall now show that D = E. Suppose s € D. Then there exists a vector
(b1,02, ..., ly) € Qg — Qup—1 for some m > 1 such that b(¢1,4s,...,4,) = s.
In view of Lemma 5 we have

b(l1,4, ..., 0n)
= 1
(1 o) = [P 1)
b(ly,8a, ..., ln)
—— = 1 <d
! k+1 I<

It follows that s € E and hence D C E. Conversely suppose now that s € F.

Then there exists an i € I(0,d) such that s =t + i(k + 1). It must be true now
that d > 0. We note that
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and therefore t+i(k+1) < k(n)—i. If i = 0, then obviously k(n)—i = k(n) > 0.
If i # 0 then also k(,y—; >t +i(k+1) > 0.

We now put m = k(n) — i and also

k+1 forj=1tos

~
<.
|

k forj=s+1tom
We note that (¢1,¢3,...4,,) € (A U B)™ and also

i(éjJrl) = (k+2)s+k+D)m—-s)=k+1)m+s

= (k+1)(k(n)—d)+t+i(k+1)

= (k+Dk(n)+t=n+1

Since b(ly, 43, ..., 4y) = s, it follows that s € D and hence E C D. Therefore it
is true that D = E. Recall that

Qlin, — W1 = { (1,02, ... U) :m > 1, (01, 0o, ... b,) € (AR U By)™

and
m

S (tj+1)=n+1}

Jj=1

By conditioning the right hand side such that b(¢1, o, ..., ¢,,) =t+i(k+ 1) and
considering all the possibilities for i, we get

— Qgip—1 = U F
i€1(0,d)
This completes the proof of the theorem. O

REMARKS. We note that

€(0,d) & k(n) —i>t+i(k+1).

Therefore in Theorem 10, we can replace the condition i € I(0,d) by the equiv-
alent condition k(n) —i > t+i(k+1). We note that I(0,d) is empty if and only
if d <0.

THEOREM 11. Let 2 be the collection defined by

Q={(r,s):(r,s) e (NU{0})?, r>sandr(k+1)+s=n+1}.
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We then have

Op:p — Okin—1 = U §k(7"7 5)

(r,s)eQ
PROOF. Let t =n + 1 — (k+ 1)k(n) and also

k(n) —t

=153

.

It is easy to see that

(r,s) €Q e r==k(n)—i, s=t+i(k+1) for some i € I(0,d).
Recall from Theorem 10 that

Qf:p — Qgin—1 = U Fz

1€1(0,d)

where

D= {(l1,la,. .. b)) i = 1, (1,0, ln) € (ARUB)™, Y (Lj+1) =n+1
Jj=1

and
b(él,gg,. .. 7£m) = t+z(n+ 1)}

It now follows that

Qhn — n1 = | &(k(n) =it +i(k +1)).
1€1(0,d)

Putting now r = k(n) —i and s =t +i(k + 1), we get

Ap:p — Ofin—1 = U fk(ﬂ S)

(r,s)EN

This completes the proof. 0
We can use Theorem 11 for the computation of ay., — Qg.,_1 OT Q.. For
this purpose, we have to compute £ (r, s) for the required values of r and s. We
can make the vectors in the collection &k (7, s) independent of k£ and depend only
on r and s by a simple trick. Suppose ({1, o, ...,¢n) € & (r,s). Instead of ¢;,
is enough to keep the information of r; = k(l ) and whether ¢; € Ay or ¢; € Bk
This we do by keeping the information on r; and assigning a label L; € {a, b}
to r; such that L; = a(b) when ¢; € Ay(¢; € By). We retrieve the information
on ¢; by the relation
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(k+1)rj—1iij:a

We also note that

T(k+1)+82§:(€j+1):(k+1)§:rj+8

j=1

and thus r = ry + 79 + ... + 1. Conversely let (ry,79,...,7,) € N™ and
(L1, Lo, ..., Ly) € {a,b}™ where L; is the label of r; for j = 1 to m. Further
let

er = rand {j: L, =0} =s
j=1

(k+1)7"] -1 lij =a
2 =

It is easy to verify that (¢1,%a,...,0mn) € (1, ). To keep the notation compact,

we write the label L; just above r;, that is erj. We call (rft,rk2 . rkm) the
k-independent form of (¢1,4a,...,£4y).
Recall (see list of Notation) that
ék(T?s) = {(€17£27~-~7€m) :(€17€27"'7£m)e€k(7aa3) and€1 S'€2SS’€M}
dkin = {(613627"'7KWL):(517627---76771)60%% and£1§€2§---a§£m}

Suppose ({1,402, ..., lm) € Q. for some m > 1. We note that (¢;,,¢;,,...,4;,.) €
Q. for all permutations j1, jo, . .., jm of the integers 1,2, ..., m. Therefore it is
enough to find Gy.,,. We get o, by permuting the components of (¢1, la, ..., 4y) €
G to get all distinct vectors. The same remarks hold true for & (r,s) and
ék(r, s). In view of Theorem 11, we have dy., as the union of all ék(ns) such
that r > 1,8 >0,r >sand r(k+1)+s<n+1.
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Table 1 : k-INDEPENDENT FORM OF &) (7, s)

(r,s)  k-independent form of & (7, s)

(1,00 (1%)

(L) (b

(2,0)  (2%),(1%,1%)

(2,1)  (2Y),(17,1)

(2,2) (1b,1%)

(3,00 (39),(1%,2%), (1%,1%,1%)

(3,1)  (3%),(1%,2%), (1, 29), (19,19,1b)

(3,2) (1b,2%), (1'1 1%,1%)

(3,3) (1b,1b,1%)

(4,0) (49, (1a 3%),(29,29), (1¢,1%,29),(1%,1%,1%,19)

(4,1)  (4%),(12,3%),(1°,32),(29,2%), (1%,1%,2%), (1%,1%,2%),(12,1%,12,1?)

(4,2)  (1b,3b),(2%,28), (12, 1%, 2b), (1°,1%,29), (12,12,1%,1%)

(4,3) (1b,1b,2%), (12, 1%, 10 1Y)

(4,4) (1b,15,1% 1Y)

(5,00  (5%), (1a 4«1) (2%,3%),(1%,1%,3%), (1%, 2%,2%), (1%,1%,1%,2%), (1%,1%,1%,1%,19)

(5,1)  (5%), (1%,4%), (1°,42), (29, 3b), (2°,3%), (12,12, 3P), (12, 1%, 39), (12,29, 2b)
(11) 2a 2a) (10, 1a 1@ 2b) (104,1@7lb’2a)’(1a’1a71a71a’1b)

(5,2)  (1b, 45) (2°,3%), (1“ 10 ,3%), (1b, 1%, 39), (12, 2b, 2b), (1%, 22, 2P),
(1%,12,1%,28) (19, 1%, 1 ,2%), (1a 1%,19,1%,1%)

(5,3) (1b,1° 3b) (16,28 2b) (12,1%,1%, 28y, (1@ 12,1b,1%,1%)

(5,4)  (1°,1b,1% 28y (12 1® 1b71b,1b)

(5,5) (1%, 1b 1°,1%,1%)

In Table 1, we have tabulated the k-independent form of & (r, s) for r = 1(1)5
and s = 0(1)r. We get the k-independent form of Gy, as the union of all & (r, s)
listed in the table such that r(k + 1) + s < n + 1 provided k < n < 6k + 4.

Ezample. k =3 and n = 10.
We note that k¥ < n < 6k + 4 and hence we can use Table 1. In fact we have

dsia0 = &(1,0) U&(1,1) U&s(2,0) Ués(2,1) Us(2,2).
Using Table 1, we get
d3¢10 = {(111)’ (1b)7 (211)’ (1a7 ]-a)a (Qb), (1a7 ]-b)v (1b7 ]-b)}
= {(3),(4),(7).(3,3),(8),(3,4)(4,4)}

It follows that

ag10 = {(3), (4), (3,3),(7), (3,4), (4,3), (8), (4,4)}

This can be verified by direct enumeration. We now have
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8 u+2 7 u+3 4 8 u+2 v+2
Ry, (P1,p2,---,p10) = ZHPJ ZHPJ Z Z HpJHpJ

u=1j=u u=1j=u u=1v=u+4 j=u Jj=v
4 u+6 3 7 ut2  v+3

+ D 1w+ > Tei 11w
u=1j=u u=1v=u+4 j=u j=v
3 8 u+3 v+2 3 u+7

+ 2> e Ile -2 1I»
u=1lv=u+5 j=u j=v u=1j=u

2 7 u+3 v+3

-2 2 wll»

u=1v=u+5 j=u j=v

Further for the particular case p1 = ps = ... = p1g = p, we have

23 4

4 x5
Ry(ppy...,p) = 8p3—7p4—7p6+4p7+3'4p7—3p8— p

= 8p3 —7p* —10p% + 16p” — 6p°

- <1013+1>p3 <1ol3>p4(1p){(1026+1
(1590}

This is a particular case of the more general result

Ryu(pspseeespn) = S (p— 1) {<n—rrk+1>prk <n—rrk>prk+1}

r=1

in Ramamurthy (1997).
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