Nutrient-limited toxin production and the dynamics of two
phytoplankton in culture media: A mathematical model

Subhendu Chakraborty®!, Shovonlal Roy?®, J. Chattopadhyay **

# Agricultural and Ecological Research Unit, Indian Statistical Institute, 203, BT Road, Kolkata 700108, India
¥ School of Mathematics, The University of Manchester, Alan Turing Building, Manchester M13 SPL, UK

Keywords:

Toxin producing phytoplankton
Mutrient limitation

Sensitivity analysis

ABSTRACT

In this paper we have proposed and analyzed a simple mathematical model consisting
of four variables, viz, nutrient concentration, toxin producing phytoplankton (TEF), non-
toxic phytoplankton (NTF), and toxin concentration. Limitation in the concentration of the
extracellular nutrient has been incorporated as an environmental stress condition for the
plankton peopulation, and the liberation of toxic chemicals has been described by a mono-
tonic function of extracellular nutrient. The model is analyzed and simulated to repreduce
the experimental findings of Graneli and Johansson [Graneli, E., Johansson, M., 2003, Increase
in the production of allelo pathic Frymnesium parvum cells grown under M- or P-deficient con-
ditions. Harmful Algae 2, 135-145]. The robustness of the numerical experiments are tested
by a formal parameter sensitivity analysis. As the first theoretical model consistent with the
experiment of Graneli and Johansson (2003), our results demonstrate that, when nutrient-
deficient conditions are favorable for the TFF population to release toxic chemicals, the TEFR
species control the bloom of other phytoplankton species which are non-toxic. Consistent
with the oheervations made by Graneli and Johansson (2003), our medel overcomes the lim-
itation of not incorporating the effect of nutrent-limited toxic production in several other
models developed on plankton dynamics.

1. Introduction

is that, dinoflagellate-released toxing such as okadaic acid
(0a) and dinophysistoxin (DTX-1) inhibit the growth of only
those microalgae that do not produce toxins, which sug-

Some phytoplankton species are known to liberate ‘toxic’
or ‘allelopathic’ chemicals hanmnful for the growth of other
algal species (Hallam et al., 1983). Despite extensive research
over the last few years the knowledge about the ecological
role of algal toxins is limited (Sole et al, 2005). Algal tox-
ins are known to have a negative influence on copepods
(Mejsgaard and Solberg, 1996), several herbivorous zooplank-
ton (e.g., ves, 1985, Huntley et al., 1986, Targett and Ward,
1991) and other algal species [Arlstad, 1991, Myklestad et
al., 1995 Windust et al, 1996). An important cbservation
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gests that toxin production might be a strategy to repress
or exclude algal competitors (Windust et al, 1996). It has
been claimed that toxin production is a mechanism for con-
trolling the growth of competing algae (Hulot et al., 2004).
Conducting a field study followed by analyzing a mathe-
matical model, Roy and Chattopadhyay (2007) have recently
shown that toxin allelopathy enhances survival of weak com-
petitors and thereby promotes biodiversity of phytoplankton

species.
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Although the ecological role of toxins in the marine envi-
ronment is significant, itis difficult to predict the strength of
toxicity corresponding to a given density of algal cells (Graneli
and Johansson, 2003). In some cases high toxicity has been
observed with very low algal numbers. However, there are
examples in which increased biomass of phytoplankton has
not produced an observable toxic effects (Shilo, 1967). The
capacity for phytoplankton species toproduce toxins depends
on different optimal requirements of environmental condi-
tions (Shilo, 1971), and the effects of toxicity are expressed
fully only during a growth-limiting condition (Dafni et al.,
1972;Johansson and Graneli, 1999). Other experiments suggest
that physiclogical stress factors are more responsible thanthe
nutrient-limitated conditions (Johansson and Graneli, 1995,
1999 Reguera and Oshima, 1990; Bates et al,, 1991, 1992, 1996,
Igarashi et al., 1996). More specifically, environmental stress
factors such as light intensity and the level of salinity have
a significant influence on the toxicity (Shilo, 1967; Larsen et
al., 1993). Sorne dinoflagellates such as Alexandrium tamarense
(Boyer et al., 1985, 1987; Anderson et al., 1990), Gymmnodinium
catenatum (Reguera and Oshima, 1990), and the diatorm Pseudo-
nitzschia multiseries (Bates et al., 1991, 1992, 1996, Pan et al.,
1996) have been observed to increase the release toxin under
P-limited conditions. Moreover, some experiments show that
the dinoflagellates Prarocentrum lima and Dinap hysis aceminata
release more toxin under both N- and P-limited conditions
(McLachlan et al., 1994; Schet et al., 1995; Johansson and
Graneli, 1996).

In a laboratory experiment, Graneli and Johansson (2003)
investigated the effects of prymnesium toxins on the growth of
Thalassiosira weissflogii, Rhodomonas o, baltica, and Prorocentrum
minimum. To the culture media of those three phytoplankton,
Graneli and Johansson (2003) added the cell-free filtrate of P.
parvum cultures, which were grown under a nutrient-sufficient
(M or P} or a deficient condition. They found that the filoate
from P parvum cultures grown under nutrient -sufficient con-
dition exhibits no significant effect on the growth of any of the
tested species. But under nutrient-deficient conditions, it has
a significant negative effect on the growth of those species.
Moreover, their analysis found that at the end of the experi-
ments all culture bottles contained excess amounts of NO;
PO4?-, and Si03. They argued that the decrease in cell con-
centration of each of the three tested species is not due to
nmutrient limitations, but is caused by the amount of toxin
released. Following these results, Graneli and Johansson (2003)
suggested that prymnesium toxins play an allelopathic role,
and thatits production is regulated by the availability of nutri-
ent.

Although important in the context of plankton dynamics,
no mechanistic model has been developed yet to theoretically
resemble this experimental cbservation. In the present arti-
cle, we develop a mathematical model to describe the rate of
toxin production by the toxic species and to explore the inter-
action between two phytoplankton species under laboratory
condition similar to those employed by Graneli and Johansson
(2003). We present a general analysis of the model and com-
pare the outcome of the model with that of the laboratory
experiment performed by Graneli and Johansson (2003). Fur-
ther through a sensitivity analysis we examine the results of
model simulations under different parametric setups. Finally

we discuss our resultsin the context of phytoplankton dynarn-
icsin the real world.

2 Mathematical model

Mathematical models of nutrient-phytoplank ton-zooplankton
(M-P-Z) interaction with different complexity have been
constructed and analyzed by many researchers. The math-
ematical analysis of plankton models goes back to Hallam
(1977a,b, 1978) who studied stability and persistence proper-
ties of a nutrient controlled plankton models. Arnold (1978,
1980) and Amecld and Voss (1981}, also considered N-P-Z mod-
els and discussed the existence of limit cycles. Gard (1983)
provided a simpler and sharper persistence criterion for a
N-P-Z model with general functional responses. Busenberg
et al. (1990) studied a N-P-Z model and showed that under
certain conditions the coexistence of phytoplankton and zoo-
plankton occurs in an orbitally stable oscillatory mode. Ruan
(1993} considered a N-P-Z model with nutrient recycling, peri-
odic nutrient input and periodic washout rate to observe the
existence of all cormponents as well as the periodic solutions.
Ruan (2001) also considered both instantaneous and delayed
nutrient recycling on a N-P-Z model to demonstrate that the
delayed nutrient recycling rmodel exhibits more oscillations
than the instantanecus nutrent recycling model. Recently
Jang and Baglama (2005) investigated a N-P-Z model with both
instantaneous and the delayed nutrient recycling, where they
used a quadratic term to model zooplankton mortality. With
the help of numerical simulation they suggested that delayed
nutrientrecycling can actually stabilize the nutrient-plankton
systern and the periodic solution of the system disappeared
as zooplanktons mortality rate increases. Jang et al. (2008)
studied a N-P-Z model in the presence of toxic chemicals
where toxin inhibit the growth of either phytoplankton or
zooplankton or both. They observed that the populations
undergo cyclic blooms when toxin inhibit the growth of both
the populations. However, none of the models developed
previously describe the effect of nutrient limitation on toxin
production. We develop a model to describe the variations
of toxic chemicals release by TPP by considering toxin as an
extra variable whose amount depends on nutrient level of the
culture media.

Our model consists of four variables: concentration of
nutrient levels N(t), toxic phytoplankton population Py (t), non-
toxic phytoplankton population Pa(t) and concentration of
toxin present #(t) at time t. Assume that there is an exter-
nal source of nutrients flowin g into the system at a constant
rate A. TPP (toxin producing phytoplankton) and NTP (non-
toxic phytoplankton) populations, rely on nutrient "uptake”
for growth and Michaelis-Menten functions N/(a; + N) and
N{(az + N} are used for modelling the nutrient uptake by
toxic and non-toxic phytoplankton, respectively, where ay,
az denote the half saturation constants or Michaelis-Menten
constants. The actual uptake rates are also determined by
parameters my and m;, which specify the maximum uptake
rates for the toxic and non-toxic phytoplankton, respectively.
In addition, TPF and NTF are removed from the water column
through mertality and sinking as determined by the parame-
ter § and y, respectively. The parameter d represents the rate of



loss of nutrient from the system ([DeAngelis, 1992). The param-
eterr is the rortality rate of NTP due to toxin, di is the washout
rate of toxin, and k is the toxin production rate.

The production of toxic chernicals by TPP increases due
to insufficiency of nutrient. We model this phenomenon
mechanistically by (kP1)/(a1 + N}—a monotonically decreas-
ing function of nutrient level (N). To the best of our knowledge,
the mechanism that actually describes how a toxic phyto-
plankton may affect others is still unknown. There may be
several possible waysin which toxic phytoplankton may exert
a negative effect on other phytoplankton. We incorporate this
effect by an independent mortality term in the equation of
NTPF growth, due to toxin release by toxic phytoplankton.

All the variables are connected through the following sys-
tem of differential equations:
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Systern (1) has to be analyzed with the following initial
conditions:

N(0)=0, Py{0)=0, Py(0)=0, &(0)= 0.

3. General stability results

The model system (1) possesses the following equilib-
ria: (i} phytoplankton and toxin free equilibrum E; =
([Asd), 0, 0.0), (i) toxic phytoplankton and toxin free equilib-
rium E; = (NI, 0, Pl 0) where NI = {az))/(m; — ) and P =
(A — dNsyp, (iil) non-toxic phytoplankton free equilibrium
E; = (N3 P 0 612) where NP = (azd)/my —4), P =(A-
dN@)5, and 62 = (kP (dy (ay + N12)) (iv) the coexisting (inte-
rior) equilibrium E* ={N*, P P} &) where N*={aid)/{m1 —
3, Py=(dse(as + Nk, Py = ((az+N")((A — dN°)ay +N°) -
maN B /(g + N*maN*), and &% = (maN* — plaz + N*))/ir(az +
N*)).

Equilibriurm point Eq exists for every parametric value, Ey
exists if mz = y and N = (A/d), E; exists if my = 4 and NI =
(A/d), and the interior equilibrium E* exists if my = §, maN* =
ylaz + N*)and (A — dN*){ay + N*) = my N*F;.

The local stability of the systemn (1) arcund each of the
equilibriais obtained by computing the variational matrix cor-
responding to each equilibrium.

Lemma 1.1. The system (1) around Ey is locally asymptotically
stable (LAS)if(my NP/ (ay + N = 5and (mg N9 ) (ap + MDY =

Lemma 1.2, The system (1) around Ey is LAS if (my N&Y)/(ay +
N = 4

Lemma 1.3. The system (1) around E; is LAS if (maN¥)/(as +
Nm} = p4red,
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Lemma 1.4. The system (1) around E* is always unstable.

Proof. The vardational matrix J* of the system (1) around
E*(N*, P}, Pj,0%)is

agmqPy apmzPy agmq Py dgimgP L1
N fag NP fag 4N g N ey WP

k

) & (4} i S
! dy + N
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The corresponding characteristic equation is given by

}'4+D1J‘-3+DJJ'-2+D'3}.+D4=Q ';2}
where
gyl b 3
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By the Routh-Hurwitz criterion, a set of necessary and suffi-
cient conditions for all the roots of (2) to have negative real
partis

(i) Dy =0,

(ii) Ds = 0.

(iii) DyD;—Ds =0,

(iv) Ds(D1D; —Da) —D402 =0, O

From (3), itis clear that Dy = 0. Hence, the interior equilib-
rium point E* is unstable for every parametric value.

If the maximal growth rates [miN®)/a;+N®) and
(ma N1 ag + N of both TPP and NTP populations, respec-
tively, are less than their corresponding natural removal rates
&y and yy , respectively, and the amount of nutrient is stabilized
at W%, both TEF and NTP populations go to the extinction.
If the maximal growth rate (m N/ (a; + NI of TPP popula-
tion (when the amount of nutrient is stabilized at N%) is less
than its natural removal rate 4, the NTP population alone will
stabilize in a positive steady state. On the other hand, when
the amount of nutrient and toxic chemicals are stabilized at
N2 and #¥ respectively, NTF population become extinet if
its maximal growth rate (maNP)/(a; + N1} is less than total
loss rate p + ). However, because the interior equilibrium is
always unstable, comresponding to a set of parameters one of
the boundary equilibriums becomes attracting. Thus, the tra-
jectories of the model system (1) eventually go towards that
attracting boundary equilibrium. In other words, for a long
run the coexistence of both TPP and NTP populations is not
possible. However, the laboratory experiment conducted by
Graneli and Johansson (2003) continued for only a few days.
As we showin the following sections, under a finite tirne limit,
when both the species coexist, our model efficiently supports
experimental outcome of the dynamics.
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Fig. 1 - The solution with initial condition (8, 40, 40, 0.9) goes to the trivial steady state E; where the parameter values are
giuen b?.ﬁ.=ﬂ.5,d =0.1, d'j_ =0.8,a; =007, a; =1.0,m; = 0.1, my =0.01, k= 0.07,r =0.8,4§=0.5, y=0.01..

3.1 Numeriol examples

We validate and extrapolate our analytical findings through
numerical simmlations considering the following hypotheti-
cal set of parameter values: A = 0.5, d =0.1,d; = 0.8, a; = 0.07,
a; =10, m =01, m =001, k =007, r=08,4=05, y= 001
With these parameter values, it is easy to verfy that
(g N9 (ay + W) = 5 and (myNi)/(a; + NIY) = . Therefore,
the trivial steady state Eq=(5, 0, 0, 0) is locally asymptotically
stable (Fig. 1).
fwesetA=10a2=02m=10m=074i=10r=03
and the rest of the parameter values are the same as given
above, then the inequality (myNIY)/(a; + NIy = i holds so that
the system (1) has a steady state (NI, 0, Pl 0)=(0.15, 0, 3.28,
0) as shown in Fig. 2.

Mow, if we take A = 400,4; =0.2my =10, my; =07, r=0.1,
§=0.7, y=01 and the rest of the parameter values are the
same as in the first case, then the inequality (miN®)/(ay +
N2 = 3 4 rét? holds so that the system (1) has a steady state
(N1 P2 g el2l) = (0.16,57.12,0, 21.42) as shown in Fig. 3.

4. Experimental results vs. model outcome

The time span of the original experiment of Graneli and
Johansson (2003) was 3 days, but during the first day the
outcome of the cell concentration of non-toxic algae and
toxic algae under nutrient sufficient and deficient conditicns
varied significantly. To capture the experimental cutcome
of Graneli and Johansson (2003), we fix a set of realistic
parameter values tuned with different representative initial

conditions. Appropriate initial concentration is chosen to rep-
resent nutrient sufficient or deficient environment. We impose
the following sets of initial conditions: (40, 40, 40, 0.9) for the
nutrient-sufficient experiment and (0.005, 40, 40, 0.9) for the
nutrient-deficient experiment. We run our numercal sirula-
tion for approxirmately 20 h and the corresponding dynarnics
of the system are presented in Fig. 4. The variables for come-
sponding situations are represented by continuous and dotted
line, respectively (Fig. 4, other parameter values given in
Table 1).

The model simulation depicts that at low nutrient condi-
tion, the amount of release of toxic chemicals become very
high whereas it has no significant change at sufficient nutr-
ent condition. Although TPP population shows positive growth
rate at both nutrient limited and sufficient conditions, NTP
population exhibits positive growth rate only at nutrient-

Table 1 - Parameters and initial conditions for (1)

Description WValue
A Constant mutrient infloe 40
d Amount of nutrient loss 01
dy Washout rate of toxin 0.8
ay Half saturation constant 0.07
az Half saturation constant 0.z
my Uptake rate of TPP 1.0
my Uptake rate of NTF a7
k Toxin production rate .07
T Maortality rate of NTF due to toxin 0.8
& Percepita natural death rate of TFP 0.5
¥ Percapita natural death rate of NTF 0.01




o o
= o
=

1

Mutrignt (U}
=]
i

Time (days)

NTP (cells mi ')
P (4]

o 20 40 =]

Time (days)

o 20 40 =]

195

=
o -
i

=
=1

TPF {cellz ml ')
a &
L5 ] Y

e

Q
b 20 40 &0
Time {days)
0.4
0.3

Toxin ()
o]
L35 ]

=4
a

] 20 40 &0
Time (days)

Fig. 2 - The solution with initial cendition (0.1, 1, 1, 0.1) goes to the nontrivial steady state Eq where the parameter values
ang giwm h}f’.ﬁ.= 1.ﬂ,d =ﬂ.1,d-_|_= 08, a1=007a; =02, m =10 my=0.7, k =007, r=084§i=10,yp=03..

sufficient conditions. However, at low nutrent condition NTP
population decreases at a high rate during the first 20 h (Fig. 4).
These cutcomes resemble the experimental results (Fig. 5)
observed by Graneli and Johansson (2003) where they have
observed that addition of cell-free filtrates from P parvum cul-
tures grown under nutrient limitations (M or F) had a negative
influence on the growth of T weissflogil, R. o, baltica and P. min-
imum [not being able to produce prymnesium toxins) during
the first 20 h, resulting in a rapid decrease in cell concen-
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tration (Fig. 5). Whereas in contrast, a strain of Prymnesium
patelliferum known to produce prymnesium toxins was not
negatively affected under any conditions.

Moreover, the results shown in Fig. 4 suggests that the
huge decreaseincell concentration of NTP population at alow
nutrient condition is not due to the insufficiency of nutrient.
Infact, a sufficient amountof nutrient hasobserved after 20 h
(Fig. 4(a}), and at the same nutrient condition, TPP population
shows a positive growth rate (Fig. 4(b)). Thus, the significant
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Fig. 3 - The solutien with inital conditien (0.2, 40, 40, 0.9) goes to the nontrivial steady state E; where the parameter values
are given by A = 05,d =0.2,d1 = 03, a1 = 0.07, a2 = 1.0, m1 = 0.15, m2 =0.01, k= 0.07, r =0.8, = 0.1, y = 0.01
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fa) 407

o 20 40

Tima{days)

=] Bo

46 E;ZI
Time(days)

[¥] 20

197

{b] 1000
500 |"

g O

o 20 40

Tima{days)

ao

{d) 1000

500 |

45 a'u
Time(days)

20

Fig. 6 - Semi-relative sensitivity solutions at nutrient-deficient situation with initial condition (0.005, 40, 40, 0.09); dashed
line coresponding to parameter A, continious line corresponding to k and bold line is due to j.

decrease in NTP population is due to an additional effect of
toxin released at an increased rate under a low nutrient con-
dition. Although these toxic chernicals released by TPP inhibit
the growth of other phytoplankton, they have no effect on the
species releasing the chernicals. This argument is also con-
sistence with the experimental cbservations (Fig. 5) made by
Graneli and Johansson (2003).

Although the cutput of the numerical simulation of our
maodel qualitatively resernbles the experiment of Graneli and
Johansson (2003) over the initial shorter time scale of 20h,
our results differs from that experiment after a time scale of
36h. Graneli and Johansson (2003) observed that after approxi-
mately 36 h, cell densities of all the species started toincre ase,
whereas our model outcome shows the extinction of NTP
populations. We suggest that the main reason behind this
contrast is the way of addition of toxic chemicals into the sys-
tern. Graneli and Johansson (2003) added cell free filtrates of
P. parvum into the culture bottles of each species only once,
on the first experimental day and observed the correspond-
ing effects. But in our dynamic rmodel we consider the effect
of continuously released allelochemicals on NTP populations
and as a result NTP population goes to extinction. This argu-
ment suggests that repeated addition (as done in Suikkanen.
etal., 2004) rather than a single addition of toxic filtrate would
lead to an extinction of all the three phytoplankton species
not belonging to pryrnnesium group.

5. Sensitivity of model outcome with
experimental setup

The model simulation demonstrates that toxin production
increases under low nutrent conditions. Now, to confirm that,
the toxin production rate is the main factor for the death of

NTP population under a nutrient-deficient condition (also for
the whole dynamics of the system), we perform a formal sen-
sitivity analysis. To observe the effect of variation in model
parameters on the outcome of the model, the techniques of
sensitivity analysis are mathematically more sophisticated
than simply cbserving the cutput generated by varying a
chosen parameter. Here we use a basic differential analysis
approach. Illustrations of this technique aswell as more math-
ematically advanced methods can be found in several articles
and text books (e.g., Eslami, 1994; Kleiber et al., 1997; Saltelli
et al., 2000, to menton a few).

The serni-relative sensitivity solutions with respecttoeach
of the three parameters A, 4, and k corresponding to four state
variables are presented in Fig. 6. Each plot depicts the deriva-
tive of a state variable with respect to a chosen parameter over
the time scale. For a (positive) change in the death rate of TPP
(), although the amount of nutrient Nis low near initial point,
it jumps to a high value quickly (just near day 1) (Fig. 6(a)). On
the other hand, for a (positive) change in the toxin production
rate k (and constant nutrient inflow A), the ameount of nutrient
N grows to a high value from the inital point (Fig. &(b)). In an
early stage of the simmlation the perturbation of kresults ina
great decrease in NTP population (Fig. 6(c)).

The logarithiic sensitivity solutions [ie., (#log(N)/
dloglg))t) = (q/MN(t. g)}N4(t q)] with respect to each of the
three parameters (4, k, &) for the four state variables and
the observed compartment are depicted in Fig. 7. These
plots represent a percentage change in the solution induced
by positive perturbations of the corresponding parameter.
Although in this case the perturbations of k have greatest
negative impact on the NTP population, the perturbations of
i have a positive impact on the same population. At around
time point t = B0 days, the perturbationsof k cause a (roughly)
200, 000% change in NTP populations.
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To observe the sensitivity of the parameters on the dynam-
ics of the systern (1) we have varied all the parameters around
the values given in Table 1. The only three parameters with
significant sensitivities (ie., that significantly affected the
dynamics of the model output) were 4, k and A. However, a
minor change of those three parameters have a great impact
onthe whole dynamics of the system. Itis already established
that under a nutrient-deficient condition there is a significant
increase of toxin release. Here we observe that under limit-
ing nutrient condition, the excess amount of toxin released
results in nearly a 200, 000% decrease of NTP population. Thus,
at a low nutrient condition, toxin production is an important
cause for the rapid decrease of NTP population. These results
are consistent with the experimental outcomes of Graneliand
Johansson (2003) (Fig. 5).

6. Discussion

Inthis paper we have developed asimple mathematical rodel
to describe the mechanism of toxin production by an algae
(termed TPP) and its effect on those alga that do not pro-
duce toxin (NTP). Limitation of extracellular nutrient level has
been used as an environmental stress for the phytoplankton,
which is potentially responsible for the production of toxic
chemical. Under nutrient-limiting conditions TPP increase
their release of toxic chemicals, and this phenomenon is
described by a monotonic function of nutrient concentration.
The model is used to simulated the experimental findings of
Graneli and Johansson (2003). We have carried out the local
stability analysis of the system around the steady states and
performed numerical simulations to produce desired results
congistent with the experimental findings. The outcome is
compared qualitatively with the experimental observations of

Graneli and Johansson (2003). Consistent with that observed
in an ideal laboratory condition by Graneli and Johansson
(2003}, theoretical analysis of our model dermonstrates that
in nutrient-limited condition enhanced toxin production by
a toxic phytoplankton influences the competitive interaction
of two species. We produce the robustness of the theoretical
results through a formal sensitivity analysis.

Our present study produces the first theoretical model that
resembles the important experimental findin gs by Graneli and
Johansson (2003). Several other theoretical models of phyto-
plankton dynamice (e.g., Arnold, 1978; Ruan, 2001) exist that
do not incorporate the effect of nutrient-limited toxin pro-
duction. Incorporation of such an effect, which is derived
even in an experiment, could theoretically alter the present
understanding of the species interaction described by other
models of phytoplankton systems. The species that liberate
toxic chemnicals gain an advantage in competition and those
chemicals suppresses the bloom formation of other non -toxic
algae. However, in the real world, there are several factors
that affect the interaction of the species. A natural question
arises as to whether these toxic chemicals are as important
for bloom termination in the real world. Some of our previous
studies with the help of field cbservation and mathemati-
cal modelling have already established that toxin producing
phytoplankton acts as a controlling agent for the termination
of the planktonic bloom (Chattopadhyay et al., 2002a, 2002k,
Sarkarand Chattopadhyay, 2003). However, evenin those field-
based studies the effect of different nutdent conditions upon
the production of toxin was not considered. The present study
overcomes that limitation, and cur model output depict that
the nutrent regulated release of toxins by certain algae can
potentially control the growth of other non-texic phytoplank-
tomn.
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Appendix A. Approach for sensitivity analysis

The first step in the sensitivity analysis is to derive the sensi-
tivity equations by formally taking derivatives (with respect to a
parameter of interest) on both sides of the original equation(s).
The solution to this new system (assuming for the momentitis
well-posed) contains information regarding the sensitivity of
the original system to perturbations in the chosen parameter
(arcund some a prion fixed value of that parameter). Hereafter
we will refer to the solution to the sensitivity equations as a
sensitivity function.

Let us denote Ny, P14, P24, and ¢, as the sensitivity func-
tions of N, Py, P;, and # with respect to an arbitrary parameter
q, thatis

Na(t)= 5N (. 4),
Pl = %Pi[t. g\
Paqlt)= %ngt. q.

#y It} = i:‘—;-‘i[t.q}.

for all t. The corresponding sensitivity systems with respect
to A, 4 and k are

: m
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4lt. A) A= o PLA [a+}2ﬁ1
_ﬂsz_ﬁ_ az—zzthz
az 4+ N (a2 + N
: My 11y
Pralt, A= ——NPy 4 + NaPy — 8Py s
a1+ M [ﬂh+N}2
: Mg
Pi--l'l[t' A}= NPE..&"‘ —PQN_&—TI‘J'PQ_I&
a;+N {az + NY
—rPafs — P2 4,
: k k
Hﬁtt. ﬁ} = Pya— PyNy — dydly
a4+ N {ay + N
and
o T | L () N Y PRI - G R
a1 +N (ay + N daz +N
Azlriy
N ok M3,
laz +NFm agm
: 1 1My
By slt, §) = —ne NE e NPy — 8Py 5 — Py,
1.4(t, &) it N 1.5+ (ay +N}2 L | 1.4 1
Az
Ba4lt, d) = ﬁ;—:ﬁNpﬂ T EEQ"I—E'PEN-’« — 18P 5 — YPafi — P2,
. k
: i Pylg — dasl,
"*Irtd} '|11+N [u1+m21.’| 155

and
; Ty ajpy g
Nylt, k) = —dN, — ———N - - ME,
kit k) e L @ 4N’ WPy~ P2
azm
—2—22N,,P2.
(az + N
Pyt k)= —> NPi.k+&1:NxP1—dPu.
a; + N jay + NJ

. m datng
Byylt. k) = —— NP3+ i—szNh — Tt — TPaf — 1Pa 1,
ﬂj +N 3 +N

i k
Glt By = —Py g —
k(L k) TR (a1 1 N 1

N+ Ei_l-l-NPI I
Whenevaluated at time t, the value of the sensitivity func-
tion indicates the rate of change in the state with respect
to the change in the chosen parameter. Since the parame-
ters differ in their units, the sensitivity functions for different
parameters would also have differe nt units, and rendering any
comparison is meaningless. To enable a comparison of the
effects that parameters with different units have on the solu-
tion, we simply multiply by the pararmeter under considera-
tion, eg., ([#/agq)N(t, q), (A/aq)Py(t, q), (a/ag)Pait. q). (/g
(t. q)) - q, which provides information concerning the amount
the state will change when that parameter is doubled
li.e., a perturbation on the order of q). This form of the
sensitivity function is known as the semi-relative or semiloga-
rithmic or unnormalized sensitivity function (Bortz and Nelson,
2004).
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