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Ahbstract

In this paper, we analysea North South dynamic general equilibrium model of the international product cvele to study the effectsof
strengthening the Intellectual Property Rights (1PR) protection in the South on the rate of innovation in the North and on the level of
unemployment in the South. Introducing efficiency wage hypothesis into the standard Grossman - Helpman [Grossman, G, and E.
Helpman, 1991h. Endogenous product cyeles. The Economic Journal, 101, 1214-1229.] product variety framework we explain
unemploy ment equilibrivm inthe unskilled labour market inthe South. We show thatthe strengthening of Intellectual Property Rights
{IPR) protection has a negative effect on the steady state equilibrivm rate of innovation. However, its effect on the level of
unemployment in the South depends on the relative wage gap between these two regions. In the wide gap equilibrium case, stronger
IPR protection lowers the level of unemploviment. However, in the narrow gap case, this raises the level of unemployment. We also
analyse the effects of changes in labour endowments in both the countries.

JEL classificarian: O31; 034, 040

Keawards: Endogenous growth; Morth South model; Product development; Efficiency wage; Skilled labour; Unskilled labour, Trade union;
Intellectual Property Rights; Unemployment; Inmovation; Imitation

1. Introduction

The purpose of this paper is to analyse the effect of strengthening the Intellectual Property Rights (1IPR) protection
on the rate of economic growth in developed countries and on the level of unemployment in less developed countries
when different countries of the world are involved in free and unrestricted trade. We use a North South product cyele
model as developed by Grossman and Helpman (hereafier called GH) (1991b). Endogenous growth s drven by the
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introduction of the new differentiated products in the North which are later imitated in the South; and the
unemployment in the unskilled labour market in the South s explamed by the efficiency wage hypothesis.

There are two branches of the existing literature o which our paper is related. The first one focuses on the
relationship between the long mun rate of economic growth and the level of unemployment in a closed economy
framework.! A subset of these works considers unemployment resulting from efficiency wage.” However, these papers
do not consider the North South product transfer through imitation n the South; and hence do not analyse the role of
IPR protection in the South. The other branch of the literature deals with the effects of strengthening 1PR protection in
the less developed countries on the rate of economic growth and on the welfare m the different rading countries of the
world. However, these papers use North South models based on GH (19914, b) framework and assume full employment
of labour in all the countries.” The model of Amaold (2002) is the only exception in the North South literature because it
deals with the unemployment problem in the North. However, Amold (2002) does not consider unemployment in the
South caused by the efficiency wage hypothesis. In reality, less developed countries suffer from severe unemployment
and underemployment problems of unskilled (uneducated) labour i agnculwral sectors and in urban informal sectors.

In this paper, we extend the GH (1991b) model introducing unemployment i the South caused by the efficiency
wage hypothesis. We consider a South with two types of labour — skilled and unskilled; and introduce efficiency wage
hypothesis in the unskilled labour market. Mirdees (1976), Stightz { 1976), Dasgupta and Ray (1986) and many others
explain unemployment of unskilled labour in less developed countries using the efficiency wage hypothesis in static
models. However, the North has only skilled labour. In the Westem developed countries, the illiteracy rate s negligible
and the percentage of unskilled (uneducated) workers is very low. So we do not consider unskilled labour in the North.
However, illiteracy s a serous problem m poor countries of South Asia and Africa. Agricultural sectors and Urban
informal sectors i less developed countries are mainly dependent on unskilled (uneducated) workers. Size of the
fonmal sector in a less developed country is far lower than the size of the unorgansed (agrnculure and urban informal)
sector. Efficiency wage hypothess is generally valid for those workers who are underpaid because the immprovement in
their income rmises their levels of consumption and working abilities. Rodgers (1975), Bliss and Stern (1978) ete.
provide empirical evidences in favour of this hypothesis. Unskilled workers of agricultural and informal sectors earn
substantially less than skilled workers of the fonmal sectors.

This framework allows us to analyse the effects of strengthening PR protection on the rate of economie growth and
on the level of unemp loyment in the steady state equilibrium of the world economy. We show that the movements of
growth rmate and unemployment level due to strengthening of PR protection may not be unidirectional; and the nature
of their movements depends on the North South wage gap. In both the wide gap and the narrow gap cases, stronger [PR
protection in the South lowers the balanced rate of growth of both the regions and rises the North South relative wage
in the new steady state equilibrium. However, the level of unemployment m the South s increased in the narrow gap
case and is decreased in the wide gap case.

We also analyse the effects of changes m factor endowments of both the regions. The expansion of the Southern
skilled {Northem) labour endowment raises the rate of innovation (growth) and rases (lowers) the mte of imiation. A
similar result s also obtained from the GH (1991b) model. The level of unemployment in the South s increased
{decreased) due o an expansion of the Northern (Southem skilled) labour endowment i the narrow gap case.
However, in the wide gap case, the expansion of the Northern labour endowment does not affect the Southern
unemployment at all. So the effect of the change in the Norhern labour endowment on the level of Southern
unemployment crucially depends on the North South wage gap. The expansion of the unskilled labour endowment in
the South does not affect the innovation rate and the imitation rate and only mises the level of unemployment there.
Like GH (1991b), the North South relatve wage varies directly (inversely) with the size of the Northem (Southern
skilled) labour endowment in this model. However, the change in the unskilled labour endowment in the South does not
affect the North South relative wage at all.

This paper is organised as follows. The model of the intemational product cyele with unemployment in the South is
presented in Section 2. Section 3 presents the reduced form steady state equilibrium conditions and analyses the effects
of srengthening 1PR protection and of changes in labour endow ments on the unemployment level and on the growth

! See, for example, Bean and Pissarides { 1993, Aghion and Howitt { 1994), Palokangas { 1996), Van Schaik and De Groot (1998), Stadler (19949)
[

* Sew, for example, De Groot {1998), Van Schaik and De Groot (1998), Stadler {1999 ete.

* See, for example, Grossman and Helpman (1991b), Helpman { 1993), Lai (1998), Yang and Maskus (2001, Glass and Saggl (2002 ete.
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rate. In Subsection 3.1, we analyse these effects in the wide gap case; and, n Subsection 3.2, we do the same in the
narrow gap case. Concluding remarks are made in Section 4.

2. The model

There are two countries in the world — the North and the South. They are linked by free trade in differentiated
products which are invented in the North and imitated i the South. A representative Northem firm incurs an upfront
innovation cost o invent a new product and then eams a stream of monopoly profits from that product until it gets
imitated by a potential Southern firm. Patents are perfectly protected i the North but are imperfectly protected n the
South which leads to mitaton there. Due o lower labour cost, a successful imitator from the South cams an infinite
stream of positive profit which it balances against the positive imitation cost. The strueture of this intemational product
cycle model is adapted from GH (1991b). However, unlike GH (1991b), we mtroduce two types of labour — skilled and
unskilled — in the labour market of the South; and assume that the efficiency of the unskilled worker varies positively
with the relative wage of the unskilled labourer to that of the skilled worker! Thus the level of endowment of the
Southern unskilled labour expressed in efficiency unit i1s endogenous to this model. The introduction of the efficiency
wage function leads to an unemployment equilibrium in the unskilled labour market of the South® The level of
endowment of Southem skilled labour s exogenously given and is fully employed. The skilled labour is used in
imitation as well as in production. However, the unskilled labour is used only in the production sector. The North has
only skilled labour and it is used in production as well as in R&D. lts level of endowment s given and it is fully
employed.

2.1 The demand for goods

We consider a world where all houscholds are identical in terms of preferences wrespective of their origin. The
representative houschold maximises the intertemporal utility function given by

W= j g'!"[“ﬂlﬂgiuiiﬂ idr
I
subject to the intertemporal budget constraint given by
—[ ("_J'[-'_“.EI:: Tjd? _ f g"'["I:'f{r:IdT + A|:'f2| for all &.
F, I

Here £(1), fit), Ult) and A(7) stand for the level of instantaneous expenditure, level of instantaneous meome, level
of mstantaneous utility and current stock of assets at tme 1. # and r stand for the rate of time preference and the
nominal interest rate respectively. The mstantaneous utility function is assumed to have the following form.

Ult) = M'x{_—j’a_—]': with 0<x<1.

Here n and x(z) stand for the number of varieties and the level of consumption of the zth variety. It is assumed that
the proportions of unemployed members are same for all the households m the South; and thus we ignore the income
distributional aspect of unemployment.

Solving the optimisation problem we obtain the following demand function for the zth variety.

; plz)™" 3 :
iz)=——"""—£F i1
Tl:. :I .lf';lf){ujl_'l'du L :I

* Many models of efficiency wige hypothesis assume worker's efficiency to be a function of relative wage. See, for example, Summers (1988),
Agell and Lundborg (1992, 1995, Akerlof and Yellen (1990) ctc.
* The idea that efficiency wige hypothesis leads to an unemployment equilibrium is wellknown in the literature on the theory of unemployment.
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This is true for all ==[0, n]. Here ¢ = 1 .1 is the constant price elasticity of demand. We also obtain the
—
following optimal time path of expenditure given by

£ |
=r—fl 2
==r @

Its derivation is given in the Appendix AL In the Appendix A (see Eq. 1E.6) we have shown that
U E P
where
P[|—¢'_I =f Pl::u:ll'l—a]du_
(1]

Here the subscripts N and S stand for the North and the South respectively. Also we have
H = Hy + Hg (3

where n; is the number of products produced in the ith region fori =N, 5. The description of the demand side s similar
to that m the GH (1991b) model.

2.2 Production in the North

There are two sectors in the North — a competitive R&D sector and a production sector. In the production sector, myy
{rms produce ny differentiated products; and each of those finns is a monopohst on its own product. Labour is the only
input used i both the sectors; and there s pedect intersectoral mobility of labour leading to the same equilibrium wage
in all the sectors. In the R&D sector, the blue prints of the new products are developed.

The production function in the R&D sector takes the following form.

- (2)s

where Ly and f::‘ stand Tor the level of employment and the per unit labour requirement in the R&D sector. Here ay =0
is a technological parameter. The number of products, », fses over time if L} >(); and hence the labour productivity, %
rises over time. Northem labour market is competitive; and hence the Northem wage rate, wyy s equal to the value of
the marginal productivity of labour in the R&D sector in the North. Value of the Northem firm is normalised to unity.®
S0 wy 1s proportional to i Hence

WN R .

e (5)

It is assumed that one unit of labour is required to produce one unit of product of any vanety produced in the North.
Then, using Eq. (4), we can express the labour market clearing equation as

A r
Ly = ay (—) + HnXN- (6]
"

Here Ly and xyy stand for the level of Northem labour endowment and the level of output of any Northern
i
VAricLy.

“ GH {1991h) does not make this assumption. We bomow it from Lai {1998). However, major results of the paper are independent of the
normalising assumption.
" All the commodities in the Morth are produced in equal quantities because the utility function is symmetnc and the technologies ane identical.
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The monopoly price and the monopoly profit of the Northern firm producing each of the ny, varieties are given by
the following,
WN ;
= —7 —I||
L (7]

and

l — o

AN = WHNIN- (8

Here the Northem wage rate, wy,, 1s the marginal cost of production of each of these varieties. 1t wrns out in this
model that my 15 constant in the steady state equilibrivm. The free-entry condition in the R&D sector in the North s
given by

Gy Wy 14

- 9
n r+m @)
where the left hand side of the Eq. (9) 15 the cost of developing a new variety and its right hand side is the value of the
Northern firm defined as the discounted present value of expected stream of its monopoly profits over the infinite time
honzon. Here (r+m) 1s the effective rate of discount; and

Hig
Hy

m=

is the rate of imitation m the South. 1t represents the risk premium to be paid by the Northem finm. Using Egs. (6), (8)
and (9), we have

1—a (In—an (J.ﬂ) m ;
(1+ ) =r+m. (107

o iy Hg/ns

So far the deseription of the North 1s concemed, there is no major difference between the present model and the
original GH (1991b) model.

2.3, Production in the South

The South does not innovate but imitates the Northern products. 1t has a competitive imitative R&D sector and a
production sector producing imitated products. The skilled labour whose endowment 15 assumed o be exogenously
given is used in both the sectors and is perfectly mobile. The unskilled labour whose endowment is measured in
efficiency unit is used only i the production sector.

Wi Wi

= h(w{‘—") with &' (.) =0, and with #"(.)=({<) 0 for (Wi){{}j v=0.

is the wage-cfliciency function of the representative unskilled worker. £( 75 ). Ly is the aggregate endowment of the
unskilled labour expressed in efficiency unit and Ly stands for the number of unskilled workers. This wage-cfTiciency
function also satisfies the properties like A(0)=0 and A(1)=1. Here wy and wyp are the reference wage and the wage rate of
the unskilled worker respectively. We assume the reference wage to be proportional o the skilled worker's wage, wy,,. Henee

wp = ¢wey for O=¢=1.

We now try to explain this specification of the wage-efficiency function.® The worker works harder as his current
wage relative o the reference wage is higher. This reference wage may be either extemal or internal to the firm.

*® This is different from the explanations of Mirlees {1976], Stiglitz (19760), Dasgupta and Ray (1986) ete.



468 D Mordal, MR Gupta ! Economic Modelling 25 (21008) 463484

Conventional models like Shapiro and Stiglitz (1984), Salop (1979), Akerdof (1982) ete. interpret the reference wage as
external o the fimm. 1t isthe average of wages paid in all other firms weighted by probabilities of being employed there plus
the unemployment benefit weighted by the probability of remaining unemployed. This is the expected wage of the worker
when he is sacked from the present firm. However, some other models like Akerdol and Yellen ( 1990), Agell and Lundborg
(1992, 19935), Danthine and Kuwmann (2006) ete. interpret the reference wage as internal to the firm. Prce of the
complementary factor of production, e.g., wage rate of the co-worker with different skill.” rental rate on capital,'"” may be
interpreted as the intemal reference wage. Danthine and Kunmann (2004) considers the worker's past wage in the same
{rm as the reference wage. In the present model, the skilled labour is the only complementary factor to the unskilled labour
in the production sector of the South. So, following the taditon of the existung literature, the reference wage in the
efficiency function of the unskilled worker is assumed to be proportional to the wage-rate of the skilled worker "' In GH
{1991b) model, A )=1. So there 15 no difference between the endowment of labour and the number of workers.
The production function in the mmitative R&D sector is given by

. ng .
ﬂs=ﬂ—“_Hr{ (11)

where Hy, #s and (g5 /ng) stand for the amount of skilled labour used in the imitative R&D sector, the number of new
imitated products and the effective labour output coeflicient in the imitative R&D sector. Here

ag = Gy + 4

where a,, 15 the technology parameter and 1 15 a policy parameter representing the degree of strengthening the 1PR
protection i the South. The stronger the IPR protection, the greater is the value of 4 and hence the greater is the
effective per unit labour requirement'” in the imitative R&D sector.

All the imiated products in the South are produced under identical technology; and the production functon of the
representative imitated product is given by

xs = (6L + (1 — 8)H;") ™+

Here 0<d<1 and p=0 are two technological pammeters. Here xs, L, M), and = stand for level of output, level
of unskilled labour employment expressed inefficiency unit, amount of skilled Iah{}ur mpur. and the elasticity of substittion
between L and . In GH (1991h), H,=0 by assumption. Ifd=1, then we can come back to the production function in the
GH (1991b) model.

A typical Southern firm, assumed to be a monopolist on its own imitated product, maximises profit given by

Lp
W)

Wk
with respect to ws, M, and Lp subject to the demand function for xs given by Eq. (1), Here wsp, wep, and pg

represent the prices of the unskilled labour, of the skilled labour and of the representative imitated product. From the
solution to this optimisation exercise, we obtain following equations.

mg = pexs — | wepdly + wyr

H, = xs(Q; (12)

Lp =T5{Q:|}1‘Lr|:’ (13)
WeH y kg ;

ps = = (2)+; (14)

? See Akerdof and Yellen { 1990).

19 See Apell and Lundbarg (1992, 1995), Danthine and Kurmann (2006) etc.

" The mesults of this model are conditional on this assumption. Additional remarks are made in the conclusion section.

The increase in the labour requirement means the increase in the cost of imitation because skilled labour is the only input. We follow Glass and
Saggi (2002 for this kind of definition of [PR protection in the South.

* See Appendix B for the detail derivation,

1z
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and
h' { :I WL ;
=1 15
PR )
Herne
. ]. e 15 1-I-'_|;|_ . . .'L 2
K= e wd 2= (K75 +1+0).

Here Egs. (12) and (13) represent the demand functions for skilled labour and unskilled labour. Eq. ( 14) shows the
equilibrium (monopoly) price for the representative Southem imitated product; and Eq. (15) shows the equilibrium
condition of efficiency wage stating that the elastieity of efficiency with respect o relative wapge 1s equal to unity. Note
that this equilibrium condition (15} does not exactly comrespond to the equilibrium condition of Solow (1979) which s
concerned with absolute real wage but not with relative wage. Here Eqg. (13) solves for {::} uniquely because
W =g S0 wg and wg,, always move proportionately and the equilibrium value of [i%:] is independent of any
parametric change that does not affeet the efficiency function. So the expressions K and 2, being functions of Ii"h}
only, are also invarnant to these pamametric changes. Henee Eqs. (12) and (13) show that levels of demand for inputs

vary proportionately with the level of output; and Eq. (14) shows that the monopoly price varies proportionately with
wgy- Hence we have

WL WsH _ps
WSl WsH o Ps

(16)

In the imitative R&D sector, wage rate of skilled labour is equal to its value of marginal productivity given by vg. (ﬁ)
where vy 15 the value of a Southern finn. Using Eq. (1) and the North South labour market clearing conditions, it can be
shown that "™ and "™ are constant in the steady state equilibrium. So using Eq. (5) we have

W5H WEL

WsH _ WsL Wy A (17)
W5H Wa Wy n ’

Eq. (17) implies that, the value of the Southem finn (vg) is time-independent in the steady state equilibrium. The
equilibrium condition in the skilled labowr market and that in the unskilled labour market is given by

Heg =ﬂ5E+HHHp (18)
ng
and
neglp 3
fg=—F7+4+ U5 (19
T h()

respectively. Here Hg and Us represent the number of available skilled workers and the number of wnemployed
unskilled workers respectively. Since the efficiency wage is ngid downwards, there should be a positive level of
unemployment ofunskilled labour in equilibrium. At a particular point of time, #g s given. So Egs. (18) and (19) solve
for [ } and Uy because values of (wsp /wsy), L and M, are obtamed from Egs. (12), (13) and (15).

In the GH (1991b) model, Hs=0. S0 H; and wsy do not exist. Smee b(.)=1, Eq. (15) does not exist too. wsp is
flexible and hence Us=0 in equilibrivm. Only one type of labour is employed in production sector and in imitative
R&D sector. Egs. (12) and (18) do not exist. Eqgs. (13) and (14) are modified as follows.

Lp = xg;

" We assume that the solution of |I } satisfies the condition that wgy > wgy . This ensures that the skilled workers do not join the unskilled labour
force in equilibium.
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and

W
Pps = -

Egs. (11) and (19) are modified as follows.

. g
g e

s - Lp;

ag
and

Le =nglp + Ly

It can be shown that mg remams constant in the steady state equilibrium of this model. The free entry condition in the
imitative R&D sector in the South is given by

ms _ dsWsH (20

r g

Here the R.H.S. of Eq. (20) represents the cost of imitating a new varety; and the LH.S. of Eq. (20) represents the
value of the Southem {inn defined as the discounted present value of its profits from its production over the infinite
time horizon when #is the rate of discount. The value of the Southem finm is also time independent in the steady state
equilibrium. In GH (1991b), Eq. (20) remains otherwise identical with the only modification that wyyy 1s replaced by
wy . This is so because, in GH (1991b), same labour 15 used in the production sector as well as i the mitative R&D
sector.

MNote that the North as well as the South faces the same rate of interest, . because 1t s assumed that there exists a
competitive world capital market.

2.4 Wide gap vs. narrow gap

We assume that the marginal cost of production of a variety in the South is always lower than that in the North and
there 15 Bertrand price competition between a suceess ful Southern imitator and its Northern counterpart. The Southern
{rm can charge the monopoly price on is imitated produet as given in Eq. (14) i the following condition holds rue in
equilibrium.

WsH . e
g = — () <hy.
Ps T ) N

This is possible if the North South wage gap is very high. This is the case of wide gap equilibrium. However, when
the above mequality is satisfied i the reverse order we have the case of narow gap equilibrium. Here the equilibrium
price charged by a typical Southem finn is given by

WgH ¢ LR ’
m{m . (21)

P = Wy=

The possibility of this case anses when the North South wage gap is very nanow. Henceforth, n this paper, North
South relative wage will be defined by (ﬁ) which represents the Northern wage rate relative to the wage mte of the
Southern skilled labour.® The instantancous profit of the representative Southern firm in the wide gap case is given by

TRV R (22)

¥ Ratio of the skilled wage to the unskilled wage in the South is fixed by the efficiency function (see Eq. (15])).
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and that in the namrow gap case is given by

giis [WN - {lwadj {Q:IITJ]TQ (23)

From Eq. (1) we have

N _ (P_“)
Xg Ps
This is the relative demand function for the Northem product. In the narrow gap case, using Egs. (7) and (21), we
have,
XN

=,

g

This implies that the relative demand for Northern product is constant in the narrow gap case. However, 1t varies
with the North South relative wage in the wide-gap case. Using Egs. (7) and (14) we have

Lip §
w _ v ﬂ) (24)
wey 1—d\xg/) -

While analysing the effects of strengthening the IPR protection on the growth rate and on the unemployment level,
we shall consider these two cases separately.

2.5 Steady state equilibritm growth

It is assumed that the economy is in the steady state growth equilibrivm where ny and ng grow at equal rate, g. Henee

A Hy g ;
R 25
mony o ms ° (25)

Value of g is determined endogenously in this model and so it is an endogenous growth model. We have nommalised
the value of a Northern firm to unity. This implies that the expenditure in the North would grow at the mte of new
product development there.'® Now using Eqs. (3), (7), (16), (17), and (25) we have

Bo_ By i _ns_nk v _ww ww g5 _px_ i
Ey Eg n ng ny Wiy WL Wsy s PN ’

Egs. (6) and (25) wgether imply that ayry 15 constant in the steady state growth equilibium. Similarly Egs. (12),
{18) and (25) imply that nexy 15 also constant in the steady state growth equilibrium. So, in the steady state equilibrium,
we have

N Xs

e T et (27
FRado g (27)

In the Appendix A (see Eg. 1E.6), itis shown that

U = (myxy; + nexg )=

15 MNommalising the value of a Morthem fimn fwhich is ™ ) to unity, we get ™ e have Ey=pymgry. Now meplacng myry from Bg. (6) we
e easily show that in the steady state i* : rf: & e Aleo Eg=pengr; and from Eg. (18) we get (ngrg) is constant in the sieady state. Now using
Eqgs. (16) and (17) we get [* =2~ Ty

5 A
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Then using Egs. (25) and (27) and also considering the fact that nyyy and ngyg are constant in the steady state
growth equilibrium, we have

U _fl—u
U 2 5
Like GH (1991b) model, the above equanon implies that the long run rate of product development and the long run

growth rate of utility are proportional (see page 1221 i GH, 1991b). Any parametrnc change should have similar
effects on these two.

3. The equilibrium and the comparative statics

We now derdve the reduced form equations of the model which can be used to determme the mte of innovation
{growth), rate of imitation and the level of unemployment in the steady state equilibnum. Using Egs. (2) and (26) and
E=(Ey+Es), we have

r=0+g. (28)
Again using Egs. (12), (13), (18), (19) and (26) we have
Hs = asg + ngxs(Q); (29)
and

_n_-;_t_r,-{ﬂ]lli-K"-_IJ'
hi.) -

Also using Egs. (10) and (26), we have
I_J(L—N_aﬂg) (1+E) =¥+ m. (31

o N g

Lg— Ug (30

In the wide gap case, we use Eqgs. (20) and (22); and obtain

In the narrow gap case, we use Egs. (20) and (23) and obtain

Wy PP .- :
(u'n e hHﬂ (2) "F)-‘fsﬂfs = ASWSHT. )

Agam using Egs. (6) and (29) in the narrow gap case, we have

o Ly —angng .
s 2N CH T ONETS oy (34)
x5 Mg —aggny

In the wide gap case, we have a set of four Eqgs. (29), (307, (31), (32) with four unknowns — ngxg, g, mand Uy In
the narrow gap case, our Egs. are (29), (30), (31) and (34). Eq. (33) s used to solve Tor the North South relative wage,
{:;.}’ in the narrow gap case. In the wide gap case, this relative wage is obtained from the equation given by

w97 (Hs-asgg)'™” -
wgy | —d\Ly —angm }

which we obtain using Egs. (6), (24) and (29).



D Mordal, MR Gupta ! Econamic Modelling 25 (21015) 463484 471

U et i M

r

Fig. 1. Wide gap equilibium.

3.1 The wide gap case

Using Eqgs. (28), (29) and (32), we obtain

Hs- () — 20 g0 .
£ 21— ) l:']'ﬁ:l
as (? + Q)

This is the equation of 55 curve which represents the relationship between the rate of mnovation, g, and the rate
of imitation, m, satisfying equilibrium in the South. This curve is drawn horizontal m the Fig. 1. Then, combining
Egs. (28) and (31), we have

l —a fly — .
J(N—ﬂ“g) (1+E) =f04+g+m o
o iy g

which can also be wntten as

& loals

M=y 1 - 8

& z

This is the equation of NN curve which shows the relatonship between g and m satisfying equilibrium in the North.
Note that m=10 for

. L ) L
g =1(1- ::l—N— ap<g<(l — ::I—N = g
dy ay
NN curve slopes positively in the Fig. 1 starting from the pomt
Ly

=1l —a) == — g
g = JIIHN oy

on the g-axis. This NN curve is identical to that in GH (1991b) because descriptions of the North are same in two
models. The equilibrium values of g and m are determined at the point of intersection of NN curve and 55 curve.'”

7 The existence of this intersection depends on a mild pammetric mstriction. See Appendix C for the details.
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Smee ? = % we now can determine the equilibrium value nf% using Eq. (35). Then, using Eqgs. (29) and (30), we have
b | ] =H
Hg — ik .
— == — KT+h 39
S k(). (39

This s the equation of UL curve which shows the relationship erwan unemployment level and [hL gmv.th rate in
the South. Here both K and h() are functions of the relative wage, ", and the equilibrium value of = is uniquely

WsH

determined by the Eq. (13). So "= and hence h(.) and K are mf.’uzpmﬂmt ofthe changes in ag, Uy and g becauseay, Uy and
WEH

g do not enter the efficiency function. We find a positive relationship between the growth rate and the unemployment
level from this Eq. (39). Here U= 0 is guaranteed by the following assumption

0 . ) He —agll ;
(1+=[| m) ‘*"_!;'h(-:':"L—S- (40)

l—=

This mnequality (40} mplies that the demand for unskilled labour falls short of this labour endowment when the
efficiency wage is binding.

3. LI IPR protection

We now tum 1o analyse the effeets of the strengthening of IPR protection on the equilibrum growth rate, g, on the
imitation rate, m, and on the level of unemployment, Uy, Here, the strengthening of IPR protection implies an
increase'® in the value of as. From Eq. (36), we find that g as well as asg varies inversely with as From Eq. (38), we
find that m and g are positively related. However, ag does not enter Eq. (38). So an inerease in ag causes the horizontal
85 curve to shift downward and does not cause any shift of the positively sloped NN curve. So both g and m ke lower
values in the new equilibrium shown in the Fig. 1. Note that a5 does enter Eq. (39). So UU curve in the Fig. 1 does shift
in this case with changes in the slope as well as in the intereept. From Eq. (36), we find that agg varies inversely with
ag. S0 Eq. (39) shows that Uy falls in the new equilibrium when ag s mereased. In order to find out the effect on the
North South relative wage, we can express Eq. (35) as follows.

adp | —=
0% { Hs—asg .
it e i st 0 (R (41)
wey 1 —d\(Ln —ang)§
Also, using Eq. (37), we have
¥ m o . ., P
iin—ﬂngjé= N0 +g+m)—(Ln —ang). (42)

Since an increase in ag leads w a decrease in both g and m, Eq. (42) shows that (Ly mgﬁf 15 also reduced m this

case. Also Eq. (36) shows that asg s reduced due to an inerease in as. So the North South relative wage is inereased in
the new steady state equilibrium when ag is increased.'” So we can establish the following proposition.

Proposition 1. The strengthening of [PR protection in the Sowth fowers the rate of growth (innovation) in both the
countries in the new steady state equilibrium. It also lowers the rate of imitation and the level of unemployvment of the
unskilled workers in the South in the new steady state equilibrium. However, if raises the North South relative wage.

We can provide an initive explanation of the above mentioned result. Note that the defininon of strengthening [PR
protection in this model is similar to that in GH (1991h);™ and its effects on the mte of innovation and on the rate of
imitation are also similar to those in GH (1991b). The profit mte of a typical Southern imitative finm s a negative
function of as and g and the cost of its capital is a positive function of g.*' The strengthening of IPR protection in the

"* Heme, ag=a,,+4; and 1 takes a higher value when the IPR is stmonger.
" The wide gap property will not be disturbed in the new steady state equilibium because increase in ag raises the Morth South melative wage.
0 GH (199 1h) defined a tax {"-TIJl'.I*.Id}] in the Southern imitative R&D sector as the strengthening (lax) of potection of [P protection there,

*! The profit mte is defined ..-u: S -’--ﬁf; (#is ~asgh. The cost of capital is r=i+g.
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South rises the cost of mitation there. This lowers the profit rate but leaves the cost of capital unchanged. This results
into a decrease in the rate of growth of the mitated products, g.

As the rmate of growth falls in the South and as both North and South grow at the same rate in the steady state
equilibrium, the profit rate of a typical Northern firm is increased and the cost of its capital is decreased. ™ Sothe rate of
imitation has to fall o equilibrate the profit rte with the cost of capital in the North. This is so because the profit rate of
a typical Northern firm is a negative function of g and a positive funcion of m and the cost of its capital is a positive
function of both g and m. Also the effect of a change in m on the profit rate is higher than its effect on the cost of
capital. An merease in ayg also causes more firms o stay in the North in the new steady state equilibrium because the
ratio i |I( = ’”—':) is increased. This leads 1o an merease in the demand for labour i the production sector in the North. Henee the
relative wage of the North is inereased due to stronger protection of IPR in the South.

The size of the imitative R&D sector in the South is also reduced now because the inerease in the cost of imitation
{per unit skilled labour requirement) in the South causes a substantial reduction i the rate of growth. So more human
capital is released to the production sector. The relative skilled unskilled wage in the South 15 given; and so the demand
for skilled labour per unit of unskilled labour is fixed in the production sector of the South. Thus the increase in the
skilled labour employment in the production sector s matched by an equal proportionate inerease in the unskilled
labour employment. So the level of unemployment in the unskilled labour market of the South is reduced. Note that the
unemployment problem of skilled labour can never anse in our model because the linear production technology in the
imitative R&D sector implies an infinite demand for skilled labour there.

The share of the unskilled workers in the national meome of the South is given by

er [ Fo — [ia " 1 — d )
wal(Ls — Us)  war af I:' _ (43)
Psigys WsH (. KT
The right hand side of the above equation 5 independent of the change in ay because ”l 15 determined by Eq. (15).
So the relative income share of the unskilled workers in the South remains unaffected in the wide gap equilibrium when
IPR protection is strengthened there.

312 Factor endowment change

An increase in Hy makes the horizontal 55 curve shift upward in the Fig. 1 but leaves NN curve unaffected. ™ Then,
in the new steady state equilibrium, both g and m are increased. Also © and (Hs—asg) are increased in the new steady
state equilibrium™ Since (Hs—asg) is increased, from Eq. (39), we find that (Lg— Us) also rises proportionately
because the R.H.S. of Eq. (39) 1s independent of Hy. This implies that Uy falls when Hy is increased. From Eq. (41), we
have

¢ ary 12 .
WsH (Ly —ang) r 1—a ()
Wy Hg — asg ot:

Now, using Egs. (36) and (37), we have

(Ln —ang)® % m oo | (1=l _
—_i] = e 5
( Hs — asg ) [I_JHN(1+E+UJ ( g+0 )]{1—5]1.&5' (45)

Sinee an increase in My raises g, m and ”:, the R.H.5. of Eq. (45) is increased m this case. So Eq. (44) implies that l:"f:’

is increased. Since the skilled unskilled relative wage in the South is fixed by the efficiency wage hypothesis, "=t is also
Wiy
increased in this case.

{1—a}

= The profit rate is defined as ™ =
Vg z

{E = lnfl[%j where w; is the valee of a typical Northern firm and it is equal to the cost of innovating
a new hlue print in the Morth in the equilibrium. The cost of capital is r+m=#+g+m.

= Gee Egs. (36) and (37).
* From Eq. (36) we obtain ( Hs — agg) 2 = aglg + 1)

:c[ll - ﬁl. Increase in My increases g So (Hy—agg) is incmeased.

—
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An increase in the unskilled labour endowment in the South, Lg, does not affect g and m because Egs. (36) and (37)
are independent of Lg. Eq. (39) shows that this only raises the level of unemployment of unskilled labour in the South.
Since g and m remain unaffected, ™™ and ™ also remain unchanged.

Finally, an increase in the Northert labour éndowment, Ly, causes NN curve in the Fig. 1 to shifi upward and leaves
88 curve unafTected. In the new steady state equilibrium, g remains unchanged and m is decreased. Uy also remains
unchanged. Egs. (44) and (45) together show that "= and > are decreased.

We can summarize the results mentioned above i the ﬁ}ﬁﬂwmg proposition.

Proposition 2. (i) An expansion of the Southemn skilfed labour endowment raises the rate of innovation, the rate of
imitation and the South North relative wage and lowers the level of unemplovment in the South in the new steady state
eguilihrium. (i) An expansion of the Northern labour endowment lowers the rate of imitation as well as the South
North relative wage but keeps the rate of innovation and the level of unemployment unchanged. (iii) An expansion of
the unskilled labour endowment in the South raises the unemplovment level there but leaves the rate of innovation, the
rate of imitation and the South North relative wage wnaffected.

We now explam the intuition behind these results. Given other things unchanged, an merease in the endowment of
the skilled labour in the South allocates more labour to the Southern imitative R&D sector; and this mises the rate of
imitation in the South. An increase in the mte of imitation raises both the cost of capital and the profit rate of a typical
Northern firm. However, its effect on the profit rate dommates its effect on the cost of capital; and so the mte of
innovaton i the North 15 mereased. An inerease in the rate of mnovation mises the demand for skilled labour in the
Southern manufacturing sector. Given the relative wage ngidity in the South caused by the efficiency wage hypothesis,
the demand for unskilled labour is also increased; and so their unemployment level is reduced.

An increase in the Northern labour endowment has no eflfect on the Southern equilibrium conditions and this mises
the profit rate of a typical Northem firm. So the rate of innovation 15 not changed but the rmate of imitation should be
reduced to maintaim the equality between the profit rate and the cost of capital in the North. Since the rate of innovation
remains unchanged, the demand for each type of labour in the Southern manufacturing sector also remains unchanged.
So the level of unemployment remains the same.

A change in the unskilled labour endowment in the South cannot alter the allocation of skilled labour between the
imitative R&D sector and manufacturing sector due o the ngidity of the efficiency wage above the market cleanng
level. So the expansion of the unskilled labour endowment does not affect the rate of nnovation and the rte of
imitation. It only raises the level of unemployment in the South.

Regarding the effects of the changes m the labour endowments (except for the unskilled labour endowment in the
South) on the North South relative wage our results are similar to those obtained n GH (1991b). A change in the
unskilled labour endowment in the South has no effect on the North South relative wage because it cannot affect the
rate of mnovation and the rate of imitation and cannot alter the skilled unskilled wage ratio in the South due to rigidity
of the efficiency wage there. Our results are different from those in Lai (1995) who, in his full employment model,
shows that an increase i the unskilled labour endowment in the South lowers its relative wage.

3.2 The narrow gap case

In this case, our equational structure consists of Eqgs. (28), (29), (30),(31), (33) and (34). Since all the equations except
Egs.(33) and (34) are same as those i the wide gap case, the shapes of NN curve and of UU curve remain same as they

have in the wide gap case.” GmLL %5 ™ using Eq. (34), we obtain the equation corresponding to XX curve as given by
g
Ly —ang .1 fm ) .
N NE g D) =, 46
Hg —agg @) g ! e

Ly
We assume ﬂmt = E,_ This gives a positive relationship between g and m for Deg=— ;and so XX curve in the

%

NACTOW ZAp Case Hlﬂp-l..,‘s positively starting from the ongin. The slope of XX curve L.xcm_bd‘i that of NN curve at any

* NN curve is obtained fram Egs. {28) and (31). UL curve is obtained from the Eq. (39) derived from Egs. (29) and (340).
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Fig. 2. Marmw gap equilibium.

common values of g and m.*® Now Egs. (38), (39) and (46) solve for the equilibrium values of g, Us and m
simultaneously. Using Egs. (28), (29) and (33), we have
wy  aglll+ gl I 1

Qj?-+mtﬂjT” (47)

wsy  Hs — asg

Eq. (47) solves for the equilibrium value of the North South relative wage.” A graphical presentation of the steady

state equilibrium in the narrow gap case is shown in the Fig. 2. Since NN curve starts from a point on the g-axis and XX

curve starts from the origin with a higher positive slope, XX curve must cut NN curve from below at their unigue point
of intersection.

3.2 1. IPR protection

The strengthening of the IPR protection in the South, i.e., an increase in the value of the parameter, ay, causes XX
curve to shifi lefiward. However, NN curve does notshift. So, at the new point of intersection, both g and m take lower
values. Using Eqgs. (37) and (46), we have

Hg —agg =0~ {Q:I ﬂNiH +g+m)—(Ly— ﬂNg:II ; (48)
Eq. (48) shows Lhamn\gn IULMHDdIn this case. Eq. (39) shows that Uy is increased when asgrises.™ Eq. (47) shows
thatl[ } rises in this case.” Since = = |‘-: LJ[]IqLJLl} determimed by Eq. (13) and smee wy is proportional 0wy, Lhcn '“ 15

Wiy

also uniquely determined here. Hence “™ also rises at the same rate in this case. So we have the {ollowing proposition.
WL
Proposition 3. The stengthening of IPR in the South lowers the rate of innovation in the North and the rate of

imitation in the South in the new steady state equilibriion. However, it raises the level of utnemployment in the South and
the North South relative wage.

Effects of strengthening PR protection on the growth (innovation) rate and on the imitation rate in this narrow gap
case are similar o those in the wide gap case. An increase in ag lowers the per firm availability of skilled labour for the
production sector in the South when g 15 given. This leads w 8 deerease in the mte of imitation, given g. This is so
because the relative sales volume of a Northern firm o a Southern firm is constant m the narow gap case. As m is

* It is shown in Appcmjix .
" Determination of ™ also implies the determination of "™ because "2
i Wem

Ty
= A sufficient mrxilmm fior g to be positive is K750 f‘

is uniguely solved from Eq. (15).

* Maote the potential danger of camrying out the comparative static of increasing as. Since the North South relative wage inereases we may violate
the condition for the narmw gap case. We assume that the exogenous changes are sufficiently small so that we don’t violate the namow gap
condition.
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reduced, this lowers both the profit mate and the cost of capital of a typical Northern finm. The former effect dominates
the later; and hence the mte of innovation 15 decreased. This increase in ag causes more firms to stay i the North, This
leads to an increase in the demand for production labour there; and hence the relative wage of the North 1s increased. An
increase in the skilled labour requirement i the imitative R&D sector in the South lowers the rate product development
{ growth) there but this negative effect is very weak. So the total skilled labour employment in the imitative R&D sector,
by which its size 1s measured, is increased when the IPR protection is strengthened. So the level of employment of
skilled labour in the production sector in the South is reduced. Since the skilled unskilled employment ratio m the
production sector i the South is fixed by the rigidity of the efficiency wage, the level of employment of unskilled
labour in the production sector also falls at the same proportion. Since no other sector absorbs unskilled workers in the
South, ther unemployment level s increased.

The share of the unskilled workers m the national income of the South in this narrow gap equilibrium case is given by

war(ls —Us) wer £
PsnsXs WN (KT

(49)
Unlike in the wide gap case, the right hand side of the Eq. (49) is not mdependent of the change in ag beecause E is

decreased when ag 18 increased. So the relative income share of the unskilled workers in the South 15 decreased & |n LhL
narrow gap equilibrium when PR protection is strengthened there.

3.2.2. Factor endowment change

An increase m Hg causes XX curve in the Fig. 2 to shift rightward and leaves NN curve unaffected. So, in the new
steady state equilibrium, g, m and ™ are increased. Eq. (48) shows that (Hs —asg) is also increased. Then Eq. (39)
shows that Uy 1s decreased. We express Eq. (37) as

(LN—HNEF;,= ay +( a HN)E_(LN—ﬂNﬁH): (50)
g o g

and Eq. (46) as

((”%)) Rieas (51)

Since g, m and = are increased in this case, the L.H.5. of Eq. (50) is also inuruas«ud I:H.m:auwu f\.wu%rl Hence
b4
Eq. (51) shows that s~ 958 i also increased. Then, from Eq. (47), we find that :'“‘ and " = % are decreased in this case.
2 Wiy
An increase i Lg does not affect g, m and - S heeause Egs. (37), (46) and (47) are Indc‘[]tnint of Ly So this only

raises the level of unemployment of the un‘-:lclllbd labour m the South; and it 1s shown by Eq. (39).

An increase Ly causes both NN curve and XX curve in Fig. 2 to shift lefiward. As in GH (1991b), the extent of the
lefiward shift of NN curve must be larger at the initial g and that of the XX curve is greater at the initial value of m. In
the new steady state growth equilibrium, g s increased and m s decreased. Thus, the long mn mte of innovation
{imitation) is directly (inversely) related to the size of the labour endowment i the North. Since g is increased, we find

that "™ "™ and [/ are also increased.™ We can summarize the results discussed above in the following proposition.

Wy Wy

Proposition 4. (i) An expansion of the Southern skilfed labour endowment raises the rate of innovation, the rate of
imitation and the South North relative wage but lowers the level of unemplovment in the South in the new steady state
eguilihrium. (ii) An expansion of the Northern labowr endowment raises the rate of innovation, the North South relative
wage and the level of unemployment but lowers the rate of imitation. (iii) An expansion of the unskilled labour
endowment in the South raises the unemplovment level there and leaves the rate of innovation, the rate of imitation and
the South Nowth relative wage unaffected.

N G Egs. (39) and {47).
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Effects of changes inthe Northern and the Southem skilled labour endowments on the rate of innovation, on the rate
of imitation and on the North South relative wage in our model are similar to those obtained from GH (1991b). Effects
of these expansions on the unemployment level do not depend on the North South wage gap. In both the wide gap and
the narrow gap cases, an increase in the skilled {unskilled) labour endowment in the South lowers (raises) the level of
unemployment there.

However, the effeet of a change i the Northem labour endowment on the Southern unemployment level crucially
depend on the MNorth South wage gap. This raises the level of unemployment i the narow gap case and keeps it
unchanged in the wide gap case. In the narow gap case, an increase in the Northern labour endowment lowers the level
of employment of the Southern skilled labour in the manufacturing sector. Since the skilled unskilled wage rato is
fixed by the rigidity of the efficiency wage, this lowers the demand for unskilled labour in the South which, in tum,
raises the level of unemployment.

4, Conclusion

In this paper, we analyse the impact of strengthening IPR protection in the South on the steady state equilibrium rate
of growth of the world economy as well as on the rate of imitation and on the level of unemployment in the South. We
show that strengthening of IPR in the South lowers both the equilibium e of growth and the rate of imitation.
However, the level of unemployment of the unskilled labour in the South is increased in the narow gap case and s
decreased in the wide gap case. The level of unemployment in our model is directly related to the size of the imitative
R& D sector m the South. 1t should be noted that, in GH (1991b), the size of the R&D sector in the South 15 decreased in
the wide gap case and 1s increased in the narrow gap case as the cost of imitation s mereased. However, this property s
never focused in that paper. We use that unfocused property by relating it to the level of unemployment in the South. It
is also shown that the North South relative wage is increased in both the cases.

We also analyse the effects of changes in factor endowments on the steady state equilibrium values of various
endogenous variables. Effects of changes in the Northem and the Southem skilled labour endowments on the mte of
innovation, on the rate of imitation and on the North South relative wage are similar to those effects obtained in GH
{1991b). The level of unemployment of the unskilled labour i the South varies mversely (directly) with the size of its
skilled (unskilled) labour endowment and does not depend on the North South wage gap. However, the effect of the
change in the Northem labour endowment on the Southern unemployment level depends on the North South wage gap.
In the wide gap case, a change in the Northern labour endowment has no effect on the unemployment level However,
its expansion raises the unemployment level in the namow gap case.

We explain only unemployment of unskilled labour by using the efficiency wage hypothesis. If the efficiency wage
is not relevant, then this model is reduced to a full employment model. Many authors have explained unemployment of
unskilled labour in less developed countries using the efficiency wage hypothesis. However, they have not considered
our formulation in which the reference wage s proportional to some peer group’s wage. This particular form applies
mostly to those workers who are hard to monitor; and skilled workers are always harder to monitor than unskilled
workers. A positive relationship between the worker's efficiency and the wage mte is necessary to explain the existence
of an unemployment equilibrium; and this positive relationship exists n any form of the efficiency wage function
including the form we consider here. Our results are conditional on the assumption that the reference wage
proportional o the wage of the skilled workers. Due to this assumption, the equilibrium condition of the efficiency
wage gives us the unique equilibrium value of skilled unskilled wage ratio which is consistent with the assumption of
steady state growth equilibrium where all types of wages are to grow at equal rates. 1§ we drop this assumption we may
not be able to prove the existence of a unique time independent skilled unskilled wage mtio. However, the empirical
literature on efficiency wage theory has been unable w conclude so far on the most plausible form of efficiency wages
and, in particular, on the reference wage level entering the worker’s effort decision. In a partial equilibrium shirking
model, the outside option is often treated as the reference wage. However, we cannot do this in the present dynamic
general equilibrium model. The assumption of perfect mobility of unskilled workers among all Southem finns and the
competitive labour market assumption rle out the possibility of an equilibrium with the difference between the
worker's actual wage inside the firm and his expected wage in case he is o leave the firm. Danthine and Kurmmann
(2006) assume fimm’s productivity as the reference wage. In the present model, the profit maximising average
productivity of the unskilled or skilled labour in the production sector is a function of the skilled unskilled wage mtio
because the production function of each variety in the South satisfies constant returns to scale. So introducing finn’s
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productivity as the reference wage, no additional gain 1s made in this model. However, future research should deal with
the robustness of the results to different functional forms of the efficiency function and to different assumptions about
the reference wage.

In this model, the consumer does not derive any utility from leisure and so it does not make any optimum
labour—leisure allocation. The efficiency of unskilled labour vanes only with the skilled unskilled wage ratio
and this ratio is uniquely determined by the profit maximising conditions of the firm. Number of workers is
exogenous and hence the effective labour supply expressed in efficiency unit also becomes exogenous along
the profit maximising path. There is no growth induced income effect on the labour supply decision of the
worker. The strengthening of the IPR protection does not cause any shilt of the labour supply curve. Modern
macroeconomics analyses some growth theoretic issues within a general equilibrium framework with endogenous
labour supply where the growth induced meome effect shifis the labour supply curve. It is interesting to analyse
the issue of IPR protection into a framework with endogenous labour supply; and we plan to do this in our future
rescarch.

There are some other important limitations in our model. We ignore the distributional aspect of unemployment here.
Our analysis is concentrated only on the steady state equilibaum properties of the model and henee cannot say anything
about transitional properties. We do not deal with the unemployment problem in the North and the unemployment
problem of the skilled labour in the South. We assume, like many other models in this literature, that the South does not
innovate. Nevertheless, the model constructed here sheds new light on the complex mterrelationship among
innovation, imitation and the unemployment of unskilled labour in the South. No other existing model has analysed this
complex mter relationship so fac

Appendix A

The problem of the representative agent {consumer) is Lo maximise

W = [ .y—”[:_’-'lugif_.-'{r:l!dr (1E.1)

oI

subject to the intertemporal budget consraint given by

/'f—a-n—:.ng{r;.dr:f e (Dde + Al Wi (1E2)
o f [
where

E= —[I plzix(z)d= (1E3)

and

If:= ([Ix{:j’fi-)f. (1E.4)

The agent can solve this dynamic optimisation problem in two stages. First, it can choose the composition of given
level of spending to maximise the instantaneous utility (static part). Then it can optimise W through the time path of
spending (dynamic part). In stage 1, the agent’s static optimisation exercise is the following.

Max U = (I[ﬂ“_r{:j’d:)l-
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subject to

E=f plzix(z)d=
0

This exercise generates the following demand function for each vanety.

x{z) = E% Yze=[0,n). (1E.5)
f; plu) “du
Using Eqgs. (1E4) and (1E.3), we have the indireet instantaneous utility function given by
U = (nnxy +n_:,-.1r;.]£ =5 (1E.A)
where
Pl- = f plu) ~du = anpy " +nspyt.
0
Using Eqgs. (1E.1) and (1E.6), we have
W . . .E
W =—[ E—{?I'.—I_Ilﬂg[ ':.r:I:| dr.
] P(z)
Differentiating both sides of Eq. (1E.2) with respect to time, 1, we have
A = I(1) — E(t) + rA(1).
Now we express the current value Hamiltonian comresponding to this dynamic optimisation problem as
H = log(U) +j[I(t) — E(f) + rA(r)],
or, H = [log(E) — log(P)] + () — E(1) + rA(1)],
where j is the co-state variable. The first order optimality conditions are given by the followings.
o au ;
= _j=0 1E.7
oE _ oE ' (1E.7)
1
T -_=
E 7
Differentiating this with respeet to time, §, we have
j' f.'. =
S =——=. IE8
T=—% (1ES)

Optmum ume path of the co-state vanable, j, should satisfy the following equation of motion.

5 . OH T )
_,r=ﬁ_,r—a—f!,r—rj—tﬂ—r1,r.

The equation mentioned above and Eq. (1E.8) together imply

—=r—1L

E
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Appendix B

The problem of the representative finm in the South is to maximise

Lp
(%)

with respect to H, L, and wy . The first onder optimality conditions are the followings.

mg = pexg — | wepdfl, + wgr

E.T g Wey

PSeg =, 0 (2E.1)
i,
fxg WL )
g = ' (2E2
PS ot = ah() 2E2)
and
wr B .
wsLh() _ (2E3)
WeH .F!{:I
From the production function of xg, we have
dxg xg ; i ey ey
i, RPN — | —— R, () A 2E 4
oH, &g+u—ﬂmﬂi )(Hp) S
and
ot _ e —8(Lp) ", (2E.5)

Olp  OLy" + (1 — 8)H,
Using these equations, we derive Egs. (12)—(15) in the text (see page no. 10).
Appendix C. Existence of the wide gap equilibrium

Eq. (36) represents 88 curve. Also from NN curve given by Eq. (38), we have

{1—:uNﬁgE{1—:u
ay ay

N _ fa.

The inequality mentioned above and Eq. (36) together imply that the existence of the wide gap equilibrum (with
both g and m positive) is ensured if

(1—o)by _ Hs (@) —*%asd (1 —a)ly

an i Iﬂﬁ(:l'll_-:i_-l - Q) an

— . (3E.1)
I'the inequality mentioned above is satisfied then 88 curve and NN curve must have a unique pont of intersection in the

Fig. 1.

Appendix D. Slope of NN curve and XX curve

Eq. (46) represents XX curve. From this equation, we have

Ly —ang i oo
i (E) =o - (Q)75.
He — asg :

r
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Differentiating its both sides with respect o g we have

—anfls +asdy  m +LN —aNg (d.ml m) i
(Hs —Asg’ & Hs—asg\dgg g° '
or,
d) W g s
dghx g J-gd-g
or,
d.ml m m m (4E1)
dglvy g B e g -
Eq. (38) represents NN curve. From this equation, we have
m . 4
(L —.rmg:l(l +E) = (0 +m+glay

1 —a

(4E2)
Differentiating its both sides with respect o g, we have

dm
i L g " =15 dm o
—ay +E +(In — ang) - +@ NI’
or,

_HN(HE) +"~N‘_‘W‘r§(dﬂ_ﬂ) . (H@JHN 2
g g dg g

dg 1 —a
Ly—ang O4+g+m = o .
From Eq. (4E.2), we have T IONE ‘i i ay. Using this in the equation mentioned above we have
E+m —
dm (H+g+m 1) _g+m+m (U+g+m 1)
dg E+m B g g+m !
or,

dmn m g+m g+m

—=— - :

dg g g« 0

il
From Eq. (4E.2), we have 50 1&gt m

1]

. Using this in the equaton mentioned above we have

Ex (11— :j(ﬁi‘t - g)

dm m 1 +E2

d_g=g_+—£1-{g+m:|1
(1-2)(2—g)

or

dm m m 1 E+u"’%t
d_ =—+ + 7
g NN g {1—:](%—5) l—ua it

(4E3)
From Egs. (4E.1) and (4E 3), it is now clear that

d.ml }d.ml
dg lnn dg Ixx
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for any given common values of m and g. Hence the slope of XX curve drawn in the in the Fig. 2 exceeds that of NN
curve. This ensures that their intersection pomt is unique when it exists.
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