A stochastic manpower planning model under varying
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Abstract Solution related 1o different types of manpower planning problems arising in dif-
ferent industries and crganizations are very much helpful for proper planning and implemen-
tation of different objectives. Previously those type of problems are mostly solved under the
deterministic set up. Gradually several scientists have developed different types of stochas-
tic models appropriate for solving such types of problems. The present study is an attempt
to develop a stochastic manpower planning model under the set up where the classes are of
varying sizes and promotion occurs only on the hasis of seniority.
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1 Introduction

One of the important aspects of manpower planning relates to the smdy of social systems
that are subjected to continuous transformations. These changes may come within the sys-
tem itself as a need of the hour, or may well be dictated by the circumstances prevailing
outside the system. In order to have a better understanding of the turmoil within the sys-
tem, whatever may be the cause of it, one has to observe the system through its constituents.
Study of manpower corresponding to any such system or an organization in particular, there-
fore necessarily boils down to observing its members moving along various grades or set of
classes.

Taking up the case of an organization, the size of these grades is fixed by the budget
or amount of work to be done at each level. Recruitment and promotion can only occur
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when vacancies arise through leaving the system or expansion of the same. These vacancies
thereafter generate a sequence of internal movements within the organization similar to the
changes mentioned above. MoClean (1978, 1980) and Abodunde and McClean (1980) has
considered several manpower planning situations and developed models based on Markov
and Semi-Markov processes. The present work aims at explaining these movements under
a probabhilistic set up by restricting ourselves within the framework of an organization char-
acterizing such social systems.

In order to study the changes an organization is going through in terms of the recruitment
and promaotion to fill up the available vacancies, one of the available approaches is replace-
ment theory. Sasieni et al. (1959) discussed many of such problems under the deterministic
set up. Originally such problems have arisen in connection to the renewal of human popula-
tion through births and deaths. In recent years the main application of this type of problems
found its way in the context of industrial replacement and reliability theory.

Mukherjee and Chattopadhyay (1989) developed stochastic solution to the problems re-
lated to recruitment and promotion of staff members in case of an airline. Recently Chat-
topadhyay and Khan (2004 ) have extensively swudied the nature of job changes of staff mem-
bers of a university on the basis of stochastic modelling. Khan and Chattopadhyay (2003)
have also derived corresponding prediction distribution on the hasis of job offers received
by the employees. These types of works are very useful to investigate the manpower plan-
ning condition prevailing in different organizations. The present study attempts to develop
stochastic solution to the classical staffing problem under a more general type.

2 Staffing problem

The primary objective of a staffing problem is to study the dynamics of an organization
through the movements of its employees over different categories. Problems related to the
recruitment and promotion within an organization involving its members lead themselves to
analysis similar to that used in industrial replacement. The key random variable in studying
the recruitment and promotion pattern prevailing in an organization is the time interval an
entity remains active in a particular grade. The age distribution corresponding to these grades
while recruiting and promoting an individual is relevant to the organization for its manpower
planning.

2.1 Parameters of the study

r = MNumber of graded job categories in an organization.

kith = Total size of the organization at a particular time point 1.

k; (1) = Number of workers to be recruited at the ith category as decided by the management
previously corresponding to the time point 1.

xy = Initial recruitment age (fixed for all employees).

x,, = Retirement age (fixed for all employees).

JLIIIU} = The number of persons recruited each year at age x,, at a particular time point ¢ and
at the first category.

A, (1) = The number of persons of age x in service at a particular time point .

o (1) =The proportion of the population at age x that continues to be in service at age
{x + 1) (survival rate from age x to age (x -+ 1)) at a particular time point 1.

Z. (1) = The number of persons at age x who survive up to age (x + 1) at a particular time
point 1.
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X;—1(t) = The minimum possible age at which (7 — 1 th promotion takes place at a particular
time point f.
P (1) = Probability of survival of a person at age x in the systemat a particular ime point £
Here pr (t) can be interpreted as the conditional probability that a person in service at
age x will be in service at age (x + 1) at a particular time point + while pg.(t) can be
interpreted as the unconditional probability that a person will survive in the system up to
age x at a particular time point t.

2.2 Characteristics of the organization

Depending on the circumstances related to the organization that we are interested in, differ-
ent assumpton with respect to the parameters of the system are made. The various grades
constituting the system are categorized on the hasis of remuneration offered and promotion
occur on the basis of seniority from a category which is just below category where promo-
tion would take place ignoring any efficiency aspect since such a set up is very common in
different organizations. The total size of such asystem (k{1 ) = & (1)) is time dependent. The
initial age of recruitment (x;) and the age of retirement (x ) are fixed. All employees will be
recruited and retired at the same age. The number of staff members at age x (4, (1)) will be
determined by voluntary and involuntary wastage. Involuntary wastage include losses due to
death, ill-health and retirement. Voluntary wastage arises out of withdrawals by individuals
on their own. It is also assumed that there is no demotion in the system. The survival rates
from age x to age (x 4+ 1) (p, (1)) are expected to depend on both age and grade. Under the
present set up we have considered them to be depended only on age.

Given the 4,(r) values and the staff strength requirement at the different grades.one can
easily find out exact ages at which promaotions to different categories should take place. So-
lution of the above problem under stochastic set up have been developed by Mukherjee and
Chattopadhyay (1989). A more general form of the above problem is the situation where the
age distribution of the staff members at different categories are known at a particular time
point and the number of workers to be increased or decreased in the next few years can also
be estimated. The present work attempts to develop a stochastic solution of such a prob-
lem. The problem and its classical solution have been illustrated in terms of the following
example by Sasieni et al. (1959).

An airline requires 200 assistant flight attendants, 300 flight attendants and 50 supervi-
sors. Assistant flight attendants are recruited at age 21 and, if still in service, retive at age 60,
It is estimated that for the next year staff requirements will increase by 10% . If persons are
to be recruited age 21, at what ages will promotions take place? The survival rates and age
distribution are given in Tables | and 2 (Sasieni etal. 1959).

2.3 Solution under deterministic set up:

We multiply the number of staff at each age by the survival rate p, thus obtaining the age
distribution one year later.
For example, the number of supervisors in one year’s time will be:
5% 0947 =4735, Apged 43,
4% 0942 =3768, Aged 44,
5= 00936 =468  Aged 45,
3x0930=279, Agedds,
3x 0923 =2769, ApgeddT,
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Table 1 Survival mtes at

different ages X P X P

21 (LAK] 41 04952
22 (LR 42 0,947
23 (18K 43 0942
24 (LB 44 01.4936
25 1LE00 45 .93
] 0850 46 0.4923
27 0875 47 04915
28 (14941 48 (1.4906
29 0915 49 (.596
k1] (1.950 Sl (.BES
ki (1958 51 0ET3
32 0962 52 (L8600
33 0,965 53 L8546
34 0967 2 (L.831
35 1968 55 815
3a 0.968 56 0.798
a7 (L9468 57 0,780
k1] 0.965 ] .76l
39 (1961 b 0.741
4 0957

and so on. By proceeding in this way we finally get the total number (rounded) as 43.

Thus, ina year’s time there will be 43 remaining supervisors. Since total of 55 (504 10%
of 50) will be required. 12 persons have to be promoted from the flight attendant group.
Assuming that promotion is hased solely on age. the most senior 12 flight attendants will be
promoted. Ina year’s time, there will he

6= 0.952 = 5.712 flight attendant aged 42
&« 0.957 = 7.650 flight attendant aged 41.

Thus, these two age groups together (13.368) will be more than suffice to fill the vacancies
for supervisors. One flight attendant aged 41 will not be promoted. In a similar fashion,
we can compute the number of remaining flight attendants and thus obtain the number of
assistants to be promoted. Finally, we obtain the number of recruits required by subtraction.

3 Probahilistic formulation

Since human behavior depends on several factors it is natural to consider the event of “with-
drawal” as a random event. As a result, the survival rates p. (1) and the number of persons
at different ages J,(t) should be treated as random. Empirical findings have also estab-
lished heyond doubt that the completed length of service (CLS) is unpredictable and should
be treated as random variable. The numbers A (t) ohserved in any organization should be
treated as random samples from the corresponding CLS distibution depending upon the
P (1) values.
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Table 2 Staff age distribution at a particular time point

Assistant flight attendants Flight attendants Supervisors
Age Mumber Age Mumber Age Mumber
21 90 3 R 4z 3
22 30 x7 35 43 4
23 30 I8 15 44 3
24 20 X 30 45 3
25 1 30 I8 46 3
Tatal 2K 31 i 47 3
2 ] 48 Li]
3 & 49 2
M 16 50 i
35 12 51 0
ki 10 52
m B 53 3
I8 i 34 ]
k] ] 33 i]
4 & 36 3
41 L] 57 2
Tital 300 38 i
59 2
Total 3l

In the above context of unpredictable numbers remaining in service at different ages,
promotions should be given at ages which themselves may have to be random in order to
meet the staff-strength requirements which may also be random. All this implies that the
life table functions as regarded deterministic previously should be looked upon as random
variables, amenable to established statistical analysis.

Let Z,.(t) be the numbers of persons at age x who survive up to age x + 1. then
Z. (1) = [A, (1), ()] =rounded value of the product &, (1) p.(1).

Hence the actual number of persons in category i is given by

xap=1

N 2, (1

x=x;_ g i)

where x;_ (1) is the minimum age at which (i — 1)th promotion takes place and the range
of x values corres ponds to only those persons who have got their promotions at age x;_(1).
The above quantity is a random sum of random variables.

Since the staff strength in category § should not exceed k; (1) we have the condition

-1

3 Zd) = ko). (2)

= _glih

Here x;it) determines the minimum age at which ith promotion takes place. In case the
number of persons to be promoted is larger than the requirement, the management may pro-
mote on the hasis of date of joining or similar other criteria. Although the persons inin their
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services at same age and at some time point, these ages comrespond to age at last hirth day.
Under the above situation, management may go to more micro level by considering year,
month, and day of birth. OF course this solution is quite ad hoc and crude but it is difficult to
find a better solution. Under the probabilistic set up, the above condition only may be satis-
fied with a high probability. In order to get a solution, we have to make some assumptions
regarding the underlying population distributions of the different random variables involved
inthe model. We may assume under general set up

Pty =~ Beraia, . b ).

Since the data set is available only for a particular time point we have to assume that the
distributions of the different random variables involved are time homogeneous. Otherwise
the related parameters can not be estimated from data.

Under this assumption

Polt) =~ Betaia, b)

as . takes values between 0 and 1 and p, (1) values gradually increase up to a value of

x and then start decreasing.
Given 4,
Ay~ B:':rmm'a.l’{li,, Pz )

{according to Chiang 1 96E).
Here it is also quite reasonable to assume that

ki)~ Poisson(m;)

since for large number of categories the probability that a particular person belongs to the
itheategory is very small.

The problem is to find x; (1) in such a way that the probability of the random event given
in{ 1} is sufficiently large.

The ages at which successive promaotions take place cannot be exactly predicted. Thus
xy(t) (ie. the age at which the first promotion takes place) can be treated as a random
variable distributed over (x;. x,, ) with a reasonable value of the average. Without losing
much significance, we may reasonably assume (Mukherjee and Chattopadhyay 1989) x (1)
tohave a geometric distribution with probability mass function

fatN=pg™""!, x@)=12,..., 00

In general. x;(t) (ie. the age at which the ith promotion takes place) may be similarly
assumed to have a geometric distribution over (x;_1(1), o¢). The average age at promotion
may of course vary from one stage to another.

Ouwr problem now involves four sets of random variables viz A (1), po (1)) and £;(1).
For the first promotion, we are required to find the value of x(r), which will make the
probahility of the event stated in (2) sufficiently large.
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4 Determination of age at promotion

Considering x; (1) as random here, it is difficult to derive the distribution of the above sum
generally, since Z,(1)s have varying parameters.

xiy—1
P[ 3 Z.00 Ek.-u}}

= _ g}

o -1
=ZP[ 3 Z.T'{f]'i'-ks] Plk;(1) =k

k=1 gty
ac oo i-1

=¥ P[EZ.TU}::k.-lx,-u}—x,-_m}=j}fu}-"[mr}=k;1. (3
e xe=i]

where, f(j)= Plx;(t) — x;_,(r) = j].

Here, x;_ (1) is known, since in the first promotion case it is x,. and in all other cases it
may be assumed known from the previous step.

Using the relation, f{j) = pg’™'.j=1.2. ..., 00, (3) becomes

j=1
Yo P[ijm:: kf}qu" Plki(r) =k;]. (4)

k=l jml xami)

It is easy to show that this series is convergent.
Under the conditional set up one can find the value of j from the following relation:

i-1
P{EZ&r}fk;]g{]—a}. (5

x=(}

where ¢ may be chosen sufficiently small so that the system requirement is satisfied.

5 A simulation study

Omn the hasis of the example of Sasieni et al. (1959) we have developed the following solution
under probabilistic set up using simulation study.

Using the data of Table 1, it has been found that Bera(14.36, 1.0933) fits the data on p,
well under the assumption of time homogeneity. By estimating the gy, values from Table 2,
Ay values have been generated from Binomial distribution using computer simulation (after
adjusting for the total size of the system). Hence it is easy to generate the Z; values. Figure |
shows the nature of the E(Z.,) values.

Since here it is difficult to estimate the Poisson parameters ;s corresponding to the
different job categories, the k; values are assumed to be given. But it is easy to extend the
analysis to the case where k;'s are random variables when we have sufficient number of
observations at each age comresponding to different organizations.

O the basis of the simulated values of Z, (at a particular time point), we have estimated
the age at first promotion from the probability statement given in (5) by taking ¢ as 0.04.
Under this probabilistic set up it is more realistic to specify an age interval rather than a par-
ticular age to identify the most probable age at promotion. From ouwr simulation study we
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Table 3 Age intervals at ) ) —
promations under the stochastic Pramotion Age interval Prohahility
e
| 26-17 .96
2 50-57 .96

found that most probable age interval is 26-27 for the 1st promotion. Similarly by starting
at age 26 the most probable age interval at second promaotion has been found to be 50-57.
The findings are presented in tabular form in Table 3.

Here, the age interval for 2nd promaotion is large. But it is possible to obtain small age
interval for 2nd promotion depending on the data set.

6 Concluding remarks

The present work is an attempt to establish the necessity for using the probabilistic set up to
find the solutions for different types of scheduling problems. In fact although the underlying
distributions may vary over the different situations, the overall solution technigue should
remain more or less the same. Since, in the large companies data base for the several past
years are available it is very easy to find out the underlying distribution of different random
variables involved. So, instead of using the data at the current time point and calculating the
deterministic solution, it is much more worthwhile to derive a stochastic solution. This type
of analysis is also helpful to predict the future situation.
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