A Gencralized Design of the Mexican Hat and other Even-order Hermitian Wavelets in
a Gaussian Scale Space
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bt A gemeralized  methodology  of ermsteocting a
Mexican hat wavelet family imvelving even srder Guussian
derivatives has heen devised in a Gaossian scale space anly. The
sptimizativn has been carried out in Fourier domain and the
Ectuels in fiamssiam scale space domain arve found ta he etact
ceplica o their derivative wavelel counerpact for low s well as
high vrder. Wi elet properties of the lowest wirder (25, has been
discussed and the resulis are shonn to be better and ditTerent
[rom the woll-koown LOG-DOG equivaleoce o Muyrc-Lild retl,
Such filters, simple w0 implement in Gaussian scale spave, are
likely ta he impartant in visiom, anakysis of seismic siznals, ensinic
micriwave backeround (CMB) maps and pessibly in the general
cases of signals from {oaussian print souroes.

Lo INTRODUCTIN

lothe very first chapier of hee well-knowo texabook 1],
Daubsechios udrdimess the reader 10 the world ol waveles
meniooning that a vepical choice Doy waselel lunchion 15 "1he
secand derivative of Gaussian, semetomes sallsd the Mesican
Liat Tuencticen bocause 1. esembles a cross secuon of a Mexican
hat.™ s 0T
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Lo
represents a lypical waveler funcuon, then
i =1 e :",-"'EJ

1y Lhe sceond dersalive ol Caussian, menlioncd above, when:
e seale paramcter of e Gaussian is omly, Traobechics |1
goigy o 1o show Mt (his Mexican Tal Dmgtion iy well
localized in Todth Gng ond  (requenecy wd sabshcy (e
comdilion
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T Greophvsicy The besicam hal fumgiom as  popalary
known a5 the Richer wavelel L5 Crequently used be the
genphy sicisis w analy 2 scismic data 2] The same Nioction
i wo dimension. happens 1w be an ofi-used wol Toe the
cotipuler vision and image processing comomnity . Vs 15 the
wall-koow n Laplacian ol Gasssian lunction wluch prodiuces a

circulacly Sy el ric heaican hat:
1 ¥ -
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Such a function was introduced by arc-Tlildreth [3] as
an edge detector i low-level wision The Gavssian part of this
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opeeador alectively blurs the image by wiping ow sircines
that a1 scales smaller than e space constam e of the
Gianssian.  ‘Ihe  Gaussian lunction has  the  desirable
characieeistic ol being smooth and localized o both spanal
and Treguency domain and 5 8 wnigue distmbuion that is
stiodianeonsty oplimally localzad in bolh domains. On the
olher bhand, the Laplacean s ihe lowest order isolopic
differemial operaior having the grear advaoiage of cconomy in
compuiation, over the directional derivatives.

Afarr [4] went on to show teat that the sane hMexican hat
can also be peperated by the difference of two Gaussian
functions. the plwsioloprist’s medel for low-level vision, for a
ceptain ratio of the scale parameters (7. o) of the two
Ganssians (Le., for o centain wale of o). We shall tallk
about this particnlar conclosion of hiar resarding the
accuracy of this equivalence later on in this paper. But ons
thing about this equitalence is very itelesting, an even order
Gaossian derrvative filter has been expressed here as a linear
combimalion ol lwo Gaussian limetions Can iy idea have an
clemenl ol wiy crsalily o amy even ander Ganssian derivalive
aned al amy possible swle Tor hal would enable e Alier
designer Io casily nnplanenl gny high onder  Craussian
derivative gy o liogar combimglion ol Gaussians only o in
othet womds g Guussian scale spacey This paper amswers
this query i Lhe allfmmalive as we are poing (oosee willi the
Telp ol welated work by Maand 15 |5]

Buch aossian dernvalives of onder 2 oor prealer, may b
lerngd sither ay cven=order Hemmilian wiy clols (boeanse ol
the close connectivity with Hermile polynomialsy or a5 the
Mexican hat family. These are generaizd by applviog second
order dervauye operator 1o the Maxican bay wavelel. obain
1he next hugher order isolropic wavelel and weraie the process
I 2ot A whole family.

A Gaussian-Mexican hal wavelel padr has been exwensively
wsed 1 detect stouchure From asiroplecsical images, paricalacly
lor detecting poind soarces i cosmic microwave backzomnd
(OB maps |6 Mo recondy, i bas beeo showne s
preneralized Gaussian-Mexican har family wavelet pair
Improves such point sonree detection in ChIB mps [¥]. Thos
a simple scheme for implementing this waveler family is a
problem worth dealimg for the sipral processing comnminity. It
las already been shown that the Geanssian devative famaly
can provide a very effective tool for desicning good quality
low-pass filters [8, 9.
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II. TIIE FROPOSED METIIODOLOGY OF DESION

W ame nony poine 10osee oy T the e thod of vanisTing
wnnenls g (2kML owder Gaussion denvalive [ller of
ambilrany scale com be exprossed as he lincar combimation ol
(k+ 1) smoolh Blers, 1o

x [ :
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=

Whore s are (he weighiing cocllicients amd hy: iy (he
weightod smn ol k=1 muoli-seales (o) fumclion ol e samc
Guussiam kel

Y
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This will be wn nnprovemenl and  peneralizalion of (he
method of Ma and Li [3], since they did noy handle the scale
of the Lelt haond side ol Lyguation 1.

Ag hzaxd s a8 (2k)-h oeder dervaure Tlier s the
weighting  coefMicients  will sausfy  the Tollowing  liocar
o menl Soualons:
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10 e malix A7 thal encompasses the given soales 0,

15 ool singular then the coefliciznis o can be calewlawed as.
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Whare, K =

lo this paper, we have compuoed the (kb order
derivative of 8 Caussian smooth fuoction ol 2 parnicular scale
(o) by a linear combination of nmlti-scale Canssian function.
The important issue of this design is to find the optimum
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scales of the (k11) smooth functions so that the linsar
combination can ¥ield the best approximation of the (2kih
order derivatise ((2kwh order denvative of 2 smooth function
[5]v of Canssian of scale 6. In order to achieve the optimmm
scales. we have nsed the least-square curve-firting alpontun
This aptimization is performed in the frequency donin rather
than in spacefime domain though we shall show a
comparison of the two second order lermels n spatial dopain
wilth respect Lo the besl cngincenimng apamesimg o mpesenled
by Marr [4]

So, i regquensy domain Fguation 1) s ransiomned s

Hog ()= D e (2w i, ) -
. C sla”
Where. £z o) = Exp{ ...j ‘

LITS of Equarion (34 can be expressed in nornialized form

“

+A"
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e ® et
Haptoh= (oo n Vexp -

{6

s

Dring the optimization the weight factors (o) are
caleulared from Equation (43 to mininiize the square norm of
the following enor function

-

. 1 . - . .
mink, = % Z TN o R A Z:x_,- WIFiia,. o (7
-, 1s the nommwlization constant and 4., is the normalized
3K order CGaussion derivalive,

M RESLLTS AND THSCUSS10MN

Wo ame moy going 1o prosenl o commpiralive stody ol 1he
hlexacam hal @ed vamiouws other even order Hemmibiam wavglels
in i Foomer dowagin with comespomding designy in Craussiam
sl space, Tl il casey vwe b e conmparied e dosizng Tor
e dilforend seples, meloding one verny wide seale
vie o — 28 Lt us Dein walh (e Mesicam hal wayclel Th
wsulls i Tuble 1 amd the eomesponding diagran m Fig,]
moves il the proposed  Aller an CGousyian scalc space
muctically werzey wilh the seeond order demvalive i Fooncr
dormngin, The kernels Mronne the proposcd desizn luve also been
shoen a Fig 1, %o Bimgd il the: salucs of 7 in e Craussiam
sl space are close o e seale ol the densalive R,

Inotable 2 and Fig 20w make o stonlar companison Tor
fourh order Gaossian dervative, withe siwlar resulls, This
Mmgtiom in o dinenyion s e Bi-laplacian ol Gogsysian and
a corresponding  linear  combioation ol thiee  Gaossian
finctions. can be a physiological equivalent 1 the ooo-
classical recopue feld o low-level visoo, the widest
Crassian representing an caended  surmmnd  beyond  the
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classical Difference of Canssian modeled receptivve field [10].
Youne [L1, 12] had also demonstrared that in homan visnal
svstem though in rare cases ope pway leve to include up to
tentl order of differentiation, senerally inclusion up to fourth
order suffices. We have performed similar analysis with
Caussian derivatives of higher order and obtained similar
resulis for order &, 10 and 18 ITowever due to lack of space.
we are only showiyr the result for demvative order |8 only in
lable 3 md Fig, 3,

Huavimg thos dmplenenied  amy oven ondor Geinssiam
derivalive in Grssian sl space. we come back o the
Gadings of Wan=Hildhoth wned comnpare our [elings wilh
hears |3 Wa-Hildreh has reported aboul a seoomd otder
dervalive of aussain of hall-power bamhsidth 13 oclive
W b Tound hat the commespomdimg seale is piven hjr =,
Wo now inmemnenl our wmthiogd [or s seale The mesolls v
bisem shown an Fig 4, The vl li=scale Ml angd 1he denvaliyc
Lemicls praciically oncrlop and I Founier domdim alug we
he sang commeadens: This ooours al @ seale ralio of 11,01 in
e Granssian scole spuce wnl appears o be o beler
cngimeeTg approximgion than whal was reporled by Marr-
Hildho:[heoal o seale rio o 116 and gy cxhilvited m Fig, 11 of
hlamr=Hildreih's papor |3,

[T R I BV B
TIUAT JFTIE 5

E R0y DF PHE R0 = 0F PREE BRI T-SRD S LR =S R S D
W STARTATRT OTF N ORTTR

Cardar ol o o = 1. nisrmn
Dierivative M P
3 38 4. 55 15243
3 S G078 2158
2 2H AT E2AZ 2HTEN2 1.631

Finally we are going 10 show. that the family of Ganssian
derivatives thus designed o a Ganssian seale space can indecd
be claimed v form a2 wavelzr lamily [13] 7 we siudy 1he
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e ey Clenes
mmiti-seale Crzsians for l.'T—| Goand 28, (At corresponding komals of the linear

Ll Eal-fe ) Camparigen of amplilude spectrum

coefficients of the linear combination as filter for perfect
reconstmction. This we show for mmlti-scale equivalent of
second oider derivative and can be extended for the higher
order derratives as well.

From 1" condition of equation {2). considering the case of
second order Ganssian derivative. we get:

|'.!'| - =i

SASLL Z NG A LA IV F S A2 AL LT ALL AL A TS AR L

A e GRS DRE A
Chder of = o - o L nwow
Taarivative ™ x 107
| | A.2101 ERESTHH A2 TARAT
3 g ) S 5 G170 ERY]
3 24 TTRITA 272142 A0k (11504

It iz tlms observed tat the coefficients of two mult-scale
Gaossians form a hipl-pass filter which thus resembles one of
the pair of [Taar filters for tvo-cleuwel Perfect Reconstruction
{PER). except the nomualization constaunt. Then, one of the
anakbysis filters is
TR AT | A
and the simplest chnice of the oiher analysis liher s
Biy=ea 25

As the system will bé alias free, so the tvo syathesis filters
will be of the followingr form:

ety —_‘r: L —”f !

This resulls the distodion transier unston
f(/)——[h’ (A =7y = T (A=)

i b adbla_v Lilwer.
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With the above choices of four filters we get.
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Tsotopic Goussian densalives  wor well-stodicd by
Young in lhe comiexl ol reimal and cortical reeeplive hiclds,
Young demonshaled hat the weeeptive LGelds o meany
neurons,. both ol the cortical and retinal lesel, im0 Lhe
wgnnmalion visnal syalemn could beo oapprosinaed by oa
comnbiglion of Wigher demvalives of Gousstan, For example,
spalinl regueney specit of sinple cells i omonkey yvisual
cores showed 2 large vaciation o the bandwidih and 1hat
varation could be accouned lor by a Gawssian Dervalive
madel [L4]. The presem work shows bow even hugh order
Gaussian decivatives may be computed by the visoal svsiem io
a Ganssian scale space only. The proposad wavelat lamily in
Gaussan scale space 15 also hikely 10 be an impodant waol in
seismic signal analysis, 0 cosmic microwave background
(CMOY maps and may be in the general cases involviog
CIaussaAN PNy Sources.
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