ON THE DISTRIBUTION OF THE MEANS OF SAMPLES DRAWN
FROM A BESSEL FUNCTION POPULATION
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1. S. Bosc' has made a critical study of the following Re:se! function distribution : -

e m Ce o Y tgvn) dx w0

where C= (g a o=, qd 450,050, m>-1 .. (2)
fon with the n

This distribution first arosc in a sp.tialised form, in
of the present author on the exact di ion of the D™ istics.? The object of the
present paper is to find the distribution of the mean of 2 random sample of n, from this
population. It appears that the distribution of means is of the same type as the mother
population. Since the type 111 distribution is a special caxe of the distribution investi-
gated here, Irwin's ® distribution of the mean of a random sample of n from s type IIT

population follows as a corollary.

2. The joint distribution of a sample

Xy) X3y eessennaene Xy
from the population (1) can be written as

c. PELIETE I I S 8] (% X2 e ’_)"'

x La(qvx) . La(@Vx e lalgv/ za) % dx, dx, .0 dxa w (3

Now miake the trausformation
% = x
U, = x4z,
% = xt+xtx,

$a = Xt Xytoaants

Tt is readily secn that
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8 (x1, X1 srrons Tal
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OXN THE MEANS OF A BESSEL FUNCTION POPULATION
so that (3) takes the form

o T Y SRR T S RN

x lulgvuy) Lalg v/ (s )| LalgV/ (us=u,)i ..

oo lalov/ (s =sag)] - duy duy onevnn, duy e (8
Now Jet, w, = wuysin’é . (6}
Hence (5) can be wiitten as

C e u.-. Sin 8. cos 8. { (g = u) = uy).... (u.—u-.)l-h

% lalq sin 8, Vi) . Ta (g c0s 6,/ 13) \ Tafa o (= ].conninns
Tafg v/ (e~ sa-1)} « 2u, sin 6, cos 6, db, du,...... dn. . (D)

As  xy, Xgy epaen Xy vary from 0 to «, It Isreadily scen that 9, varies from 0

to /2

Now we have to us¢ Sonine’s sccond tinite integral ¢

alt
(1. sing): ). (Zcose) . sin*1 e . cosv+te do
O

. 7 P2 ) - @

(£3+ 2)lodeeD)

which is valid when both R (s) and R (v) execed =1,

Putting 2z = ja, Z = ib, where aand b are resl, we have in particular
! el v

I I (asing). 1 (bcoss).sin 9.cos ods

.

0 b L /@450
et 0]
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Now integrating (7) for 8, from O to w/2 by the help of (9), we have

e uy (e ugu—ua) =]

Const x ¢~

Limalg(v2us)} . Lafe/ (= 1)) - Lafo v/ (= u,)}
wor - TalgV/ (ua=ua )] . dug duy . dug e (10}

23



Vot. 3] SANKHYA: THE INDIAN JOURNAL OF STATISTICS {Pagr 3

Now let usset u; = u,sin’ 0, and again integrate out for 8, from0to =2 by
the help of (9). We get

(ama3) i3
—au
ey

al
Const x ¢ {lug=1).cune. o (= e}

L (9 3102)] - Ja {0/ (ta=103)] v
------ la{gV (ta=u,.,) - duy du,.........du, e (1)

Proceeding on in this mamner we finally obtain for the distribution of w, ,

—au, | i
S

Const x ¢ o Loy {9V (01e)] duy w {12)

1f x is the sample mean clearly
., = Ay w (13

Herce the distribution of % .is
- (masa-1)/2
L e 2T e gy d® . (1)
Comparing with (1), and remembering that both in (1) and (14) the definite inte-
gral taken over the values 0 to o« of the variable must be unity, we have

oD —ngtda

c = (ZIM:)-Wl + (na) e (18)
3. If now iu (1) and (IS) wemake g—>0 oand remember that
Lt L) _ 1
20" T 2T(k+1) = (16)
then (1) reduces to the type I1I form
m|l+—l) ™ L et x®dy 1)
and (15) reduces to the following form
ml 2O 7Y | canan go .

which therefore is the distribntion of the mean of a random sample of n, ftom the \ype
11 population represented by (17), which is the distribution given by Irwin.?
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