RELATIVE EFFICIENCIES OF REGRESSION COEFFICIENTS
ESTIMATED BY THE METHOD OF FINITE DIFFERENCES

By S. S. BOSE

STATISTICAL LADORATORY, CALCUTTA.

(1} InTRODUCTION.

The regression cocfficient of y on x s defined by the expression :

b= Sl=Xiy-3)
Stz —x)7 e (1))

where x and y are the two variates, X and § their mean values, b* is the regression of y
on x and the summation is taken for all values in the sample.

If the independent variable is taken ot equal intervals (as is usually done in time
series and in many physical and biological experiments), we have S(x=X)*=n{n*=1)/12
so that

n(n’—l)[lZ w (112)
The standard crror of b ig casily calculated from the expression (1°I)

b= b(x SE=7F [(xy =Xy =)+ (4= X)(3s = F) +rreen # (Ya=F) (ya— 5]

If the variance of y is o the variance of the lincar expression in the numerator =
o', S{x—x)* and the variance of b is tlicrefore given by

ot §(x—%) o

ot = Sa-r) - S=-%¢ e (1°2)

In the present paper, it is proposed to estimate the regression ceefficient by the
method of differences of the values of 3, and to calculate the relative cfliciencics of these
estimates in relation to the least square solution. The method of calculation is slightly
different for even and 0dd pairs and the two cases have been treated separately.
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{2) Meruop or Soccessive DiPFERENCES.

{a) Even number of samples, n=2m,
Let the values of y corresponding to given cqually spaced valucs of x he as follows
X X

¥ ¥r oo

If the relation between x and y begivenby Y = a+f8x where Y, o and 8 are
population values obtained from au infinite st of values of x and y, we have

o= Y, +e = (atfr) + o

ya = Yy +e = (atfx) + ¢

. . . » v . - L] .
yim = Y + & = (@+fria) + €
where e, €3, cne €a Are crrors of ¥,, s seeeee ¥me Itis assumed that these errors

are distributed normally with mean = 0, and variance = o',
Now, 5, =y =(Ys=VY) + (6 —e) =Bx; —x) "+ (ea —e))
o=y =Y = Y)) +le—e) =Bxi—x) + (e ~e)

Ym =Yma= (Yiu=~ Yiu) + (m=tsm1) = B(X1m— ¥1mua) + (€10~ €1m.)

Adding,
(Vat Yot oo Yam) = (14 Vst cernFrma) = Budom +{eg¥ e, +..0nne R e O S . |
where d= %=X = X;=X) = ccoiss EXga—Xgm
Therefore, B.d.m = [S{ys) =S(¥se-)]s = [Slens) = S{eser)] v (20)
If m is indchnitely farge, we have 1 that the il ical exp ion of S(¢)

would vanish.
We may therefore define

b= Bld=tnedl o 2 L g, -s,000

2 . (21

where n=2m. Then the mathematical expectation of E(b,) = 8, so that the cstimate
b, is unbiassed.

We have
o=n =fd4 (e, -e¢) =fd+e,
Yo=m =Pd4 (e, —¢) =8d + ¢,
L4 . » 3 .

Vim= Yrma = Bd + (fru— t3u) = Bd + ¢'u
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Now, Bl+¢ is distributed normally with mean=fd, and variance = 20" (twice

the variance of ¢}, Since db, = ;lf S: (Bd +¢’), the variance of db, is 20"/ m.

. 4
Thus the variance of b= 22

d the standard error of b= 22
aadth L VI )

(0) Odd number of samples, n=2m+1,

Using successive first differences, the regression cocfficient is given by
v, = (ya=y) + (=2 + oo i s

d - (29
§ . _ 20" 4a*

‘The variance of b, = - n-na e (28)
, 20

ond the standard error of by = TIG-1 v (26)

(3) Memiop or DiFFHRENCES AT HALF Raxox,

(a} Even number of samplc;, n = 2.

Anotlier esti of b is obtained by first dividing the 2m sct of values in two cqual
parts and then taking differences at intervals of m as in the scheme shown below :

Yan =% = (Yan=Y)) + (cau=6;) = mfd + ¢,

Ym=ya = (Yiu—Ya) + (¢sa—ta) = mfd + ¢a

Hence, p o (S = f.‘-y,;”: — [Sted):

. (30)
The sample estimate of B Is given by
by [Slran) = St33)
) e - D)
- 20 16¢*
The varianee of by= .—"15_7 ] w (32)
. LA
he standard error of by = o d e (33)
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(b) Odd number of samples, n = 2m+1.

Omitting the widdle term 3p,, ,  the estimate of b’ is obtained as follows ;

by = D=yt YmesSad b e (Y1 = Ya)

m(m+ Nd e (34)
. . 20t _ 160*
The variance of by = A EeDEE e (35)
4o

The standard error of by = W v (3°6)

(4) MsTHOD OF RANGE.

The regression cocflicient may also be calculated from the range.  Thus if y, and 3,
are the two extreme values of ¥ correspouding to a, and x. respectively, the cstimate
of the regression cocflicient is given by
Ya=¥_

-1)d v (4
2at

(n=1)'d? . (42)

b, = _oJ2
T -1y . (43)

by, =
The variance of by =

and the standard crror of

(5) ReLATIVE Erriciency or Tig REGRESSION COEFFICIENTS.

The variances of the four esti of i (et may be compared from
the point of view of relative precision. Assuming the interval between x’s to be unity
(which does not lead to any loss of generality) we have the following results,

TauLk 1. VARIANCE OF REGRESSION COEFFICIENTS.

Lven Odd
(1) Least Square 120 /u(n®—1) 120 u(n¥=1)
(2) Successive differences 40 40/(n-1)
(3) Difference at half range  160?/n* 160/ (n = 1)(n +'1)*
(4) Mcthod of Range 20 [{n=1)* 20} (n=1)*
The dard errors of the regressi fici for different valucs of n have been

shown in ‘Table 2 and Chart I.
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Tantg 2. STANDARD ERROR OF ESTIMATES OF RRGRESSION COKPPICIENT IX TRRMS
OF POITLATION STANDARD DEVIATION A8 UNIT.

Leat | Successive | Piflerence |
3 i athall | Range
a Square | Dilfereace e
{1 {2 (5} 0 s
H P+ as 1 1818
3 07 4 207 o
4 347 1000 500 1
8 36 1960 s o
to ‘1ot 61 ™ -
. - Krd ‘067 “101
2 030 7 ‘018 it
= o R ol 039
Y ot o ‘023 019
b "oty 380 019 o
0 ‘ot it e o
5 01 902 ety ‘058
» 010 283 ‘o1t Pt

If 0,7 is the variance of the least square estimate and o® that of another cstimate, the
relative efficiency has been defined by R. A. Fisher as I = 1000,"/0', The relative effi-
cicncics of the four different estimates are showa in Table 3.

‘TapLE 3. RELATIVE EFFICIENCY OF REGRESSION ESTIMATES.

Even Oad
Successive Difference 3/(m*=-1) 3/n(n+1)
Differcnce at half Range 3ntf4(n"—1) 3(n+1)/4n
Mcthod of Range 6(n—1)/n(n+1) 6(n=1)u(n+1)

It will be seen that the efficiency of the method of successive differences falls very
rapidly with . \Vith 3 pairs of observations the cfficicncy is as small as 25 per cent only,
and with 18 pairs, it is reduced to less than 1 per cent.

Next to the method of least squares, the method of diffcrences at half range appears
to give the best results.  The limiting eficiency is 75 per cent, so that at any stage the
loss of inforination is never more than 25 per cent as compared to the lcast square solu.
tion,

‘The range method gives as efficient estimates as the least square solution up to 3 pairs
of obscrvations but, the cfliciency begins to fall rapidly as the number of observations
increases.  With 4 pairs of data, the cfficiency is 90 per cent and is, in fact, better thun
the method of differences at Inalf range.  \With S pairs or more, there is considerable loss
of information. The relative cfliciencies of i flici for different valucs of
# arc shown in Table 4 ond Chart 2.

In practice however the cfficiency of a statistic is not the only consideration. Davics
and Pearson’ have aptly noted : "An estimate (E,) with a larger standard error than the
heoretically 1nost reliable (E,) will sometimes be so much simpler to calculate that it will
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CUART 1. STANDARD IERRORS OP TREZ REGRESSION
COEPYICIENTS FOR DIPYERENT VALUSS OF n,

nsl-
Range seessrese
” -
Least Squore —_—
[ Difference at half-ronge e—=—o—--—
575 Successive Diffsercs oo —o s
&5k
T}
3
Ll
K * -Successioe Difference
] P L
sl “Diffcrence | c———
&hﬂl[wn}g
 Lead Squoredtrso . "¢ Range
o L 1 = g it R ERTIN T ]
© 20 e %o,

&

CHART 2. RELATIVE LPFICIENCIES OF RFGRESSION
COEFFICIENTS POR DIFFERENT VALUES OP 7.

NN /Difece ot halfronge

L K
AT
ARTH o/ Range
“o..
\‘/S«aw‘kblﬂnm« ..'°""'°--.-.,‘
= VPR 2 o g PR ELY IR TV
“© 3 w [ed



RECRESSION COEFFICIENTS BY FINITE DIFFERENCES

Taug 4. ERFICIENCY UF TIIE DIFPERENT ESTIMATES OF REGRESSION CORFFICIENT
IN RELATION TO rHE LEAST SQUARE SOLOTION,

; Difference
Successive
n : o Range
Differenss balf range
m @) [6)) (0]
2 100-00 100°00 100°00
] 2300 100'00 100°00
. 2000 80°00 £0°00
5 1000 20°00 80'00
10 808 1576 "
15 125 8060 8son
20 074 7530 i
23 o4 7800 2018
30 033 75°08 1871
8s o mee 1619
4«0 o1 7308 w1
45 ol 79°67 1213
30 012 7503 1ns3
« 000 73'00 000

b preferred beeanse for the purpose required the greater simplicity in calenlation ont.
balances any loss of accuracy involved.'”
P

Hence, when regression have to be caleulated on u large scale and o high
degree of piecision is not essential, the metliod of differcoces at half range may be recom.
mended for actual computation, The methed is simple and usually tlicre is considerable
saving in tinic. An actual procedure is showa in Appendix 1. Where greater precision
is required, the method of Icast squares must of course be used.

(6} SAMPLING EXPERIMENT,

A sampling experiment was conducted as follows: 144 samples of x and y are cons-
tructed with 4 pairs of values in cach, with a population regression flici 8 =2
Four esti of regression cocfficient were then made from cach of the 144 scts The
frequency distribution of cach of these estimates is shown in Appendix 2.t should be
sufficient licre to show the closé agrecment between the observed and the expected values
of the mean regression cacflicients, standard deviations and the relative cllicieucies of the
four diffcrent estimates.  This ia given in Table 5.

TanLe 5. MeAN, STANDIRD ERROR AND LFFICIENCY OF RRGRESSION
CoMPFICIENT (N =144, n=4, o'=1).

Meax Staxparp Ernor [Rrurmive Ervrcoxey

Observed | Expecled | Obsesved | Expeeted | Observed | Expectenl

Least Square w | 20033 ¢ 0373 | 0000 | odm6 | odnz ~ 10000
Succemsive Differenco | 21722 £ 0833 [ 20000 | 00100 | 10000 | 2130 20°00
Diffcrence at halfronge | 20872 & "0HT [ 20000 | o4240 | ¢3000 | 7010 £0°00
Range - oo [ TONT % (0303 | 200000 | 04m20 | 0NTIS | 20778 2000
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It is a pleasure to acknowledge my indehtedness to Mr, S. N. Scn for drawing my
altention to the preseat problem,
Arvexpix 1.

Mirnons of CALCULATING RrcressioN COEPFICIENT BY TR Meruon ov Dirrkresces

Methad of
Difle
x v . al hall Range
range
1 173
2
3 263
+ .
8 823 7'58
G . 009
7 189 004
8 7'80 1322
oot g |88 l_1|_|a~.-.-
25 by=200  by=1%9

The Least 3quaro eslimate by=2015

AIPENDIX. 2.
FREQUENCY DISTRIBUTION oF REGHESSION CORFFICIENT CALCULATED 1Y
FuuR DIFPERENT METUODS.

(B=2, n=4)

Difl " )
Least [Successice(DifTSTenceizge hog o Least [Successivel DiTEICnCe sfeihod of
Square | Diffcrence| hall rangel Range Square [Differcace range Range
1 1 o 33 .- 5 1
1 ] [ s . 3 1
‘0 [] 4 1 1 57 . 1 0
I 2 3 3 a8 30 4 1
18 ] 13 ¢ 4 +1 0 -
s 13 8 10 L +8 1
7 18 10 18 113 43 " 1 .
10 19 14 £33 4 +7 1 ™
1 5 17 19 20 +0 0 .
3 25 n 26 2% 51 1 .
5 28 n 6 17 58 [
@7 7 16 12 13 53 0
0 8 8 [ 2 57 0
i 1 8 1 3 30 1
s T M4 I

Paper yeceived 24 Novewber, 1931)
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