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Population growth and poverty measurement

Abstract If the absolute number of poor people goes up, but the fraction of people
in poverty comes down, has poverty gone up or gone down? The economist’s
instinet, framed by populaton replication axioms that undergird standard measures
of poverty, 1s to say that in this case poverty has gone down. But this goes agamst
the instinet of those who work directly with the poor, for whom the absolute
numbers notion makes more sense as they cope with more poor on the streets or in
the soup kitchens. This paper attempts o put these two conceptions of poverty into
a common framework. Specifically, it presents an axiomatic development of a
family of poverty measures without a population replication axiom. This family has
an mtuitive link to standard measures, but it also allows one or other of “the
absolute numbers” or the “fraction i poverty™ conception to be given greater
weight by the choice of relevant parameters. We hope that this family will prove
useful in empincal and policy work, where it is important o give both views of
poverty—ithe economist’s and the practiioner’s—their due.

1 Introduction

The World Bank’s calculations show that from 1987 to 1998, the number of people
in the world surviving on less than two dollars a day inereased from 2.5 billion to
2.8 billion. But the world’s population was increasing sufTiciently fast so that the
incidence of poverty, the percentage of people below the poverty line, fell from
610 to 56.1%. (See Tables 1 and 2). Did world poverty fall or stay constant during
this turbulent period of globalization” One answer o this question is to say that itis
a nonguestion—the answer depends on what 1s meant by an increase in poverty.
But this is precisely the point.
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Table 1 Population living on less than 52 per day, 1987 and 1998

Regions Mumber of people living on less than 52 day (millions)
1987 1998
East Asia and the Pacific 1.052.3 BRLD
{excluding China) 2949 2521
Eastern Europe and Central Asia 16.3 8.2
Latin America and the Caribbean 147.6 159.0
Middle East and North Africa 6.1 854
South Asia 9110 1.094.6
Sub-Saharan Africa 3566 4893
Total 25490 28115
{excluding China) 1,796.6 21787

(Adapted from World Bank, 2001 Poverty Upadate)

There appear o be two substantively different views of poverty increase {(or
decrease). One 15 associated with absolute numbers of the poor, the other with their
number relative to the total populaton {or the “incidence™ of poverty). The
economist’s mstnet is o go with the later. The instmet of those on the ground, Tor
example, those who have to face the absolute requirements of increased demands
on soup kitchens or homeless shelters, is to think that poverty has gone up when the
number of mouths to feed or beds o find goes up.

In the axiology of poverty measurement, which 15 where economists draw their
instinets from, vanously labeled axioms of population replicaton assure a
neutrality with respect to population scale. These axioms basically argue the
following: Take two identical societies and merge them o create a society with
twice the population size. The poverty index in the merged society 15 the same as in
the component societies even though the absolute number of the poor is twice as
ereat because the total population is twice as large as well.

Table 2 Percent of people living on less than 52 per daw, 1987 and 1998

Repions Percent of people living on less than 52 day (millions)
1987 1998
East Asia and the Pacific 67.0 487
(excluding China) 62.9 443
Eastem Europe and Central Asia LN 20.7
Latin America and the Caribbean 3355 ) By
Middle East and MNorth Africa 30.0 249
South Asia 863 LER]
Sub-Saharan Afiica T6.5 8.0
Total 610 56.1
(excluding China) 582 579

(Adapted from World Bank, 2001 Poverty Update)
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The distinction between the two views of poverty is no mere technicality. As
argued in Kanbur (2001), in Ghana between 1987 and 1991, the mncidence of
poverty came down by aboul one percentage point per year, while the absolute
number of the poor mereased because total populaton was growmg by around two
percentage points a year. The World Bank and the Internatonal Monetary Fund
trumpeted the first as a measure of the success of ther recommended “structural
adjustment”™ policies, while those in civil society who criticized these policies did
s0, at least partly, because as they looked around them they could see more poor
people in the streets. The global figures on poverty reproduced in Tables 1 and 2
show many comparisons where change in absolute numbers and change in
incidence move in opposite directions or, when they move in the same direction, do
s0 at very different rates. For example, in South Asia the number of poor people
increased by more than 180 million people, while the incidence of poverty fell by
2.7 percentage points. Even in East Asia excludmg Ching, where both absolute
numbers and incidence fell, the rate of fall was very different. Absolute numbers
fell by 16%, while the incidence fell by 30%. In sub-Saharan Africa, where both
numbers and incidence mse, absolute numbers mse by 38%, while meidence rose
by a bare 2%. These contrasts raise questions about the recent United Nations
“millennum target™ for income poverly reduction, which has been specified in
terms of the incidence of poverty rather than in terms of the absolute numbers of the
poor.

The issue of population size in evaluating wellare in general has a venerable
tradition m economics and philosophy, going back at least as far as the debate
around Parfit’s {1984) “repugnant conclusion™ (see also, Broome 1996). In the
realm of poverty measurement, Kundu and Smith (1982) launched a debate by
proving an impossibility theorem on measunng poverty with variable population.
Most recently, Subramanian (2002 has tackled directly the 1ssue of nommalizing by
population size and proved some possibility results. Our object is to build on this
literature, but with a focus on an axiomatic derivation of a class of poverty
measures that is operational and allows different weights on the normalized and
nonnormalized views of poverty.

The analysis in this paper puts the two conceplions on poverly measures—one,
that the poverty measure should dse when the number of poor increases, and the
other that the poverty measure should fall when, holding the number of poor
constant, total population increases—into a common famework. Section 2 sets oul
the axiomatic framework and denves the basic chameterization of a family of
poverty measures without a populason replication axiom. Section 3 discusses the
basic result further, and shows how, with different parametenzations, the two
different views can be given different weights within this family of measures.
Section 4 concludes.

2 Framework and basic result

For a populaton of size n, the set of mcome distributions 1s given by RY, the
nonnegative orthant of the n-dimensional Euclidean space RB". A typical element of
R isx=(x,x,...,: xy ), where x; = 0 is the income of person i. The set of all

income distributions 18 £, = U &, where N is the set of naural numbers.
neN
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A person i is said to be poor if x; <z, where z € B! is the exogenously given
poverty ling, with R! , being the strictly positive part of the real line. For any
ne N, x€ R}, the set of poor persons is S{x) = {1l <i<n:x =z} and the
cardinality of S{x), that is, the absolute number of poor persons s g(x). The

censored income distribution associated with x is x* = (¥, x5, ..., x’), where
=z ifx>zandxf=x ifx; =z

A poverty index is a real valued function of individual incomes, the population
size and the poverty line. More precisely. a poverty mdex is a function P @ B x
R' % N — R The restriction of Pon B x R' | = {n} is denoted by P, where
neN is arbitrary. For any neN, x € R, P7(xzn) indicates the poverty level
associated with the income distribution x distributed over the concerned population
of size n and the poverty line -,

The poverty index is assumed to satisfy certain desimble properties. These are:

— Focus (FOC) Foralln e N, x,y € R} .z € RL_:_, if 8{x) = S8(y) and x; = y; forall
i€ 8(x), then P"(x; z; n) = P"(y; z; n).

— Monotonicity (MON) Forallm e N, x,y € R,z € R ifx; =y; forallj#i,
i 8(x), x; = y, then P"(x; z;n) <= P'{y;z n).

— Transfers principle (TRP) Foralln e N, x,y € R,z € R'.T_, if x; =y forall
i#gjkandx; =y, =y > x5, x5 — v = ¥y — 2, for k€ 8(x) and S(x) = S(). then
P"(x;z:n) = Py z; n). . .

— Symmetry (SYM) Foralln € N, x,y € R .z € B!, ify is a permutation of x,
then P"(x; z; n) = P"(y; z; n).

— Increasingness in subsisience income (181) Foralln € Mx € R, P'{x: z:n) is
increasing in z over B! .

— Continuity (CON) Forall n € N,z € R, , P"(x;z;n) is continuous in x € R",
e R,

— Scale invanance (SCI) For all ne Nx e R, z € RL+,F' (x: zm) = P'{ex;
ez n), where ¢ = () is any scalar.

FOC says that the poverty index is independent of the incomes of nonpoor
persons. According to MON, a reduction in the income of poor must increase
poverty. TRP demands that a trans fer of income from a poor (f) to a richer poor (k)
that does not change the set of poor persons increases poverty. 5Y M means that any
characteristic other than meome, e.g., the names of the individuals, 15 irelevant to
the measurement of poverty. Since given the income distibution, an increase in the
poverty line makes the poor people more deprived in terms of income shortfalls
from the poverty line, the poverty index should increase iff the poverty line
increases. This is what is demanded by I1S1 CON ensures that minor observational
errors in neomes will generate minor changes in the povery index. SCI says that
the poverty index s independent of the unit in which incomes and the poverty line
are measured. (For further discussions on these properties, see Sen 1976;
Donaldson and Weymark 1986; Cowell 1988; Chakravarty 1990; Foster and
Shomrocks 1991; Zheng 1997 and Dutta 2002).
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We now adopt an additional axiom, which when combned with other axioms,
leads w the desired form of the poverty index. This axiom 15 Structural
Specilicatnon (STS):

(a) Forallm, ne N,xc R, yve R}, P""x,yizim+n) = B(P"(x: zim),
P'{y:zn)), with B: R* — R' being increasing in its arguments, and

(b) foranym € N, x € R, P"(x;z; m) = G| 3 h(x:); z; m), where (7 18 increas-
s
ing m first two arguments.

In 8TS we impose a mild structure on the poverty index. 1t consists of two parts.
Part (a) 15 a separability assumption. 1t 1s quite standard in the hterare (see, lor
example, Blackorby et al. 1978). [t says that overall poverty can be caleulated from
poverdy levels in two or more subgroups, which fonm a partition of the population.
Here, for simplicity, we consider a two-subgroup partitioning of the population.
This specific form of poverty index excludes indices that are based on ordinal mank
weights (see, for example, Sen 1976; Blackorby and Donaldson 1980, Kakwani
1980; Thon 1983; Shorrocks 1995; and Chakravary 1997). The second part of the
axiom makes a stronger assumption about the form of the poverty index. It says
that the poverty index is a function of the sum of some wransfonmation i of
individual incomes, the poverty line and the population size. As we will note, under
FOC and SCL we may interpret the transformation & as an individual deprivation
function in that it can be viewed in terms of some type of gap between the poverty
line and the censored income. We may referto 3 fi(x;) asan aggregate deprivation

i=l
or illfare function. Thus, part (b) of 8T8 says that we view poverty as a function of
a composite indicator of deprvationillfare, defined in an unambiguous way, the
poverty line and the population size. In other words, our poverty index is
formulated in tenns of a summary statistic of incomes, the poverty lme and the
population size. Several poverty indices can be put into this structure (see, for
example, Watts 1968). It may be noted that part (a) of this axiom does not
necessarly imply part {b] For example, assuming FOC and SCL, if we define the

poverly index as H( : ) . where r = 1, then part (b) does not hold, although part

(a) holds. A second example that supports our claim is {1 —min, x; /= }

We now state a theorem that charmeterizes the family of poverty indices, which
satisly the above axioms, Note, in particular, that the axiom set does not melude
any of the varants of the “population replication™ axiom.

Theorem 1: A poverty index P: R, x B\, x N — R' satisfies FOC, MON,
TRP, CON, SCI, and STS if and only if for all me N, xe R, € R
P zom) s ordinally equivalent to

:{(ip(ﬁ) — mn), (13
i=1 =

where p: [0, 1] — B! is continuous, decreasing, strictly convex and a = (), o are
constants.
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Proof: In Appendix.

The monotonicity prnciple we have used m Theorem | was suggested by Sen
(1976). However, the index in Eq. 1 satisfies a stronger monotonicity condition,
which requires poverty to decrease if there 1s an increase in a poor person’s income
{see Donaldson and Weymark 1986). This later condition includes the possibility
that the beneficiary of the income mncerease may become dch. Analogously, the
index satsfies the Sen (1976) version of the transfer axiom, a stronger requirement
than the TRP considered by Donaldson and Weymark ( 1986). The Sen version of
the transfer axiom requires poverty to merease under a transfer of income from
poor o anyone richer. Note that in this case, if the two persons involved in the
transfer are poor, then the transfer may make the recipient rich so that the set of
poor persons changes. Cleardy, we can regard the function p in Eq. 1 as the
individual deprivation function.

Assuming that ;1[1—) =) for x; = z and g i3 fixed, o can be interpreted as the
amount by which the poventy index reduces when the number of rich persons in the
socicly increases by 1. This cleardy shows that under these cetens paribus
assumptions, nonnegativity of o is a reasonable requirement. However, the
situation s not so straightforward 17 we allow both the numbers of poor and the rich
to increase simultaneously. In such a case, there is a trade-off between the increase
in poverty due to the higher number of poor and the reduction n poverty resuling
{from the higher number of rich. Different indices may well evaluate the trade-ofTin
different directions. The value of o becomes helpful in detenmining the direction of
trade-off. As shown in the next section, if the absolute number of poor and the
number of rich reduce so as 1o keep the fraction of population in poverty constant,
then to ensure that the trade-off balances out in favor of poverty reduction, a
negative value of o may be used. Thus, in this case we take the view that the
reduction in poverty due to a lower number of poor should outweigh the increase in
poverty {rom a lower rich population size. Since o can be arbitrary, its choice
becomes an issue of value judgement. Note that for o =0 under FOC, the general
poverly index in Eq. 1 is independent of both nonpoor population sizes and their
income distnbution. For a given income distnbution over a given population swze,
an increase in the value of o reduces the general index. The constant a is a scale
parameter: given other things, an increase in the value of @ ncreases the poverty
index. Therefore without loss of generality, for all future discussions we canseta= 1.

To relate Theorem 1 with existing results, let us denote the fist term of Eq. 1 by
. Foster and Shorocks (1991) showed that all population replication invanant
subgroup consistent relative poverty indices must be of the form F{ 7 /m), where
Fis continuous and mereasing. Subgroup consistency demands that for any
partitioning of the population into subgroups, aggregate poverty will fall if one
subgroup’s poverly 15 reduced, ceteris panbus. Cleady, there are some imporiant
differences between the class isolated in Theorem 1 and the Foster—Shomocks
family. While the latter is population replication invarant, the former is not.
Another source of difference is the appearance of the term oom in Eq. 1, which
enables us to consider different views on poverty change under population growth.
Specifically, notice that the first tenm of Eq. 1 18 an “aggregate™ (not nommalized by
total population) version of standard poverly measures that emerge from settings
where population replication axioms are imposed. The second term depends purely
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on total population and its impact depends on the choice of the pammeter o and the
population size m. These two terms allow us to see the different implications of
population growth for the measure of poverty. The next section discusses these
implications.

3 Discussion

In the rest of the paper, we will assume, for simplicity, that p sabsfies the
normalizaton condition p( 1) =0, We will now show how aggregate counterparts o
different population replication mvariant subgroup consisient indices can be
derived as particular cases of Eq. 1. For this we make the assumption that oo =0, In
this case a f-fold replication of the population will multiply the poverty index by £,
as in the replication scaling principle of Subramanian (2002).

As a first example, let p(f) = (1 — f]lﬁ, where for MON and TRP 1w hold we
need & = 1. The underdying index becomes

Plix;zsm) = Z (1 - '1-“)6. 2

TES[x)

Ps 15 the aggregate version of the Foster-Greer-Thorbecke (1984) index. For
0 < 4= 1 the index satisfies MON but not TRP. As§ — 0, P — g{x) the absolute
number of poor. For § = 1, P{" becomes the aggregate income gap rtio of the
poor, which can be rewritien as

Py = q(x)i{x), 3)

where f{x) = ¥ (1 —x;/z)/g(x) is the income gap ratio of the poor. On the
ie 8(x)
other hand, if & = 2, the index becomes

" = gx) [::f{.rzlf +(1—1(x))*C mJ , “)

where Clx) is the coefficient of varation of the income distribution of the poor.
Thus, over the income distributions with the same number of poor and the same
mean meome of the poor, the ranking of distributions generated by Py (for d=2)1s
same as that produced by C. Note that the number of nonpoor incomes and their
distribution are mmatenal for this moking, 10is easy tocheck that an increase in the
value of § = 2 makes the mdex more sensitive o transfers lower down the scale.

An altemative of interest arises from the specification p(f) = 1 — ¢, where
0 < ¢ <1 ensures that MON and TRP are fulfilled. The corresponding index is
ziven by

Plxzm) = j &Zx[.ﬂ (1 B (%)‘) )

which is the aggregate version of the Chakravarty (1983) index. Forany 0 <c<1,a
transfer of income from poor to rch increases &7 by a larger amount, the poorer
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the donor is. If we assume ¢ = 1, then TRP 1s violated but MON is satisfied and as
c— oo, P — glx) . Fore=1,PY coincides with g(x)f(x).

As a last example, assuming that all incomes are positive, let us suppose that
pitl = —logi. This generates the aggregate form of the Watts ( 1968) poverty index

Fox z; m) = Z log (;;) {6)

iE 8(x) "

P 1s more sensitive to transfers at the lower end of the diswribution.

Settiing e =0 in Eq. 1, an increase n the number of poor increases poverty, Nexlt,
assuming positivity of o, we note that the poverty index in Eq. 1 decreases
unambiguously as the total population increases, keeping the number of poor and
their income distribution constant. This shows how the two views conceming
poverty change as a consequence of change in the population size have been
incorporated in a general structure. We refer to these two views as V1 and V2,
respectively.

Kundu and Smith (1982) demonstrated that there does not exist any poverly
index that meets the Sen (1976) version of the ransfer pnnciple and the two above
conceptions on poverty change because of population growth. The mam difference
between the Kundu—Smith formulation and ours is that we do not impose the two
population growth criteria at the outsel; mther, we derive the two views separately
as tmplications of our general formula (Eg. 1), Subramanian (2002) proved a
similar impossibility result under a population growth principle, which states that if
all the poor persons have the same income and a person having this common
income joins the society and if there 1s at least one nonpoor person in the society,
then poverty must go up. It is easy to check that this form of population growth
principle 15 venfied by our index m Eq. 1 under the assumption that o = (.

Let us now consider a fourth view conceming poverty change resulting from
population growth and call it R1 1t s the requirement that for a given head count
ratio g/m, if the absolute number of poor g reduces, then poverty declines. We note
the distinction between V1 and R1. While both require poverty reduction under a
decrease in the size of the poor population, the latter demands additionally that the
head count ratio i a constant. To combine R1 with V2, we rewnte V2 as the
condition that for a given absolute number of poor and the income distrbution of
the poor, poverty declines if the head count ratio declines and call it R2.

We now want to examine whether R1 and R2 can be incomporated in our general
framework simultaneously. Forthis, let us suppose for simplicity that 7 in Eq. 1 1s
the absolute number of poor g so that the poverty indicator becomes

Plixzm) =g —am. (1a)

If gy = g2 and q||,.'"m| = qgll."'mg = A, say (so that m; = m3 ), then R1 would
demand that P = P, which in tum gives g2 —oma < g —amy, that is,
a < (g2 —q,)/(my—m;) = A Thus, this restriction is met if o is smaller than the
eiven head count mtio.

Next, given gy = g2 =g (say) and g, /m; > g2 /my (so that m) < m; ), R2
will demand PY < PU, that s, (g —oama) — (g —omg ) < 0, which  gives
af(m) —ma) < 0. Hence, o must be positive.
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We summarize the above observations in the following:

Proposition 1 A poverty index of the form Eq. la will satisfy the following
conditions simultaneously for a small positive o:

— (R1) For a given head count rmtio, if the absolute number of poor declines, then
poverty should decline.

— (R2) For a given absolute number of poor and the income distribution of the
poor subpopulation, if the head count ratio declines then poverty should decline.

While B2 holds unambiguously for all o = 0, the choice of o for R1 to be
satisfied would be dictated by specific situations. To see this explicitly, let us set
g1 = 2,g2 = 1, and (since g f'rn| = qul,-"lmﬂ, my = 2m> inthe R1-based inequality
a < (g2 — qi) /(mz — m). This inequality then becomes o < 1/my. Since my can
be made as large as possible, effectively, o will have to be some small positive
number quite close o zero. Thus, in any pairwise poverty companson of two
income distibutions, the major determinants of the rankmg become the aggregate
head counts in the two distobutions, with the head count mtios playing a negligible
part.

Another interesting observation that can be made here is that the R1-based
inequality o < (g2 —qi)/(m2 —m) can hold for negative values of o as well.
Since we require positivity of o for R2 to hold, in such a case Proposinon 1 tums
out o be an impossibility result, which says that simulianeous satisfaction of R1
and R2 is not possible.

A paturml question that anses at this stage 1: Do there exist other poverty
indices that can incorporate these two views simultaneously? The answer 5 yes,
and an example of the desired type of index is P"(x;z;m) = ¢ Jm. Py was
introduced by Arriaga (1970) as an urbanization index. In Amiaga’s framework, the
numerator of P} is the square of total resident population in the urban community
{1f there are & wban communines, then it will be the sum of squares of such
population sizes ).

Mext, suppose that g increases from g, W g- and m increases from m; 10 ma.
Then, for the overall poverty index in Eq. la to increase, but allowing for a
discounting  for population  growth, the index should fulfill the meguality
(g2 —oma) — (g —om) ) < g2 — ¢, which we can rewnte as (g2 —g)—
a{ma —my ) = g2 —gy. Evidently, this inequality is satisfied whenever o = (0.

It may now be worthwhile to illustrate the index P™ in Eq. la using different
values of o, From Tables 1 and 2, we note that for South Asia and for the World as a
whole, the head count mtio has gone down between 1987 and 1998, But the
absolute number of poor has gone up in both places during the penod. Foro = 0.3,
the direcional change in g — am over the concerned period has been found to be the
same as that in g for both regions. For o = 0.5, while a similar picture was observed
for South Asia, a reverse situation occurred for the World. For o = 0.75, the trend
observed was completely opposite to that found for o =0.3. As stated eardier, this is
natural. For low positive values of o, g becomes the dominant factor, particularly, if
it s high, Therefore, it is likely that the directional change in g — cm will be
controlled by the directional change in g. How ever, for large positive values of o, a
different directional change may occur
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Proposition 1 and the numencal illuswration provided above are based purely on
head counting, which 15 a well-known violator of MON and TRP. The same remark
applies to the Arnaga index as well. An example of an index that satisfies R1 and
R2 along with MON and TRP 1s

1 M <
Plxizim) = = Zp(r’) (1b)

wherep is same as inEq. 1 and 0= 3< 1. Foragiven (x; z), an increase in 3 decreases
the value of P, To see satisfaction of R1 by Py, note that for a given head count
ratio g/m, for B1 to hold under a reduction of the absolute number of poor, we
require proportionate contraction of the nonpoor population size. Under this
contraction, poverty value, as measured by a populaton replication invanant
poverty index remains unaltered. Now, we can rewrite P in Eq. 1b as

i plx;/z) / m) = m'" =T /m). Clearly, the component 7" /m of P

is rmpulatmn replication invadant. 1f the population is rcpluamd ko= 1 times,
then the resulting index becomes PY"(y:z; km) = k'~"m'~*(T%" /km), where )
is the &-fold replication of x. By populaton rcpliuatinn invanance, ™ /m =
?“‘”’I,I'Ifm. Since (0 < 3 < 1, we must have P (y; z; km) = P"(x; z; m). Thus, R1
15 satisfied.

Mext, with a given absolute number of the poor g and an income distribution of
the poor subpopulaton, a decline in the head count ratio will result from an
increase in the number of nch.Clearly, the value of the poverty index in Eq. 1b will
reduce in such a case. Thus, R2 is fulfilled by the index £;.

The above findings can now be summarized in the following:

FProposition 2 A poverty index of the form m Eq. b will sansfy R1 and R2
simultaneously.

Since Py does not satisfy STS, it is not a member of the class given by Eq. 1.
However, it satisfies a more general condition than part () of STS, which requires
that "+ "{x, v; zim 4+ n) = B(P"(x;z; m), P"{y: z; n); m, n) . But one limitation
of P; 1s that, given other things, the direction of change in poverty, as measured by
this index, due to an increase m the number of poor may not be unambiguous.

4 Conclusion

Populaton replication axioms are now so much a pat of the axiology of povery
measurement that economists take them on board without much thought. They
have a certam appeal, they are certamnly convenient, and help to generate families of
poverly measures that we have all become familiar with. But, as we have argued in
the introduction, they impose a structure on poverty measures that does not
necessarily conform to the intuitions and instinets of those who deal with the daily
realities of poor people’s lives. We have shown, however, that appealing poverty
measures can indeed be derived without population replication axioms. These
measures relate miuitively w standard measures and are tactable and applicable in
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empirical and policy work. They also allow, through choiee of parametnzations, for
different weights to be given to the “absolute numbers™ vs the “fraction in poverty™
views. Given these properties, we hope that this family of measures will prove their
worth in empincal and policy work.
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Appendix

Prool of Theorem 1
By 8Cl,

P‘"H'"I[.t,_]!:::m+n:| =I_,pr+.lr(r -E 1 m+n) {_I'P:'

We rewrite the night hand side of Eq. 7as £ ©"(*,%; m + n). Therefore, Eq. 7
becomes

fﬂr-l-“{.f,_]-':::fﬂ-i-f!:l=.Em+"(-;,:|§:m+n)' {H}

FOC implies that P * "{x, y; z; m + n) = P" T "x* y*:;z; m + n) Hence, Eq. 8,
under FOC, becomes

P + ”{-TJ’:—_: m +H:| N o + (‘TT‘%:H’!'FHJ. {'9‘]

Given the representation of P" " in Eq. 9, we apply 5T5 to Eq. 9 and get

(S5
A0 59y ) o

izl h(l) Lm) =F (‘él p(l) i m) and hence £ 1s increasing i the

first argument and 8 1s increasing in s arguments. Given continuity of 7, the
general solution to the functional equation (Eq. 10) is given by

B(u,v) = £~ '(f() +f(v)), (1)

F(l.m)=f ~ Yal — bm), (12}
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where fis an arbitrary continuous, strictly increasing function, and o and b are
constants (Aczel 1966, Theorem 3 and Corollary 4, pp. 314-3135).
MNote that /, the Tirst argument of £ in Eq. 12, is the value of the function ¥ p()
-

at x*/z forsome x € R, m € Nand z € R}, and F is a representation of the
poverty index. Since fis increasing, f ' is so. Increasingness of /' in{ requires that
a 1s positive. In the presence of 8TS, 8ClLand FOC, in view of Eq. 12, we now have

Pxzim) =f_l(a(ip(- )—um))_ (13)
where o = b,

=1
Clearly, the domain of pin Eq. 1315 [0, 1]. By increasingness of f ~', P in (13)
satisfies MON only if p 1s decreasing. A similar argument shows that for TRP o
hold we need stdet convexity of p. This gives us the desired form of P, The
sufficiency is easy o check.
Mote that in proving the theorem, we did not assume SYM. However, the
poverty index in Eq. | satisfies SYM because Fin Eq. 10 satisfies it.

[ |._'_'=F
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