A GEOMETRICAL NOTE ON THE USE OF RECTANGULAR
CO-ORDINATES IN THE THEORY OF SAMPLING DISTRI-
BUTIONS CONNECTED WITH A MULTIVARIATE
NORMAL POPULATION

By SAMARENDRA NATH ROY.

INTRODUCTION.

In a paper published in Sankhyd?, 8 system ot rectangular co-ordinates was deﬁncd
in conunection with samples deawn from a multivariate normal lation and
nse was made of this system for the study of various tyjxs of sampling distributions
connceted with the population, Many of the results in that paper followed from hyper-
space geometry, while some of the fmportant derivations involved the use of rather
laborivus algcbra, including the procvsses of algcbruic fnduction, which i some places
were not fully carried through. It is the object of the present paper to replace by hyper-
space geometry the processes reforred to above. This will provide a purely geometrical
structure for the whole of the prcvious paer and incidentally throw some figlit on
many of the licated algeb incd fa that paper.

Secrion I,

It this scction we propose to cstablish certain Lemimas, useful for our present nvesti-
gations,

In the fundamental polyhedron OZ, Z,,.,
paper, denote the vectors OZ,, 0Z,,...... 0Z, by 1y, ty...ouly The bypervolume of the
paraliclopiped formed by these may be denoted by V(1 fy......t) and the hypervolume
of the paratlelopiped formed by a partial set, by a corresponding symbol. If we consider
only the first s(r & p) of the vectors, then the angle between the flat spaces (fyeens
has Bapreennndy) and (1 110 toryorsenedy) Will be denoted by 4™ The pcrpcndicnhr
from the cxtremity of the vector f, to the space® (i, fin & 1) d
veetorially will be denoted by 4, and the lengih of the perpendicutar, f.c [4™) by
k™ for our present purposcs.

1 instcad of the polyhedron 0Z,, Z,...... Z, we consider \he corresponding popula-
tion polytiedron OZ', Z',......%", (Ci. Sankhyd, poper, p. 14) then the vectors 0Z'),
veere OZ°, may be denoted by 7, 14, .7, Wwilhi a corresponding notations for volumes.
In the same way the angles corresponding to &,™ will be denoted by #,, and 4,
will be replaced by v™, and & by =7 |

, of Scction 11, p. 8 of the Sankhyd

P. C. Mabalancbis, Raj Chindra Nose and Nath Roy 1 N ton of ixtiesl
nd the use of Rectangalar Co-otdinates in the Theory of Sampling Distsibations™ Samkhyd,
Vol. 111, part I, Match 1857, pp. - 40.
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I3 is casy to sce that
ay = N o (1

where the dot stands for scalar product, and ay's are the sample co-variances a8 in the
Sankhyd paper.  ‘Then clearly

AN e (1°2)

Lemma .

A = V(t,, ceolioas dgse Yty e oy are ) cOS 0
where Ay is the minor of gy in the determinant on the left band side of (1-2)

Proof; Let L be any vector in the space (h,...biens fayseneese 5, and M beany vector
in the Space (Iyseees-Byy Bogpesereely) Let @ be the angle be the sngle between the two
voctors . ‘Then 8,® will be the minimum vatue of 4. Ve have

L o= Aht o Aot 4+ Mol +o

M=l t e Ba i+ Bl e
where A's and a's sre adjustable constants.

Ay
- Haly

L' = X, I, ) A an where the summation cxtends over the values 1, 2,....§=1,
i+1, ... pof v and s

Also M? = ¥, X, jn iy aan  Where the summation extends over the vatues 1,2,......
J=lf+1, s p of m and n,

Therefore, JL|.|M]. cose = (LM) = Z I Ap a0
where the summation extends over the possible values of r aud n just indicated,

‘To minimise 4, we have by Jiffcrentiation with regard to the disposable paramcters.

coai.}-H.‘-‘A.a.. -3t .

the summation on the left being for all pussible valucs of s, and on the right for all
possible vulues of n the formula being valid for r= 1,2, i=1, i+, ..o p.
Likewise we have

cos b . IH.S‘A-Q.. = XA am o (14)

where the summation on the left is for possible values of m, nud the right for possible
valucs of v, the formula being valid forn = 1, 2,......f=1, j+ 1,0y
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A GEOMETRICAL NOTE ON RECTANGULAR CO-ORDINATES

We have from (1:3) and (1'4) by climination

C‘l.’ G e @y gy Bygey see gy

Capys oo Crrs
.« Cana

Ca,,

Q144

Qerger

Cay,  ae Ay

Ca

[y Caprgr CapygorCaprs
Taraey Qaraar e By e Copngey C‘x.u-l ‘-“m-o
pay OGpiay e Qpy w Coppy Coypyn ... Cayy

where for shortness we have written C for cos 6.

We first multiply cach of the first p—1 m\\s by C and divide cach of the last p—1
columns by C. This leaves the deter i h 1. In the
determinant C* js common to and occurs only in the clements of the leading minor of
(p=1)th order. It is also readily seen that except for C?, the first (p—1) rows ond the
last (p=1) rows, have (p—2) rows common, cach to each. Subtracting the latter rows,
from the corresponding rows of the former, we have (C'-1)f.e. —siu’¢ os factors in
the first (p— 1) columns of these common upper (p-2) rows, and zeros in the last (p—~1)
columns of the same rows. Hence (—sin? §)*' comes out as a factor. Dividing by
this (since 8 5% 0), it follows from Laplace’s developiment of a determinant that

cos* 6 = (A /v(l,, 1oty Benseeeely) + D {heenennliy s )

This minimised 8 is §,® ,

One thing more should be noticed in this connection. It is well known and may also
be proved from the above results thut ding to this minimised § there is a unique
pair of lines 1 and m both of which are perpendictlar to (fy, tyseidiss darseestions oy
weensly), which Ict us call S for vur present purpose.

Then 14, being perpendicular to (S, &) is perpendicular to ! which lies in that space.
Similarly £, is perpendicular to M. Also £, 1, [and m ure co-planar, all lying in
(S, 4 1)) and all being perpendicular to S.

‘Therefore, 8, = angle between I and m = angle between £, and £,
Therefore, Ay® = (lyeeniidiony bogpners D) o Dlliseeeensdions hurvaeeees ) Lcos g™  (I'5)

Corollary :  1f Ay™ denotes the minor of ay (i < r,§ < r) in the leading minor of
order ¢, then

Ayn = (1, b b 1) . v{ly Bens B Lcos8™ ... (1I'6)
Lema 11,
— Cos o
ay = [30) lk‘('l o

where a¥ is the co-factor of a,y divided by |ay|, s dcfined in the Sankhyd paper.
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Proof :

au = A Jay| = b ol

v{tyy b

b)) iy Do dy) | GO0
URETOWOSNA) T h®

Corollary : 1f @y denotes N\ 7 divided by the leading, minor of s-th order in

lay|, then
I ©os §,n
YO0 (1-75)

Lemma 111,
ITa'"]  _ €os 6, "

Vo] o (18)
the quantitics on the left hand side of the equation being defined by equations (11.21 to
11:26) of p. 18 of the Sankhyé paper. It.was noted on p. J6.of the Sankhyd paper that
Ty's arc the same as ay’s, where | |ay| | is the dispersion matrix for the population
ond uccordingly TY = a¥,

Proof : Ve have from equation (11:25) p. {8 of the Sankhyd paper.

Tet T LTV

1Tl 1 Tw].=
Trtid Tosleret Toe-slete T

To-rord To-mip-rel To-rodp-r1 Torers

T Trrrm Terra ™

The right hand side of this equation is casily scento be equal to

Minor of T, in the leading di: 1 of the (p—r)-th order in | Ty|
)

T

Minor of Ty in | Ty®")
e 181y

T

in the notation as we have laid down.
Also from cquations (11°21 to 11-24) p. 18 of the Sankhyd paper

Trrer L T
ITol =| e o e | o [Ty
o - (182)
THR L T N
| = |Town
Also | Torr| iTw - (189
‘Thercfore,
_ | Tw| o Minorof Tyin |Ty¢"| o |Tw| .81 1-83)
VT T Tal o v [ Ta o V81 and (18-

= VAT e Tt e ) L B (T e ny) €O 9,0 .
V(T e Tper) - D (T Tpry) =—— from (I'5)
o OB,

PrC which proves (1.8)
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A GEOMETRICAL NOTE ON RECTANGULAR CO-ORDINATES

Sxcrion 11

In the Sankhyd paper the matrix of rectangular co-ordinates | |1, | was connected by
nmeons of algebraie induction with the dispersion moteix | |ay] ], by means of the
following fundamental relation [p. 12, equation (8-5))

an Ay ay
8y ay ayy
Gi-ry Biopg LAY
Gy By g ay
[
T T @n
an LISt
LR SNTITIN T @y v Oy

where cach of i and j varics from | to p, p being the number of variates. The object
of the present section s to prove this relation by pure geometry. Consider the two
spaces (£, Ly, oo Chah) und (e fi0 4 ) respectively, ond the volumes
L TCIYSY PSPy S 1 . 1. S { A e s )y Let 6 be the angle betwween the two
spaces i.e. the angle between the normals to these spaces In the space {4, oo ey f 1))
Let ¢ be the angle between the vector.; and the perpendicular to the space {ty, tye..idra)
in the space {4, fy, ... by 8.

‘Then it is easily seen from cyuations (1°2) and (1°5) that the right hand side of (2:1).

¥ (bt oo
v {t,

fen £) 9 (b by
1) . vl by,

i) .cosd
i1 b)

e 2ty tiy) . |4].cose . cos8
ity 1,

-
Sinee D{fy, bay covers hony ) = V{1, byi vvnss ) J]. cOS9 = 4], cos ¢ . cosd.

Equation (2'1) comes out to be equivalent to  fy = ||, cose . cosp. ... (22

To establish (21) jeally we have thercfore only to deduce (2-2) by geometry. To
do thiz we proceed as follows :

The space (1, Ly...h,) will be referred to as S,., for the present. In fig. | let OA be the
perpendicular to Sy., lying in the space (S, 1,); and OB be perpendicular to 8., in the
space (S, ). The line OB is common to the plane OAD and the plane containing OB
and £, Consider the linc of intersection of the plane ( OB, 4 ) with the space §.,. This
line is perpendicular to the plane OAB because it lies in S,., which is absolutely perpen-
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diculor to both OA and OB. Therefore, the plane defined by this dine and OB, that is,
the plane containing f, und OL, is perpendicular to the plane OAB,

Fig. 1

It will be remembered that ¢, was originally defined in the Sankhyi paper as the
projection of I in a dircction perpendicular to S, in S,

Therefore, #y = l.cos¢, where ¢ isthe angle between f; and OB. Since,
cosy = cosfd.cosp, wehave 4y = 2 .cos9.cosé twhich proves (2.2) and hence

2.
Secrion 111

In Sankhya paper the fundamental quadric {p. 16, 9'9) was rcduced to a sum of
squares by means of a transformation which introduced new variables defined by equa-
tion (11.6), p. 20 of the Sankhyd paper.

‘This transformation and the reduction of the fund 1 quadric form,
involved algebraic induction. In this section we shall establish by pure geometry that
the propused transformation leads to the reduction of the fund. 1 quadric form
{p. 16, equation (99)) to a sum of squares.

It is casily scen from (11'9), p. 20 of the Sankhya paper that 1,'s are the components
of a vector in the space (1, ty, ...ce 1) which let us eall the vector J,. Likewise it is
casily seen from (11°37, p. 19) that 1, arc the components of a vector in the space
(130 fay soaedyy) which let us call the vector I,.,, and so on. e have now a System of
p veetors 1, vs Iy of the Sankhya paper. Itis mow casily scen from equation
(11°6), p. 20 of the Sankhyd paper and from (1°8) of the present paper that

I = _ﬁr"’_ t,+°°‘_°’+;".:,+......°":'f,+'” o
.= %j_" o °°"::-;',;’". Iy + e “’"::-‘;;:'" e
1, = '5'”—’"— LW+ ‘i_’.lg:“—.t,

L = st oty

x,
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A CEOMETRICAL NOTE ON RECTANGULAR CO-ORDINATES

Let us venify that this transformation reduces the fundamental quadric to a sum of
squares  17+1," .....,". The fundamental quadric (9.9, p. 16) can be casily written
in the form

oS §,»
ey Ty (0 1) —-."‘—'EF”— - @2

Squaring the expression on the right band side of (3'1) und adding we have to verily
by comparing with (3 2), that the cocficiints of (4, . 1,) agree ont both sides, The coelli-
cients of (1, + 4), (I « f)serseccllsy « B), (I . 1) are casily scen to agree on both sides.

Consider now from (3-2), the cocfBicient of (f;, . ;) which is
o8 9™ [ k) e 133)
Also consider the cocfficient of {I,. ) in 1,'+1,'+......,", which, (from 3'1) is scen
to be cqual to

cos ¢, cos ¢, 4+ o8 gt CO9 6, ,07Y ¥, 080 D . cos ¢, ® 335)
T P P

A

To establish the identity of pa, :,.,-% (ot} with B+ 4 + ...
) )
we have to show that the coefficient of (1, . 1)) agree on both sides, { ¢. to show that the

expressions (3'3) and (335) erc cqual. With a view ta this we shall establish the
geaera) relation

€08 9™ — ¢OS $ral™ €08 9u™ cos g™
P T e (34)

where § and § < m € p. Thisisa fundamental relation which we shall repeatedly

use. ‘To prove (3'4) we proceed as follows. Making usc of the notation developed so far
in this paper we have from Fig. (2}

]
7
)
0 2 L
]

Nﬂ
A

Yig. 2 Fig. 3

€08 p!™ = COS Fu!™ €08 pjat™ +5in pal™ sin g)a!™ cos (7™ ™ =) . (35)
Now  cos ™" =cosiuc of the angle between the spaces {ry;...7., seeeni T} And
(oo iy Thoane oonTma)

Now, ™ is perpendicular to the space (ry,u....fiy,
v® s perpendicular to the space (r,,
7™ i3 perpendicular to the space (v,

oll being in thespuce (7, 7y, veoves Tk
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Also 7™ is perpendicular to the space { is Tiets Tt}
7,09 is perpendicular to the space (

all in the space (ry,o0nnfuy)

Trvs Ths Tmey)

Now ra™ being perpendicular to the space  (ry,..7w.), and 7" and 7=n
both lying in that space, ra™ is perpendicular to both #=™) and ™Y, Alse 1™,
7,9 and 7™ being all perpendicular to the space (7,, wovees Ty Thats venens Tmy), and
there being only one degree of freedom for the perpendicular to this space in the space
(PierecnniTa),  we casily sec that  «™, 70, and r.™ are co-planar.

Similarly »,™, n®™N, r,™ are coplanar ; cach being perpendicular to the space

[COTPONNE JETE PRI S0 X

Thercfore angle (r™ 7™ 7,™) which is the angle between the planes (r(™, 1a!)
nad {n,™, ra™) = angle bétween norinals to 7™ lying in the planes r™), o™ and
"™, ra™ = angle between ™ and 7", from what hus been just proved

o]

Now to investigate the meaning of

)
5 und e 136)

=

We notice that ™ s perpendicutar from the end of 7, to the space (,,...%1, Tpuye-¥a)
= [n]. cos(n, ')

Also x*" is perpendicular from the end of 7, to the space (7, Tops TigeosTany)

= |n]. cos (r, 1=

‘Therefore,

Now, '™ is perpendiculat to (r),...%1s Tiery-..7a-), ¥u) a0d 7= is perpendicular to

(FapeiThns TiopeeTany)

Therefore, ('™ ™1} isa plane which Is absolutely perpendicular to (ry....

Yenr TdneeorssensTmays)

). Therefore, in fig. 3, LF

3 a0d (7)100aTeps Tior,or-Tami)s

Any line lying ou it is perpendicular to (r,,...7,.,, 7.,..
(perpendicular {rom £ on OD) is perpendicular to both v,
that is, perpendicular to the subspace | 74,00. 7 peien Tany)-

Therefore the plane (7™, 7,=") is perpendicular to the plane (r,7,™"), as it passcs
through EI* which is perpcodicular to (r), v™™) [sec Fig, 3].

Therefore, from Fig. 3, €os (7, 7!™) = cos (1™, 7,*Y) cos (r,* v)
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A GEOMBTRICAL NOTE ON RECTANGULAR CO-ORDINATES

That is ":,:—'.., - _x ((:".x-——)u‘) = cus (1™, 7N = sin {r™, ra™)  (361)
=

because it has already been shown that (z,(=,

7H, v t=)) are co-planar and o™ is
perpendicular to r=h,

(=)

Similarly, —'l(_—_” = sin (v, p (=) - (302)
Substituting in (3'5) from (3'6), (3'61), (3:62) we have the result (3'4).
Ve want now to establish the relation
oty S5 g
=0, ey (4 e = Wb - @

Az noticed carlicr we have only to show that the expressions (3'3) and (3-35) are crpual.

Considering these two expressions, and having 1egard to (3'4) we have,

cos 9, = cos ¢, cos 9, o Cuseytry
™ "™ 1 g 1)

Again cos 9,V = cos ¢, ,"" cos 91"4('-!)- cos %lrll
gaim, ey o]

and 0 on till we come to ._Jl_m“'::.“_f_’l' which is zero since 8, = 0

Therefore (3:54) = (3 55), which establishes the requirad identity (3-7). We have
thus geomctrically proved that the teansformation (11°6), p. 28 of the Sankhyd
paper reduees the fundumental quadric {1611), p. 17 to a sum of squares given on the
right hand side of (11°7), p. 20, ull the refertnces being to lhe Sankhyd poper. It
should also be noticed that there is a very close paraliclism betweeh thé georictrical
proof of the reduction given here and the purely ulgebraic proof on pp. 18-20 of the
Sankhyd papes.  Asa matter of fact the geometilcal significance of practically every
step there s brought out in the preseat juvestigation.

Secrion IV
‘The l-vectors are given in terms of the f-vectors by cquation (11°6), p. 20 of the
Sankhyd paper. In this scction we shali calculute the I's in terms of the l's.
It Is casily scen from (3°1) that the jals vector 1) isgiven in terms of the lvectors

by
4H= L L ha 5
1 cosgm €03 ¢y 00 cos ¢yt
PR e s P
' ! PPRUPIC PR
1 08 gD €08 9,0
L R
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This should he compared with cyuation (12.2}, p. 21, of the Seankhya poper.

The co-cllicient of I, in the above wyuation is casily scen to be cqual to »®, The
co~cficicnt of 4 (where { < §)

=™ T x
L. 0 0. 0 ) 0 o . o
n
0 0 o .0
co ) €059, cosg ™ ° 0 0
o TR e SR
09910 ™Y €080, ™Y CUSpa D cosgy, D 0

et PR

D™ €08y pa Y
= T, B0, ——“l: f'-,',' _# 0 0 0
oM £OS0 e COSH 0
i : .
€05 Y COSR g4 €Oyt
e 4 IS e
L) Xioy Ji
cosﬂ, cospur g™ costy. P
@ P e S
The dcterminant s to be calculated by remembering that
Cosp l-—ll c0s ¢, l-)_m ’I ™ cos 9™ ]
e TR TR e

which follows dircetly from (3:4).

Now take for simplicity § = 2, § = 5, (the method, of course, is perfectly general).
We find in this case from (4'2) by repeated application of (4:3) and of the property of
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determigauts that the weflizieot uf I, in the cquation giving I*s in terms of I's i3 given
by

cos ¢,,'"  cos v,
ER XA e

€08 95, 08 9,
g 3
nyt [
, oSy, cosy
. My M 0, T B B, 0 P B

w© x
3

cos 9! cos g,
o o

X Whd
‘.il) ‘1"'

cos §,,'"
T

= b

), x

cos 9,

5 e

cus gy’ cos gy,
PP

From (1'8) and the theory uf determinants the above determinant is easily scen to be
oqual to the leading minor of the sccond order in the determinant |ay™| divided by the
determinant itself,

Therefore the above expression

ay an
an o
=, D), (1, )2, (1, 4) x
an ay (I an
T

where | [ay| | is the dispersion matrix for the population,
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Remembering that

(.'II))I = (‘.‘)
we now casily sce that the above expression
an i
asn Ay
=
© )
Heoce the gencral expression (4°1) can be similarly shown to reduce to
an LY P T ay
ay s @y ay
L= L PRy e @l @eud
o @y e @y 3 @y
(4.6)
1 i
. -y an an
LR 141 @y e Gy
which again = v, w (47

from the formula (2'1) previously deduced. Therefore the right hand side of (4'7) is
equal to the right band side of vquation (12-5), p. 21 of the Sankhyd paper.

Therefore, o= e, . (48)

regard being paid to the convention of signs.

Oclober, 1937,
Slatistical Laboralory, Ca'cutla.
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