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The exact Sagdeev's pseudopotential is derived for electron-acoustic waves in a two electron
temperature plasma (“cold™ and “hot” electrons) in the presence of relativistic electron beam
plasma using a vortex-like distdbution for trapped electrons. It is found that the relativistic effect
restricts the region of existence for solitary waves. It is also seen that different ordering in ¢, the
electric potential, yields different solitary wave solutions. It is also observed that a double layer

solution exists even if one keeps erms up to order
[DOL: 10.1063/1.1695558]

. INTRODUCTION

lon-acoustic waves have been studied by many research-
ers both expenmentally and theoretically in nonrelativistic' ™
and relativistic plasmas.” ™'Y However, studies on electron
acoustic waves (EAW) are comparatively few in number' "'
though these waves were discovered experimentally three
decades ago.' ™" Of late there seems to be a great deal of
interest in studies on electron acoustic waves,'®™ Usually
one finds EAW*" ina magnéetized plasma where the on
e mperature 15 larger than the electron temperature and the
waves propagate in a direction perpendicular 1o the magnetic
field. In the case of unmagnetized plasma, EAW have been
observed in the laboratory when the plasma consisted of two
species of electrons with different temperatures, referred 1o
as “hot™ and *cold™ electrons. EAW are becoming imcreas-
mgly mmportant i astrophysical plasmas and the magneto-
sphere, for example in the interpretation of the electrostatic
component of the “broadband electrostatic noise,” in the
cusp of terrestrial magnetosphere, Earth bow shock, and the
heliospheric termination shock. " It has been argued”! that
when the hot w cold electron lemperature ratio 15 greater
than 10, the electron-acoustic mode may be the principal
mode of the plasma, while the Langmuir wave 15 damped.
Berthomier ef al.™ have shown that where as electron-
acoustic solitons exist in a two temperature plasma (with
cold and hot electrons), the introduction of an electron beam
in such a plasma allows the existence of new electron-
acoustic solitons with velocity related to the beam velocity.
Nonlinear propagation of electron acouslic waves has been
studied by baoth
plasma'® ™ and in relativistic plasma.'®

other  authors  also in - nonrelativistic
' In the latter case, a
weak relativistiic assumption has been made. In the present
paper the propagation of elecron acoustic solitary waves
(EASW) in a relativistic (unmagnetized) plasma consisting
of wns, cold relativistie electrons, hot electrons, and relativ-
istic electron beam is investigated. This study is of impor-
tance because of the fact that high energy electrons are found

to exist in the solar flare, upstream solar wind, ete. 3 In
most of the studies referred to earlier (except Refs. 20 and
21} the distribution of hot electrons was taken to be Max-
wellian, However, it would be more reahistic to take a non-
Maxwellian distribution for the hot electrons because of the
of phase space holes caused by tapped
electrons.™ In this case one has 0 take a vortex-like distri-
bution. This model was adopted by Mamun ef al ™ for ob-
liquely propagating electron acoustc solitary waves. They
found that this plasma model considered supports EASW
having a posiive potential, which corresponds o a hole
(hump) in the cold (hot) electron number density. To study
the propagation of EASW in relativistic plasma we have
used Sagdeev’s™ pseudopotential approach. The motivation
for sudying nonlinear waves in an electron beam plasma
system arises from the fact that introduction of the electron
beam may produce the conditions for the existence of double
layers. This is because the existence of a beam component
permits the existence of a modified Korteweg—de Vries equa-
tion with a double layer solution. The organization of the
paper is as follows. In Sec. 11 the basic equations for propa-

formation

gation of electron acoustic waves in an unmagnetized elec-
tron beam plasma system are given. In Sec. I the exact
pseudopotential for the problem was obtained in terms of &,
the electric potential. In Sec. IV we have studied the double
layer solutions. Section V is kept for discussion and results,
while Sec. V1 is kept for conclusion.

Il. BASIC EQUATIONS FOR RELATIVISTIC
ELECTRON-BEAM PLASMA SYSTEM

We consider a one-dimensional collisionkess plasma con-
sisting of ions, cold relativistic electron fluid, hot electrons
obeying a trapped distribution, and a melaovistic electron
beam. Here ions form a motionless neutralizing background
and are indicated in the Poisson equaton only. For one-
dimensional propagation of nonlinear EAW, the dynamics of
the relativistic electron fluld can be written as
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In the earlier equations n, 5, are the densities of the
three electron population, u, 4 are velocities of the cold and
beam electrons, respectively, and ¢ is the electrostatic poten-
tial. In Egs. (1)-(6) these quantities have been normalized 1o
the total unperturbed density ng=n,4+n,+n5,. the elec-
ron acoustic velocity n,,=(n.q/nu0) P, where ng,
=(kgTy/m g.}lm i the hot electron thermal velocity and 1o
kgTy le, wespectively. Time and space variables are normmal-
ized, respectively, to the cold electron plasma period w];:'
=(m4mn,,e”)""* and the hot electron Debye length Ay,
=(kyTi/dmn e’ )2, We have inroduced the following
quantities, which will be used in our parametric study:

gy LT T
== ji= g = T
Rep Reg [

(6)

To model the hot electron distribution in the presence of
rapped particles, we employ a vortex-like elecron distribu-
tion derived by Schamel™
equation. Thus, we have f,=fur+ fi, where

which solves the electron Viasov

1 1 ] Pr
f‘nr=?uxp[—;(u?—2tﬁ} Ju|= w2, (7
LT = |
; 1 1 . - —
Jw=—p=exp —5Bv —2¢) |.|v[=+20. (8)
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Here p is the hot electron speed normalized to the hot elec-
trom thermal speed U= 1(kglfm) 12 and
| Bl = Ty / Ty . which is the ratio of the free hot electron tem-
perature T, to the hot trapped electron temperature Ty, is a
parameter determining the number of trapped electrons. We
note that 8= 1{ 4=10) represents a Maxwellian (flattopped)
distnbution, whereas G20 represents a vortex-hike exca-
vated trapped electron distnbution corresponding 1o an un-
derpopulation of trapped electrons. Integrating the electron
distnbutions over the velocity space, the hot electron number
density ny, for 8<<0 can be expressed as
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1+ a+ 8 2
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For ¢v==1 we can express (9) as
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lll. PSEUDOPOTENTIAL APPROACH

To obtain a solitary wave solution, we make the depen-
dent variables depend on a single independent varable £
=x— Vr, where V is the velocity of solitary wave. Now Egs.
(1)=(4) can be wnllen as

V.r!n d =0, i
pT: ﬂ’f (n,.u, (11)
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The integration of the earlier equations yield the follow-
ing:
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In deriving Eqs. (15)-i(18), we have used the following
boundary conditions:

Ho—lg. . H.— Mg,

Hp— Uy, R— Ny, ¢—0 as §— +oo,

To obtain the pseudopotential i @), we notice that Eq.
(5) can be expressed as



Phys. Plasmas, Vol. 11, No. 5, May 2004

llﬂ -=1_I u“"_vd¢+1+t+ﬁ'J,!Ild¢

2V déE] a) w—V
wgp—V 1+ a+
+&I i deb— .Iﬂlqﬁ
o u,—V o
The earlier cquatiun can be wrillen as
n =(), 19
3\ dfl ()= (19)
where r [ ), the pseudopotential, is given by
1+ a+ 8 tig.— V My
w(d)=1+ 0 i :
@ @ us,
sy
2
H, Bilug Hipge
- 2
HE @ uizhr;
1—— 1——
c c”
Hy, By (19— V) (&
= I= — i gh)
u; atl (up— V)’ '
==
JE
7 1 2
I'_
s 1——]w&— ——Wp(V-B#).
Vel Bl paiB
(20)

In derdving Eq. (20), the following boundary conditions
were used. n,—ny,., Rp—Hgy, B, — Ny, , Hy—Hgy,, ¢—0
and dfd£—0 at £= +w,

Now from (16) we gel
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V{24 2) \ask Srangs vt

24, a a E
I T

(21)
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where A,, A, and A, are given by
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Now from (18) we gel a sixth degree equation in g, in
terms of ¢, from which uj, can be evaluated.

For solitary wave solutions, the following conditions
must  be satisfied: @ d)=0, (o), ,=0, and
(&t 3"y 0, and o p)<0 for ¢ lying between 0 and
@, . e, either for 0= @< b, (compressive) or ¢, <d=<0
(rarefactve).

IV. DOUBLE LAYER

To obtain the double layer solution, we notice that Eq.
(5) can be wrllen as

d*¢ 1+a+p,

de

Now Eq. (21) can be writlen as

.=ty —Ap+A, i23)
keeping terms up to o @*), where A5 and A, are given by
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Now from Eq. (18) we can oblain uj, as
uy=ugy+ B+ By’ (24)
keeping terms up to o ¢ ), where By, and B, are given by

3
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In the earlier expressions we have used the following:
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MNow with the help of Eqgs. (23) and (24), Eqg. (22) can be
wrilten as [keeping terms up o ol ¢M)]:

d i) 2 d =
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where ¢r is the Sagdeev potential and B, B,, and B, are
given by

A B
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After integrating Eqg. (25), we get
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where t(db)=—(B,2)d*+(2B2/5) ¢ — (B ¢
stituting ¢v= ", Eq. (26) transforms as
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To get the double layer solution, the modified Sagdeey
potential function (d) must satisfy the following boundary
conditions: (P)=0 at $=0 (and at P=d,) and
difd® =0 at &=0 (and at P =D ) and also the condition
[d*Wd D) goq_<O.
Fﬁlhming the earlier boundary conditons, we have B

= %Blcbur "-B {Dur and B| = %‘E_"cbm_ %B_qu".

From the earlier two relatons, B and 8, are evaluated
as

B,=3iB,d,, B,=:B;P2 and 25B,B,=6B3.

(28)
Inserting the values of B, and 8, , Eq. (27) could be modi-
fied as
By

B |
—=k|¢f¢m_{b}: Wim .k| [ ﬁ

d
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Now we use the transformation of “tanh method:” 7
t=1anh{k&) and Wi(t)=2( £). Equation (29) then transfomms
as

(29)

L dW ; .
k(1= 1) == —ky @, W+ kW= 0. (30)
It is obvious that Eqg. (30) is a Fuchsian-like nonlinear
ordinary differential equation. Here we attempt o find a trun-
cated series solution it viz W{r)=2"_,a,+". The actal
number of terms in the series Wit) has to be determined by
the leading order of nonlinear tenms balancing the order of
the differential equation. Now the process evaluates the exact
number of & of the senes as N= 1, 1.e., the series W(t) have
two terms. Thus Wit s found to be of the form
Wit)=ag+a;r. (31)
Using Eqg. (31) we get from (30) the following equations:
ka|—kyapb,, +k |ﬂ,:_:;=ﬂ,
— kb a +2aga, k=0,

—ka, +.k|ﬂf={]'.

From the earlier equations the unknowns are determined as
ag=3P, ., a=*x3P, . and k=+k 2®, . So the double
layer solution is given by
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If we consider next higher order in ¢ in Eqg. (22) then
Eq. (22) can be writlen as
e di
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Now the integration of Eq. (33) with a transformation
d=®, as well as the boundary conditions dd/d£—0, @
—) at £—co, leads 1o
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Differentiating Eq. (34) with respect 1o £ we gel
4:F¢= g ﬁ33¢3+433¢3 1034‘1:4 i
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To use the tanh method, we transform Eq. (35) 1o a stan-
dard form, for which we wse the linear transformation 4o
=pF+ v with =1 and v= 78, /308, . Equation (35) then
reduces w0

d*F 108,
4 T2 PF+

Fi=n, (36)

where the following relations are used B,= =B3/B,. B,
=2 RYB] and P=B,— 2B,v+4B v — LB .

Now we lake the ransformation Wir)=F(£&) with ¢
=tanh{k£). Then Eq. (36) twansforms as

2

L | H a a dw
— P = — 8K (1) — —PW+
dt” dt

4k*(1
(37)
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Here the Frobenius series solution method requires an
mfinite series, bul whose sum can be calculated and turns out
to be

W(t)=k(1—2)'3, (38)
Substituting Eq. (38) ino Eq. (37) we get
A5 -3)-P+ LB (1 -)=0. (39)

Equation (39) determines the unknowns & and k| and
finally the solution is givun by

dﬂifl— | | “secre( | [ (40)
43,,. ._ 5!
whene
‘;‘P - 12
-| %)

To obtain double layer solution in this case we proceed
as follows. From Eq. (34), we get

dp\ B, . 7B,
75 =7 ® |05 o8, 0

7B,
5B,

?B| \
4B,
(41)
For double layers solution the polynomial on the nght-hand

side of (41) must have equal roots at a point @ =&, # 0. The
condition for this is

(3d,—d3\? (9d.d,—27d,— 2432 _
2474

54

where oy, d,, d. are given by dy=—78,/4B,, 4,
—7B.5B,, d2=— TB4/6B,. We can then write Eq. (41) as

(dd |2

Bﬂ a a )
| 7| == 5 PAP-8, P (2-0)), (43)

where ®,,=— td,— (9d,d, —27d,— 2d3/54) 7, ®,=—1d,
+(9dyd— 27dy— 2d3/54)'°,

One can solve Eg. (43) in a manner in which £ is given
in terms of ¢ The expression is given later
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LRl B

FIG. 1. Sagdeev's potential aiigh) against ¢bis plotted for different values of
iy, /e, other parameters are o=5 A=-05 g=00, V=15 nylc
=(LOO1, &= 10,

where we have used the boundary condition: £—(0 as &
—ihy,.

Omne can proceed taking the nonlinear term o any order
in ¢ and could derive different types of solitary waves.
However, it will be increasingly difficult 1o obtain analytical
formula for ¢ £) as a function of £

V. RESULTS AND DISCUSSION

Electron-acoustic solitary waves and double layers have
been investigated for an unmagnetized relativistic electron-
beam plasma system. To facilitale the study, Sagdeeyv’s
pseudopotential, i), for this system has been derived ana-
Iytically. In the absence of an electron l'H_dFI:J our analytical
result agrees with that of Mamun it ef al”' provided one
neglects the melativistic effect. To make our result physically
relevant, numerical studies have been made wvsing plasma
parameters close o those values cormesponding w the day
side auroral zone.™ It is found that this system supports both
solitary waves and double layers provided the relativistic ef-
fect is small and other plasma parameters satisfy cerlain con-
ditions. As a particular case a new double layer solution 1s
obtained. Since one of our motivations was o study the rela-
tivistic effect on formation of solitary waves, ¢ is ploted
against ¢ in Fig. | for different values of g, fc including
iy, [ =0 11 is seen that if one takes into account the rela-
tvistic effect, the amplitude of the solitary wave becomes
reduced. It 1s also seen that the amphwde of solitary waves
gradually decreases with the mcrease of wg./c, and when
g (o crosses g certain limil the soliton ceases o exist. In the
present case, with =001 and other plasma pammelers
being same as those of Mamun il er af. 2 the limiting value
of g fo 15 0.0158. The solitary wave solutons for this case

B. Sahu and R. Roychoudhury

Jdi-fo 2,001
» . fc=07004

| P

-20 -10 G 10 20

S

FIG. 2. Plot of ¢ against £ for different values of s, /o, other parameters
being same as those in Fig. 1.

are plotled in Fig. 2. To see the effect of the mtroduction of
the electron beam, ) is plotted against ¢ in Fig. 3 for
several values of B, . When 8, increases, the solitary waves
tend o disappear. The effect of 8 on the formabon of solitary
waves can be seen from Fig. 4. Here also, for large negative
£, solitary waves disappear. Also, the amplitude of solitary
waves decreases with inerease of 8. In Fig. 5 () is plotted
against ¢ for several values of V., the velocity of solitary
waves, Here the amplitude increases with the imcerease of V.

0.2 ,

FIG. 3. Plot of aiqy against ¢ for differem valves of 8, where wp, /o
= (L1 and other parameters being same as those in Fig. 1.



Phys. Plasmas, Vol. 11, No. 5, May 2004

0.2 i - 7 i /

-0.3 : ;

e
h
8]

FIG. 4. Plot of i) against ¢ for different values of @8, when »,_/c
=(L001, other purameters remain same as those in Fig. 1.

However, for V<2V, where V, depends on the other plasma
parameters { Vi, =0.54 in the present case) the solitary struc-
wre ceases o exist. Double layer solutions are depicted in
Figs. 6-8. In Fig. 6 the double layer solubon given i Eq.
(32) 15 plotted for several values of w,. fc. A very sharp
structure 15 obtamed for wg, /e =0.001. Fgure 7 depicts the
double layer solutions comesponding W the same Eq. (32) for
different values of & . The sharpest structure is obtamed for
£;=0.01. It 15 found that double layers persist even when

yio)

FIG. 5 Plot of o g against ¢ for different values of V, where @g, /o
={L00L and other purameters remain same as those in Fig. 1.

Electron-acoustic solitary waves and double layers . . . 1953

2

|::| L ol NG 1 . 1
-0 -20 o 20 40 &0

g

FIG. 6. Plot of /e, against £ [Eq. (32)] for different values of sg, /o,
other purameters are u, fe=0001, =5 g=—0.5 g,=0.01, #=10, and
Vs found from condition (28).

onge lakes higher order terms, and the solution given m Eqg.
(44) 15 plotted in Fig. 8 for 8,=001 and 8,=102, other
parameters being same as those of Fg. 7.

VI. CONCLUSION

In this paper we have stodied the problem of one-
dimensional electron acoustic solitons and double layers ina

1.2

0.8

0.6

O/,

04 r

0.2

{:I ¥ sl 1 L
40 20 0 20 40 60

§

FIG. 7. Plot af ¢ eh,, against £[Eq. (32)] for different values of 8, , when:
s fe=0L001, other pammeters are same as those in Fig. 6.
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}.2
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0.2

300

—t

I:I L L
0 140 200

&

FIG. 8. Plot of ¢/¢h, against £ for double layer solution [Eq. (44)] for
different wvalues of 8, where wp fo=0001, ug fe=0001 a=5 2
=—{15, #= L V is found from condition (42).

relativistic electron-beam plasma system. For soliton solu-
tions we have used Sagdeev's pseudopotential approach. We
have studied the effect of parameters like u,,., 8. 8, V, on
the existence of solitons. 1t is seen that solitary waves would
cease o exist if the relativistic parameter wy, and the beam
parameter B, exceed cerain values, which of course depend
on other parameters such as the solton velocity V, the hot
and cold electron density ratw, the hot and cold electron
emperature ratio, ete. One interesting fact is that a tapped
distribution of hot elecrons supports solitary waves with
positive electrostatic potential pulses. Using the expansion of
Sagdeev’s potential, an explicit analytical expression for
double layers are obtained. The tanh method transforms the
equation of motion obtained for ¢, the electric potential, 1o a
Fuchsian-like ordinary differential equation, and finally a
runcated series solution is employed to find the different
solution and double layers. Keeping terms up o order &P a
new analytical double layer solution 15 obtaned which, o the
best of our knowledge, has not been reported before.
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