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Abstract

This paper presents a theoretical model for computing the velocity and sediment concentration profiles
in a uniform sediment-laden flow carrying all fine, medium and coarse sediments. The proposed model
essentially includes the effect of sediment concentration in total turbulent shear stress and eddy diffusivity
in addition to the modified mixing length derived by Umeyama and Gerritsen [J. Hydr. Engng., ASCE, 118
(2) (1992) 229-245] applied to Hunt’s diffusion equation. Numerical solution of coupled differential equa-
tions for velocity and sediment concentration is carried out. The theoretical results show quite good agree-
ment with the experimental data.

Keywords: Velocity and sediment concentration profiles; Turbulent shear stress; Eddy diffusivity; Mixing length;
Hindered settling

1. Introduction

MNumerous investigations related to sediment-laden turbulent Hows in open channels have been
undertaken to examine the vertical distnibutions of flow velocity and suspended sediment concen-
tration. The problems of sediment-laden flows are of direct concern to river engineers and
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relative density

computed velocity at fth height in a run
volumetric concentration of suspended sediment
sediment concentration at & = &,

mean grain size

water depth

acceleration due to gravity

mixing length

exponent of reduction of fall velocity
observed wvelocity at fth height in a run
grains Reynolds number

a measure of variability of estimated [i's
horizontal time-average velocity

shear velocity

particle settling velocity in sediment-laden flow
particle settling velocity in clear water
vertical distance from bed

Rouse number

exponent in mixing length

coeflicient for mixing length

estimated initial value of i

sediment diffusion coeflicient
momentum diffusion coeflicient

ratio of sediment diffusion to momentum diffusion coeflficients

von-Karman constant
density of mixed flud
density of clear water
density of sediment

total turbulent shear stress
dimensionless depth
reference level at & =&,

geomorphologists, but also relevant to the field such as coastal sediment transport and transport
of solids in pipelines. The study of vertical concentration distribution is related to the logarithmic
velocity distribution based on the Prandtl mixing-length hypothesis [1] and on von-Karman simi-
larity hypothesis [1]. In the hydraulic open-channel flow over a smooth bed surface without sedi-
ments, the vertical velocity profile is usually described by a ‘log-law’. The proper measurements in
the whole turbulent boundary layer have indicated that the ‘log-law’ can be applied strictly only to
the near wall region with the von-Karman constant x = 0.4 and the integrating constant to be
5.29; and a semi-empirical equation based on wake-strength function developed by Coles [2],
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which modifies the log-law, is applied to the whole region. Several researchers [2-4] suggested that
the measured velocity cannot be fitted only by log-law, the deviation from the log-law have to be
accounted by taking a suitable function known as ‘wake function’.

In classic papers, Vanoni [5] and Einstein and Chien [6] (notation EC will be used to denote
Einstein and Chien in the paper) indicated that the loganthmic velocity distribution with a smaller
value of & than the universal one (x = 0.4), agreed with their experimental data of velocity and
suspension distributions throughout the flow depth, except near the bottom. Their results led
to a view that an increase in suspension concentration reduces the von-Karman coeflicient .
Itakura and Kishi [7] and Coleman [8] proposed models for velocity distribution to study the ver-
tical sediment concentration in which the value of & remains unchanged. Itakura and Kishi [7]
deduced a log-linear velocity equation based on the hypothesis of M onin—Oboukhov length. They
argued that, instead of usual log-law, the log-linear law should give a better description of the
velocity defect law based on the characteristic of Monin—Oboukhov theory of weakly stably strati-
fied flows. Coleman [8] derived the concentration equation using the velocity distribution for sedi-
ment-laden flow based on the log-law and the law of wake for clear water flow. He also analyzed
the data obtained by Vanoni [5] and EC [6] and revealed that von-Karman coefficient & is inde-
pendent of sediment concentration. If the density of the fluid is increased by suspended sediments,
buovancy force is increased, and hence the substantial reduction of particle fall velocity (known as
hindered settling) in suspension occurs. According to Maude and Whitemore [9], the term ‘hin-
dered settling’ is used to designate the fall velocity of sediment in suspension resulting from an
increase in sediment concentration. Thacker and Lavelle [10] have shown that the reduction of fall
velocity may be taken into account by a factor (1 — )" multiplied by the single fall velocity wy,
where C 1s the concentration per unit volume and # is the exponent of reduction of fall velocity.
Subsequently, Lavelle and Thacker [11] studied the effects of hindered settling on sediment con-
centration profiles. Woo et al. [12] considered the effect of hindered settling of sediment to esti-
mate the wvertical distnbution of large concentration of sand particles, using the log law and
power law velocity profiles. The derivation of Woo et al.’s model includes the effect of viscous
shear stress which is a function of concentration In suspension.

In turbulent boundary layver flow Prandtl [1] suggested a concept of mixing length which repre-
sents a transverse distance of fluid elements exchanging momentum and it is related to the velocity
fluctuations. He assumed that the mixing length is proportional to the distance v from the bed as

! = gy, (1)

where x 1s the von-Karman coefficient. In sediment-laden flow, the mixing length concept was
examined by Umeyama and Gerritsen [13] (notation UG will be used to denote Umeyama and
Gerritsen in the paper). They proposed an excellent theoretical model for velocity distribution
in sediment-laden flow based on new mixing length hypothesis, that depends on sediment concen-
tration. They venfied that the mixing length in highly concentrated flow is smaller than that for
lower concentrated flow or clear water flow. Umeyama [14]studied the vertical distribution of fine
suspended sediment in uniform open-channel How using the new mixing length hypothesis devel-
oped by UG [13], assuming the Rouse diffusion equation in a steady state condition as

m{v}{i—i +wyC(y) =0, (2)
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where wy 15 the fall velocity of sediment in clear water and e,(v) is the sediment diffusion coefhicient
at y. In fact, at large concentration in suspension, it is evident that the Rouse equation (2) does
not properly hold [12,15]. Moreover, Umeyvama considered the momentum diffusion coefficient
£l ¥) according to Boussinesq's concept for clear water flow as

du
&’ (3)

where py is the density of clear water, 1 the turbulent shear stress and u the mean velocity. Later,
Umeyama [16] extended his model in a flow carrying medium and coarse sands using hindered
settling effect due to the increased concentration and compared his results with the experimental
data of EC [6]. However the above mentioned models are not concerned with the effects of sus-
pended sediment concentration on total shear stress and eddy diffusivity even at large sediment
concentrated flows despite the fact that such effects have greater importance in sediment laden
flow to develop the models.

The purpose of this work 1s to develop simple realistic models for velocity from Prandtl’s
momentum transfer theory and suspension concentration taking into account:

T = Pr€m

(1) the diffusion equation satisfies the continuity of sediment and water,

{2) the turbulent shear stress due to Boussinesq's formula and eddy diffusivity are modified in
the sediment-laden flow, and

(3) the fall velocity of sand particle decreases with increase in suspension concentration.

Using the modified mixing length as a function of concentration, it 1s necessary to develop a
more realistic model for large concentrated flows, in which the velocity and sediment suspension
profiles are sensitive for the above effects. The efficiency of the present model has been tested by
companng the computed velocity and sediment concentration with the observed historical data of
Vanoni [5], EC [6], Coleman [8] and Lyn [17] Comparison shows guite a good agreement.

2. Theoretical models

In Prandtl’s momentum transfer theory, replacing the density py of clear-water flow with the
density p of fluid-sediment mixture and letting density p be a function of concentration, the
turbulent shear stress as modified by EC [6], 1s given by

7= pe(1 +AC)P (j”) L

dy|’

where [ is the mixing length of the eddy representing the transverse distance of Auid elements
exchanging momentum, u the mean velocity in the direction of flow, A(= & br — 1) the relative den-
sity which may be treated as a correction factor, p. the density of Hedlmenta and C the volume
concentration of suspended sediments. In clear water (C =0), this equation reduces to Prandtl’s
momentum transfer formula. The presence of concentration will inevitably change the low char-
acteristics and hence, for sediment-laden flow total shear stress 1, depends on the unit weight of
the suspension (pg) and energy gradient of the flow; and can be written as

(4)




168 B8 Mazumder, K. Ghoshal | Applied Mathematical Modelling 30 (2006 ) Iad-176

T, = p,-u%(l sokap Af;.lcd.':’)._ (5)

where ¢ = y/d, the dimensionless vertical distance, and u, is the friction velocity. This equation is
in general valid for both low and high suspended sediment concentration, because for low concen-
tration the term 4 jl CdZ’ is negligible. For sediment-laden flow, UG [13] suggested a modified
mixing length hypothesis as a function of concentration which was assumed as

1= (1 — &y (©)
with « = 1/2(1 4 iC/C; ), where C; is the reference concentration at the level =, and fiisa

constant to be determined from the experimental data at sediment-laden flow. Combining (4)—(6),
the velocity gradient j—" may be extended as

1/2

diu u(1-E+4 [, Cde)

_-F: 2 Pl - Pl ?
d‘; Kg{] +AL'}I-"—{] B ‘;_ﬂ}|._[|+_|':|f_.,|j"h.| { }

Eq. (7) differs significantly from that of UG [13] by the term A f._l Cd¢Z in the numerator because
they ignored the effect of concentration on the turbulent shear stress component. The velocity dis-
tribution can be calculated numerically from (7) except at the free surface £ = 1 if a suitable func-
tion of C 1s chosen as a first approximation.

In a steady and uniform two-dimensional turbulent flow when the concentration ¢ varies only
with vertical co-ordinate y throughout the depth, the vertical concentration of sediments with rep-
resentative settling velocity W at highly concentrated sediment-laden flow can be described by
Hunt [18] as

dC
.—+ (1 = C)CW =0, 8
g +(1-0) ®)

where ¢, 15 the sediment diffusion coefficient. Eq. (8) satisfies the continuity condition of sediment
and water, that is derived for volumetric concentration ranging from 3.8% to 20%. According to
Richardson and Zaki [19] and Thacker and Lavelle [10], the representative settling velocity W of
Auid-particle mixture varies with the volumetric concentration C as

W =wo(1 - C)", (9}

where wy 15 the particle settling velocity in clear water and » is the exponent of reduction of fall
velocity, which vanes on particle Reynolds number R, as: n =4.35R;“"” for 0.2 < R, < 1.0;
n= 4.45.‘?;‘“” for LO £ R, < 500; n= 2.39 for 500 < R,. Experiments on fluid sediment mixtures
have shown that a substantial reduction of settling velocity of particle occurs due to the increased
suspension concentration [12,20]. The sediment diffusion coeflicient &, 1s obtained from momen-
tum diffusion coeflicient ¢, according to Reynolds analogy (e, = 7e,,) in fluid-sediment mixtures
and is given by EC [6] as

dp2(1 - ¢+ 4 [} CdE)
B (1+A4C)%

(10)

£
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where j" 15 given by (7). In clear water flow (C = 0), this equation reduces to Boussinesq’s formula,
which was used by Umeyama. It is worthwhile to consider ¢, as a function of volumetric concen-
tration C. Using (9) and (10) in (§), the expression for concentration gradient is given by

dc weC(1 - C}""' (14+4C)%

il = 1
& el -c+aflcdd) (1)

This equation is of general applicability in determining the concentration profiles for fine, medium
and coarse sands; and it represents an integro-differential equation [12] Due to non-linear term
and the integral sign in the denominator of (11), a numerical approach (Runge—Kutta method)
15 adopted to solve the equation. Differentiating (11) with respect to £ in order to remove the inte-
gral sign, one gets the following second order non-linear differential equation as

d*’C n4C  [ng(1+4C) f {L}]( )
— = H({)— — 12
AT, [“ﬂf(ﬁ}c’{a} f(©) -
where
d dlu du N s+
Gliéy=—, H —, C)=C{1-C})y " (14+4C
©O=gF #O=3/F 1©=cu-01+ac)

with the boundary conditions at the reference level ¢ = £, near the bed as

L= #tf=¢F,

d_E" — Hli!ft{c";:}ﬁ{‘ful ' {]3}

dg|._;, il — £, + AC)

where C = f Cdf', C;, is the reference concentration at £ = £,, and the function f'( C) represents
derivative of the function FC) with respect to C. Egs. (7) and (12) together with (13) are coupled
and are solved by an iterative procedure. In order to compute the velocity profile from (7), we use
the solution of (2) as a first approximation of concentration C. With C = C;_ as the reference con-
centration at £ = £,, solution of the Rouse equation (2) is

c@=c(F ) (14

where z, = -2 is the Rouse number. Using the wmputed velocity gradient from (7) in (12) to-
gether 'I.wth {I3J the new estimates of C at any height ¢ < 1 have been obtained and are plotted
with existing experimental data.

3. Comparison with experimental data

The efficiencies of theoretical models have been tested by comparing the computed velocity and
suspended sediment concentration with the most comprehensive observed data of EC [6], Vanoni
[5], Coleman [8] and Lyn [17]. The sizes of the mean sediments used in the experiments of EC [6]
were the fine sands (Dsp = 0.274 mm) for runs 5-11 to S-16, medium sands (D5 = 0.94 mm) for
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runs S-6 to 5-10 and coarse sands (D = 1.30 mm) for runs 5-1 to 5-5. The sediment concentra-
tion near the bed was in the range 30-600 g/l. The comparison of computed and observed velocity
and suspended sediment concentration profiles of all the runs S-1 to 5-16 of EC [6] 1s depicted in
Fig. 1(a) and (b) with the reference concentration C;_at the lowest available dimensionless height
£, near the bed. Using the measured velocity and concentration at the level £, as initial values, (7)
15 solved by Runge—Kutta method taking solution (14) of Rouse equation (2) for concentration O
as a first approximation. In order to improve the accuracy of predicted velocity distribution with
the observed data set of EC [6], a two-layer velocity model has been chosen below and above
the reference level &, (Fig. 1(a)). For each data set, numerical iteration is carried out from the

10” 1
107 a2t
au ufgA
5 run S-6
10° E runS-7
‘ run S-8
5 s run S-9
v run 515 002 e
+ run 5-16
-3 i i i i N i " "
L 5 10 16 20 25 30 35 40 45 50 uﬂ10 10 20 a0 40 50
wiu for run S-11 ufu=for run 5-6
1
02t
w01
0.02
R e
1] 10 20 a0 40 50
ufds for run S-1
(a)
Fig. 1. {a) Calculated and measured velocity profiles for the runs 5-11 to 5-16 for fine sands {04 = 0274 mm}, 5-6 to
S-10 for medium sands (D55 = 0.9 mm}, and 3-1 to 5-5 for coarse sands { D5y = 1.3 mm) of Einstein and Chien [6].

Here x-axis for other runs is shifted by 5 from the preceding one. The dotted line stands for x = 0.4 and the continuous
for fitted w. (b) Calculated and measured sediment concentration profiles for the runs 5-11 to 5-16 for fine sands
(D5 =02T7T4 mm), 5-6 to 5-10 for medium sands {Dsq = 094 mm), and 51 to 5-3 for coarse sands ( D53 = 1.3 mm) of
Einstein and Chien [6].
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Fig. | {continued)

reference level &,. For example, in the lower region, the value of x remains equal to 0.4 and the
parameter [ has been adjusted to best fit with all the observed velocity data; whereas for the upper
region x has been adjusted to best fit of velocity data, keeping the same value of ff (Table 1). Esti-
mated value of ff lies in the range 1-18 for fine grained sediments (5-11 to S-16) and in the range
1-11 for both coarse and medium sediments (S-1 to S-10); whereas Umeyama found the ff value in
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Table 1
Parameters used for computation of velocity and sediment concentration in suspension
Dyata Sand Dy Run [t Cz, i) Kupper ¥
(mm) no. (observed) (observed) (estimated) (estimated) (estimated)
Einstein and  Fine 0274 511 0.029 0011835 1 0.40 0.74
Chien [6] 812 0.030 0.07721 11 0.40 0.63
813 0.032 0.13283 18 0.40 0.55%
514 0.033 0.14566 18 0.40 0.51
8135 0.034 022679 13 0.40 0.60
816 0.036 023321 4 0.40 0.54
Medium  0.940 56 0.043 0.01057 5 0.30 1.99
87 0.039 0.03313 & 0.30 1.90
S8 0.037 0.03147 & 0.28 1.70
59 0.041 0.05736 7 0.27 1.60
S-10 0.043 0.08151 11 0.25 1.70
Coarse 1300 51 0.040 0.02189 1 0.30 2.00
82 0.034 0.04566 8 0.27 1.90
83 0.055 0.05679 9 0.26 1.85
54 0.065 0.07321 10 0.23 250
83 0.066 0.12377 10 0.21 260
Vanoni [3] Fine 0100 20 0.067 0.00145 135 0.40 1.20
0100 21 0.077 0.00106 4 0.40 1.70
0133 22 0.063 000218 5 0.40 1.25
Coleman [8]  Fine 0105 2 0.035 0.000835 k| 0.40 1.50
5 0.035 0.00400 7 0.40 1.20
9 0.035 000900 11 0.40 1.25
Lyn [17] Fine 0130  1565EQ  0.093 0.002145 ) 0.40 1.00
Fine 0190  1965EQ  0.072 0.002347 15 0.40 1.20

the range 1-40 for fine sands and 28-160 for coarse and medium grains. The larger values of fi
obtained by Umeyama may be due to the ignorance of concentration effects on total shear stress
in the sediment-laden flow.

From the set of estimated J§ values (Table 1), one §° can be determined statistically which may
be used as a starting value to compute the velocity profiles for any measured data set. If sﬁ 15
a measure of variability of the estimate of f values, then sﬁ can be estimated as

N 2
2z __ Zil (C" — GI} ]5
5= N-2 E (13)
where ¢; and o; are the computed and observed velocities, respectively in the ith height of a run
and N is the total number of data points in that run. Let w = :'; Then f can be estimated as
i
M
& z_,l': | ﬁj“’:-"
f=— (16)
EJ'=|HI.-'.
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summation being taken over all the runs under consideration. Here, the value of #° has been
obtained as 9.1 for fine sediments (runs S-11 to $-16), and f~ has been estimated as 7.6 for both
medium and coarse sediments (runs S-1 to S-10). It may be noted that /" is simply a weighted
average of the individual ['s, where the weights attached are inversely proportional to their
inherent variability. In a similar way, & has also been estimated and it 1s found to be 0.27
for medium and coarse sediments.

Using the same values of the parameters r, ., and /i of fitted velocity profiles in the upper re-
gion, the value of v is obtained for the best fit of desired sediment concentration profiles with ref-
erence concentration C;: (Fig. 1(b)). For all data set, whole region is computed with the values of
n corresponding to the values of R,. For fine grained sediments, the fitted value of y was found to
be in the range 0.5-0.75 and for coarse and medium sands the range of 7 was 1.6-2.6. The values
of K e and [ for velocity profiles and the values of y for concentration profiles are depicted in
Table 1. It 15 observed that the values of x decreases with increase of sediment concentration

upper

1 4 H 1 T T T
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/ ki — computed o G
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10 20 40
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Fig. 2. Calculated and measured velocity profiles of (a) Vanoni [5] for the muns 20, 21 { D5 =0.1 mm} and run 22
(Ds5=0.133 mm)} (b} Coleman [§] for the runs 2, 5 and 9 (D5, =0.105 mm) (¢} Lyn [17] for the exp. 1565EQ and
1965E0) (D4 = 0.15 mm and 0.1% mm, respectively).
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which was also obtained by Vanoni [5]and EC [6] Furthermore, the value of y increases consis-
tently with increase in grain sizes—fine to coarse grained sediments [21]. The starting value of
which may be called as 7°, may also be approximated by the statistical method described in
(15) and (16) or from the functional relationships suggested by Rijn [22] for medium and coarse
grains and by Graf and Cellino [23] for fine grains.

It may be noted that for fine sands (runs S-11 to 5-16) the value of x 1s 0.4 throughout the region;
whereas for medium and coarse sands (runs 5-1 to 5-10), a two-laver model has been chosen.

The velocity and sediment data of Vanoni [5], Coleman [8] and Lyn [17] are also verified with
the theoretical models in a similar way. The reference level £, in the case of Vanoni is chosen at the
lowest available height of observed velocity data set and the same for the case of Coleman is
chosen at the lowest available height of observed velocity or concentration data set (as the lowest

1 e 1 ‘\ 1 _\\
02| \i 02l | 02l A
|I L
\
w011 'L w011 il wp01] \
A . 4
ooz computed gopl — computed a2l compulad
I+ mnzo [« mn2i U o+ munzz
0.01 " " 0.01 " - 0.01 L il
10° 10" 10° 10! 10° 100 10° 10! 10° 107 10° 10!
CJ'C% C.l"(:'-‘r_.‘“ GGz
1

Fig. 3. Calculated and measured sediment concentration profiles for the runs 20, 21 (D5 =01 mm)} and run 22
(D5 = 0133 mm) of Yanoni [5].
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Fig. 4. Calculated and measured sediment concentration profiles for the runs 2, 5 and 9 (D4 = 0.105 mm) of Coleman
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Fig. 5. Calculated and measured sediment concentration profiles for the exp. 15365EQ and 1965EQ( D5y = 0.15 mm and
0.19 mm, respectively) of Lyn [17].

heights for both velocity and concentration data are same). The reference level for Lyn [17]1s cho-
sen at the lowest available height of observed velocity or concentration data set for experiment
1965EQ and the second lowest available height of observed concentration data set for experiment
1565EQ. In order to best predict the velocity and sediment data, it is found that there are only two
parameters: ff for the velocity and v for the sediment concentration. For all the data set, the whole
region was predicted with x = 0.4 and the values of n associated with R, The values of the para-
meters 1 and ¢ for Vanoni and Coleman are depicted in Table 1. The comparison of computed
and observed velocity profiles for Vanoni [5] for runs 20, 21 (Dsp= 0.1 mm) and run 22 (Dsp =
0.133 mm), Coleman [8] for runs 2, 5 and 9 (D5 =0.105mm) and Lyn [17] for expenments
1565EQ and 1965EQ (D5 =0.15mm and 0.19 mm, respectively) are shown in Fig. 2(a)-{c).
The calculated and measured sediment concentration profiles for those runs of Vanoni, Coleman
and Lyn are plotted, respectively in Figs. 3-5.

4. Conclusions

The proposed model for computation of velocity and suspension concentration essentially sug-
gests that the inclusion of the effect of concentration in total shear stress and eddy diffusivity in
addition to new mixing length concept is more realistic to the sediment-laden turbulent flow con-
taining low as well as high sediment in suspension. The vertical distributions of suspended sedi-
ment have been studied based on Hunts diffusion equation which 15 more acceptable than
Rouse equation. The values of the parameter ff obtained by Umeyama are significantly large com-
pared to present values, because concentration effect was not included by Umeyama in total shear
stress and eddy diffusivity. The present model has been verified with the experimental data of
Vanoni, EC, Coleman and Lyn; and shows quite a good agreement. Therefore, the model should
be claimed to be a more general one than those of previous investigators for fine, medium and
coarse grained sediments.
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