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Abatrace: [0 this paper we exwmine the sirong Nash equilibria (CAvmannt |9593) of a
Bertrand-Chumberlin model of price competition where rms supply all demand. We
provide a necessary and sufficiend condition for the exdstence of such an equilibrium.
We find that whenever a strong Nash equilibrivm exists, it is unigue, symimetrie and
guasi-competilive.
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1. INTROLUCTION

This paper exumines Lhe strong Nash equilibria of a Bertrand-Chamberlin madel
ol price competition where Grms supply all demand, Under the Berrrand-Chamberlin
approach! u firm supplics the entire demand that it faces al any given price. Such an
assumption is justilied by invoking reputationugl reasons, as well as govermneol regula-
tions, Vives (19993 grgues that in regulated industries like cleetricity oc lelephone, such
governmental regulations ure, in fuct, often in farce, For example, under the “common
curcice” reeulation lirms wee required to supply all demand ai the given prices. If the
supply of the coonmaditly is exhausted, then the consumers can 1ake a “rain-check”, 4
coupen o purchase the good ot the posted price at a later date (Spulber (1958%)). In
certain sealed bid avctions also, the winning firm{s) must supply the entire demand
corresponding 1o their winning hid(s).

Dastidar (1995] has demonstrated the existence of pure strutlegy Nash equilibria in
such a framework. In general, however, multiple equilibria exisi. Nowshek and Roy
Chowdhury (2000 ) show that aven when the number of tirms poes 1o infiniy. the set

Aot ealgeemesri, This poper wis written while the author wis visiling the Deparment of Finance, Hoeng
Kong University ol Science and Technalogy, B-mafls prsbaluc 1 @hetnail com,

I This apprnach wos pisnesred by Chamberlin 119330 Sorue of e otber aothurs tooadopn 1his Tramework
ioelude Yaves (1890, suad Bulow, Gearakoplos and Klemperee [ T98E5),

T In tuct the existence of such costs 3 rowtinely assumed in helds like opzrmions csearch, 1See Dixon
(19800, s well as Taha (1987,
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of Mush equilibna is 2 non-degenerate interval. Both these papers, however, anulyze
the set of Nuash equilibiia, ie. equilibria where only unilateral deviations by firms are
Wlowed. In this peper, wo jowerested o eguilibrism selutios el are Tionoione W group
doviatioms.  Formally, the solution concept wsed o s paper is e otion o strmg
Mol cgndtihrine develomed in Aumano {1959). We call our solulion conoepl Uhe Steong
ferrecnd Equddifeeive, or SBE for short.

Thus in this paper we solve for the SBE of a Bertrand-Chaumberlin model of price
competition where finms supply all demand. We provide o necessary and sufficient
condition For the existence of an SBE. We show thal an SBE, il 1L exists. imwst be unigue
and symmetric. We wlso show that this price is decreasing in the nember of firms,
(Okuguchi (19731 calls this property quasi-competitheenesss .

2. THLE MODEL

We examine a game of Bertrand-Chamberlin price competilion where the [irms must
supply all demand. There are # = 2 firms producing & homogenous commodity. We

assume that the demand function £{p} satisfies the following assumplion,

AssumeTioxn 1. da) F oo [0, 00) — [00oc). Mareaver. Fpd s mice differen-
tiahle fowe ol g soect that Fipd = 0

(k1 Fip) is serfetly decreasing for alf p such thar Fip) = .

(21 Moweonen Fip)intersects dhe price axis.

Al Brms are ideniesl with cost functioms c{g ), where (g b is increasing and conves.

ASSUMPTION 20 {31) ¢ o |0, 00) — |0, ook Moveover, vy} is nive differen-
figifre,

() Coses are dncreasing and steictly convex, Le. o(g) = Gand e™g) = 0, ¥g = 0,
Moreover, o) = 0.7

W then introduce some nolanens.
Vior any integer m, | < m < n, define

pEip) Fip)
T {p) = - :

0T m

Thus 7™ p} represents the profit of a firm charging the price p when o frms in the
mirkel charge pr and share the market equally.

ASSUMITION 3. Foeoll posuch thar F{p)y = 0 w7 {p) is steictty coneave inop.
Mergonar, £ ) = 0 for soune .

Given Asswinptions 2 aod 3. there is g unigue price p™ which muximizes % (p).
Moreover, m™ip™) = 0. The followiog observalion will he used laer.

QuservaTion 1. 5™ iy sivicdly decreasing in m.

The prood is in the appendiz.

* Al aur resu s generaize 10l cise wlene o) = 0
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Mestletp = (g, -+, pa), denote the price vector when firm ¢ charges a price ol .
{Throughout we will use holdface fetters to denote a price vector ) 1] the i limms chowose
the price vectar p, then the demand curve Bacing lirm 7 is

. it pi= py. forsome .
il oo ol =4 Fipn
m :
The corresponding profit of the i-th firm is

if g = pp, Wi and ®U gy =it =m,

O, if g = py. forseme j,
{pi — ACIDHp . - pad )il o pudi i e = pp Y

wherg AC{y ) denaes the average cost of producing g,

Given a price vectar p and a coalition T ¢ N, we lel py denowe the price vector
corresponding o Lhe coalition 7.

Finully, given pi and pg, T C §, (pp. ps/T) denotes the s-vecior where the prices
correspond to g for firms in T, and to ps for firms in $/7.

Tn 1his paper we restrict atlention to pure strategies.

W now pravide some definitions, leading uplo the definition of a sirong Bertrand
equilihriem,

Tl e =

DEFINITION |, For any coulition 77 © N the price vevtor py. constilutes @
Heable dewietion Crom il

TP Pryr) = mi(ph Vi e T in

Clearly any profilable deviation must he symmeitric,
We then follow the ideas of Aumann {1959) and introduce an equilibrium concepm
which we call Strang Bertrand Egnilibriam, or SBE for shori.

DEINITION 2. A& wector of prices po ois said 1o be a Seeorg Beeteand Eqnilifeinen
(5BE; it pocoalition T. T € N, has a profitable deviation from p*.

Thus SBE Formalizes a solution concepl where not only individual, but even coali-
ticns of firms have no incentive 1o devide. Note that any strong Bertrand equilibrivm
must he Pareto opfimal,

We begin by establishing that any SBE, if it exists, must be synnmetric and unique.
We also characterize the unigue SBE price.

Provosirion 1. () fwany SBE Glf fiony charge the same price.
(1) Aw 8BE, ifir earsts, is nnigue and tmeobves all firms charvging the price p".

Froed. i) Suppose 1o the contrary there exist d, § such thal g = p; and firm
Jois ooe of the & Firms serving the market. Note that the profic ol fom § s zero while
that of Arm § is given by x[p; — (elv) /)], where £ = Fipg/ k. Since in equilibrium,
profit must be nonnegative (any firm can charge a large enough price and ensure that
it gels no ennsomers), we musl have gy = clxlfx. Now if Arm @ deviates (o i its
profit will be 2l p; — (eix") 2], where 2" = Fip )/ + 1), Since x = a4, from the



a2 KEIO ECOMNCMIC STUDIES

convexity of the cost funciion we have thal c(x)/x = c(x')/0". Hence, pio= el T
Thus of Aem i charges py. its profit will be strictly positive, so that it has a profitable
deviabion lranm gy,

{ii}  Mote that from propasition (1) uny SBE muost be symonetric. Moreover, recall
Lthal any SBE mnust be Pareto optimal, Thus given that (g0 is maximized at g%, any
SBE must imvilve ull fiems charging p®, ]

We then introduce o further pices of notation that we require for aur next propositian,
Farevery m = w, let g, 1) solve the equalion m™ (p) = =" { gy with 7% (p) = 0. We
can wse Lemmma 1 below to prove thar such u pim, ) exists and 15 unigue.

The following lemina helps us to identily the existence of prafitable group deviations,
The proof is 1o the appendix,

Lissa | foy e eodfition Towitht [T =1 (= 1), Then, there exisis a price g(ton)
with 0 = piy, v = p', such that the fodlowing kald,
() Farall po<= pie,n), T has ne peofitalle deviation fromp = (g 0 2
(iiy  The coulition T bas o prafitable deviation from p whenever p = pli,
(i I e conlivion T has ro profitable deviation from p, then no subser of T hasa
prigfitable deviation from p.

Proposition 2 below provides a necessary and suflicient coodition for the gaistencs
ol an SBE.

PrOpOSITION 2. Aw SBE exisrs if and onfv if p" = pin — Lo

Erpaf. From Propositnon | recall that the only possible SBE involves all firms

chureing the price p".

Necessitv: Suppose that pin — 1,00 < p".

Fram Lemma (i), any coalition consisting af 7 — 1 [irms has o profitable deviation
from p"_ Thuos @ cannot be an SBE.

Sufficieancy: Suppose that g = oo — Lo

Since pf is the peofit maximizing pricz lor the gramd coaliion, clearly e grand
coulitiun diwes nol have a profitable deviation. Singe p" < pin — 1. a). by Lemma [{i),
no coalition consisling of s — | Hrms has a prolitable deviation. Moreover, from Lemma
L{iii}, no other coalition of size less than # — | can have a profitable deviation. [ ]

The existence resull is interesting as g strong Mush equilibriom Uails 1o exist in many
sames. Peleg § 1984), however, demanstraes the 2xistence of strong hash equilibria in
same classes of voting sames.

The fullowing examgle shows that depending on parameter valucs, the condilico Lor
existeince may or may ot be satisfcd,

ExampPLE [. Lel the demand (unction be ¢ = o — g and let the cost funcrion be

e, We also assume that o = 2. Ttis easy 1o see that pil, 2) = 3% and g° = %
&

Thus pil, 21 = pif and only ife = 2,
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We then ask it p" satisfies quasi-competithvaness (see Ohoguchi (1973). ie. ke
piroperty that the markel price is decercasing in the degree of competitiveness. From
Observation | we Hnd thal il doces.

3 CONCLUSION

In this paper we consider a model of Berirand-Chanmberlin price competition where
firms supply all demand and sclve Jor the strong Bertrand equilibrivm of this gume. We
provide a pecessury und suflicicnt condition for the existence ol such an eguilibriom,
We find that whenever un SBE exists, it is unique. symunetric and quasi-competitive,

4. APPENDIX

Proaf of Ohservarion |, Note that p* solves
pPEAPY+ Fip) E,(F{m) Fiipy

Fip,m}= 0.

| Ml )

From the concavity of the profic functien it follows that Fpipoar) < £, We can then use
the Taet that ¥ (p'™, i) = {0 to show that

Fip™ F-’ By Fip™yyg
PN T N Ll WO - P T W

Yaulp™, =

mt
Hence, of ™ felin= =¥l " m)f Yl p™ = 0, [ |
Primf of Lewmre 1o {0) and {ii), Note that since n = ¢, z¥ih — —c-{‘r'—'fﬂl”—j} -

--n'.‘l{{..li.—'ng} = x'({h. We then define g4, = ﬂ,{’—} and let posatisly F(py = rg,. Claarly,
g o= g, Since Fip) = 5‘{'};’11 and 7 = p', stroightforward calculations yield that
AllA) = et Now pf maximizes =" (p), and hence x' g = a4 = =" (p").
Thus there exists a g, nd such that ® (pir, aby = 7% (pdr, i

tNext define ¥(ph = =" (py — 7' {p). Obszrve that

fy 1 ; £ I
f—ﬂ: {Fl;p}+prfﬂ c’( ‘P})r'{p]J

! n 0o
" I Fip) “
= !—[F{p]+ pF{p) —r:’(—-ir’?-)F'{p}] :
Since (22 < (22 i follows that
dY NEar L 1 :
SR [an} | pF’Epl—c( “”)f-"{m](- " -). (3)
of ! oS

Finally. since p = p'. one can vse the concavily of the profit function w show that
[F1 + pF(p) — :‘r['r'—i‘"l—ljl.f'"'[ﬂ]| = (1, Hence J—L:lfi} = {1 thus proving the Brst two
parts of the Lemang.

(11)  Woas sulficient to prove that @0, o) is decreasing an £ Nowe that (s, #) solves
the {ollowing equation in g
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F{P]") Fip)

L i

T ! n )
Fipp _Fipp

! H

From Lemma 117 and 1), in fact, it follows that pir, nd is the minimum g salistying

the ahove equation, Let Zip.f,my denote the cight hand side of the shove equation.

Clearly. Z10), ¢, r] = . Next observe thul

Zip. fn) n? “ (F{;:_‘J) r(F{;}])}
bt e O R M ) L8|
ar Flpitn — o) t n

_a(f"{ﬂ.i"(f’tm _ F{P‘J)
: i J t i ’

Frowm she eonvesily ol the cost function it fedlows thal Z¢p,7.0n0 s strictly decrzasing
in¢. Hence pir. ) is decreasing in ¢, [ |

4

(3
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