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SUMMARY. Inprevious papers Lhn author (\llllu)’lnlll. 1981a, 1081b, 1081c and 1961d) intro-
duced (1) the Muetorinl & pugiti (2) tho ) hi position, (3) the symmetric decomposition
and (4) the pericdie decomiposition of a finite motule or a Anite ring with unity. Each decomposition sup-
plics a family of Pactially Balanced Incompleto Blook deaigns, if we make one eloment of a module or of
a ring correspond to one variety and vice versa. As is proved by the author (Musuyama, 1061d) the
periodio d. position is a refl of othor. d position. We shall g lizo in Section 1 the
ooncopt of the periodic block in the wonsu that ordinary cosots are special cases of hilateral or doublo
cogola in the theory of groups and shall gonvralizo, further, from the viewpoint of mapping in Scclion 2
which was noticed by P. K. Mvnon.®

1. Suppose, 7 be & ring of order » with unity e. Let @ and & he two
multiplicative groups of order g and b respectively contained in this ring, ¢ being the
unity of & and . &G and- A are not necessarily distinct. a, G; and H, being an
element of L7, & and K respectively, Gya.H, is an element of A We arrange this
element in the row (4;) and in the column (G, H)), for i =1,2,...,v, j=1,2, ,g,
I=1,2,...,h. The order of arranging the headmg (a;) or (G}, H,) is xmu\utcnul
far as all possible cases ocour just once.

TABLE |
(G H)) =(ee) ... (GLHY ... (O Hy)
{ur) = (¢) ces o GjeHp ... GpeHy
(4g) aj‘n v QpugHp . GgigHy
(o) odye «o OpeHy ... GuucHy

*Dr. P. K. Monon, Diractor, Oypher Buresu, Ministry of Defence, Government of India, drew the
suthor's attontion to R. Vaidy i y's papor ‘A romarkablo property of the integers mod N, and
its hearing on group theory,’ publishod in Proo. Ind. Acad. Sei., 5(1137), 63-75, in whioh Vaidyanathnswumy
treatod a spooiul vado of our poriodio block. which corresponda Lo Fuchs® vage with differont notations, Seo
L. Fuchs “Usher dio Poriodon usw®, published in Crelle’s Journal, 81(1863), 374-386 and P. Bachmann's
Lohre von der Kreistheilung, Loipsig, 1872. Vaidyanolhaswamy's method of dotermining cocfMcicnis
which appear in a product of two poriadie blocks, in our terminology, is now. However, these soefficien (s
aro oasily doterniinud by tho ramark givon by Masuyumn (1081d), at the ond of Section 4 not only in tho
Fuchsian caso but also in any cago of poriodic blocks goneratod by olonunts of a fnile ring.
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Then each ool tains all el ta of the ring exaotly once, becaunse if
we have

GaH, = GpH), e (D
then multiplying G;! from the left and H;! from the right we get
a=> o (2)

Identical elementa of the ring may appear in the same row more than once.
Suppose that there are exactly d elements contained in the row () which are equal
to a, ie.

6 = G0l = Gpally = -+ = GaHy. e (3)
(i) If d = gh, we have e = GaH, e (4)
for j=1,2,..,9; 1=1,2..h

(ii) If 4 <gh, there are elements whioh are not equal to a. Let any one of them
be GaH. Then multiplying & from the le{t and H from the right we have by (3)

GoH = GGyaHH = ... = GG aH,H, )

with (G, H) # (6G;,, HinH) for m = 2,3, ...,d. Thus GaH reduced to an element
of A appears at least d times on the same row (a). If there were more than d elements
which are equal to GaH, let GaH, be any one of them.

Then we would have
a =Gl = . = GgaHy = G'GpHH! ... (8)

with (G, Hya) # (G-16y, HoH!) form = 2, 3, ..., d, which is contrary to our assump-
tion. Thus each distinct element of & is contained exaotly d times in the row (a),
if it is contained in the row (a).* -

A block which contains all elements of one row of Table 1 is called a bilateral
coset block or in short BC block and a block which contains every different element
in the same row exactly once is called a normalized BC block. Then two BC blooks
obtained from different rows are either identical or disjoint.

If GoH, = GbH,, for a+#D, e (M
we have GoH = GG;'G,bH H'H, for any Ge@ and HeA. e (8
Thus all elements GaH are contained in the row (b). Similarly, all elements GbH

are contained in the row (a). Therefors, the sum of all possible non-idontical norma-
lized BC blooks contains all elements of the ring once and only once.

® The suthor wishoea Lo expross hia thanka to Dr. P. K. Menon for kindly pointing out the mistako
in the proof on this point in tho Arat manusuript.
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We shall now prove that a product of any two BC blooks is represented by a
linear combination of BC blocks, coefficients being non-noegative integers. In fact
we have

Gl +G,bH, = Ofa+G; G bH H)H,
= G)(a+G,bH)H, .. (9)
in which the second term in the bracket runs through every clement of the row (b)

once and only once, for all combinations of m and n, whatever j and ! may be so far as
these two suffixes are fixed.

6o = a+CpbH, . (10)
being an element of the ring _#, the block
{GrepeHys ooy CyCpoHy, .., Gieo Hy) ..o (11)

for fixed values of » and ¢ is 2 BC block. q.ed.

The periodic block is a special case of our bilateral coset block in which one of
& and ¢ consists of only one element e.

2. The above result is easily generalized, if we realize that the essential features
of the above proof are (i) the multiplicative group property of the transformations or
mappings 7; of an element of e, i.e. G,aH, in this case, and (ii) the distributive property
of the transformation or the isomorphism between @ and 7,4. The first property is
used in getting the formulas, (2), (5), (6), and (8) and the second one is used in getting
the formula (9). The existence of the unity in 4, which we have assumed in Section
1, is needed only when we utilize the group property of the mappings.

Now let A be a finite module of order » and 7, @ be & mappingof a in L into
. Then all mappings 7; constitute a semi-group Z(<A), of which an inversible clement
gives a bijective mapping. All the bijective mappings constitute a symmetric group,
i.e. a substitution group &(.#), of which automorphic mappings constitute a subgroup
A(AH) of S(A). Any subgroup of UA(A) oan be used for generating a Partially
Balanced Incomplete Blook design. Table 1 in Seotion 1 is replaced by the following
table :

TABLE 2
L6 T T

(as) TRy 48, 901

(;ri) ;la( :r,a‘ ‘r.,a‘

(‘;o) ;l“v 7}“' ‘r;a.
The set of all el ta in a row titute a block, in whioh all distinot elements
appear with the same frequency, say d-times. A blook which is derived from one row
and contains all distinet el ts exactly onoce, is oalled a normalized blook. The block

thus obtained may be qualified by the specific mapping used.
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3. Wo shall illustrate our method by one of the t transformati
i.e. by conjugation. Soppose that a is an element of a ring L of order v with unity
and G; is an el t of & tive group of order g contained in f. Then
the conjugated block

(607, ..., 080, ..., 0,07 . (12)

or its sum generates a Partially Balanced Incomplete Block design by mult\plymg
{s}, s being every clement of _#. The mapping ‘conjug  satisfies two
stated in Section 2.

Example : Consider the matrix ring of order 18 (see Appendix) which is
quoted by (Masuyama, 1961d). Let & be (12, 23, 31, 32, 21, 13), of which (12, 23, 31),
(12, 13), (12, 21) and (12) are its subgroups with regard to multiplication. The norma-
lized conjugated blocks obtained by @ are as follows :

= (0,
A={12},
B = (23,31},
= (32, 21,13},
= {01, 20, 33},

= {02, 03, 10, 11, 30, 22}.

All these blocks are self-conjugate. The multiplication table of these blocks are given
by Table 3.

TABLE 3
B A B* 24 D* Fe
E E
A A E
B B B 2E+24
[ 4 D F SE+2C
D D o P 84+2D 3E+2C
P F P 20+2D 8B+2F 3B42F CE+68A+4C+4D
T

There are simple linear relations among these bldoks and the periodio blooks
(Masuyama, 1961d), i.e.

F,=A+B
Pyt FytFo= D+F
and Fg=0.
By setting Dy = A4+C+F and D,= B+D
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wo obtain the following multiplication table :

TABLE 4
E* Dy* Da.*
g | E
b | D, 10E+08(Dy+Da)
Dy | D, 3D, -+4D, bE+2D,

The initial block D, and the initial block (E+ D,) supply two Balanced Incomplete
Block designs which are complementary. The initial block D, supplies a Partially
Balanced Incomplete Block design with the following parameters of the first kind :

v=b=16, k=r=25,n =10, n,="5,1, =2 and A, = 0.

The parameters of the second kind are given in Table 4. A Partially Balanced Incom-
plete Block ‘design with parameters of the same first and second kinds is given by
Clatworthy (1956). However. his design is not cyclic.

Appendix : Matrix ring of order 16
THE ADDITION TABLE

00| 00 01 02 03 1 1 12 13 20 21 22 23 3 31 32 33
0l 01 00

02 02 03 00

03| 03 02 01 00

100 10 11 12 13 00

1| 1 10 13 12 o1 00

12/ 12 13 10 1N 02 03 00

1313 12 11 10 03 02 01 00

200 20 21 22 23 30 1 32 33 00

21 21 2 23 22 31 80 33 32 [1) S ]

220 22 23 20 21 32 88 30 31 02 038 00

23| 23 22 21 2 33 32 31 30 03 02 01 00

3| 30 31 32 33 20 21 22 238 0 11 12 13 00

31| 31 30 33 32 21 20 28 22 1 10 13 12 o1 00

32| 32 33 a0 81 22 23 20 21 12 13 10 I 02 03 00
33| 33 32 31 30 23 22 21 20 13 12 11 10 03 02 01 00
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THE MULTIPLICATION TABLE

-;\l 00 o0l 02 03 100 112 1 20 21 22 23 a0 31 32 a3
00| 00 00 00 00 00 00 00 00 00 ob 00 00 00 00 00 00
01/ 00 00 00 OO o1 o1 01 O 02 02 02 02 03 03 03 0
02| on ol 02 03 on 01 02 03 a0l 02 03 00 0 02 03
03 vo O01I 02 03 0 00 03 02 02 03 o0 0} 0 62 o061 6o
10| 00 00 00 OO0 10 10 1100 10 2 20 20 20 30 30 30 30
1| oo 00 00 00 mo1onn 22 22 22 22 3 3m 33 33
130 00 01 02 03 M N 12 13 20 21 22 23 0 31 32 m
13 o0 o1 02 03 11 16 13 12 22 23 20 21 33 32 31 30
200 00 110 20 30 00 10 20 30 00 10 20 30 00 10 20 30
21 00 10 20 30 oF 1M 21 3 02 12 22 32 03 13 23 N
220 00 Il 22 33 00 11 22 -33 00 11 22 a3 00 11 22 33
28 00 11 22 33 o1 10 23 32 02 13 20 3 03 12 21 16
30| 00 10 20 30 10 00 30 20 20 30 00 10 30 20 10 o0
31 00 10 20 30 1 o1 31 21 22 32 02 12 23 13 m
32| 00 n 22 13 10 01 32 23 20 31 02 13 30 21 12 ™
33| 00 11 22 33 11 00 33 22 22 33 00 11 33 22 11 00

(s, 5) stands for ( :: :: ) with § e ¢;y 4213 and j = ¢y + 2623, and cg is an element of the moduls to
modulo 2,i.e.0or 1.
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