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Ahstract

Plankton is the basis of the entire aquatic food chain. Phytoplankton, in particular, occupies the first trophic level. Plankton
performs services for the Earth: it serves as food for marine life, gives offoxygen and also absorbs halfof the carbon dioxide from
the Earth’s atmosphere. The dynamics of a rapid (or massive) increase or decrease of plankton populations is an important subject
in marine plankton ecology and generally termed as a “bloom’. Harmful algal blooms (HABs) have adverse effects on human
health, fishery, tourism, and the environment. In recent vears, considerable scientific attention has been given to HABs. Toxic
substances released by harmful plankton play an important role in this context. In this paper, a mathematical model consisting
of two harmful phytoplankton and zooplankton system will be discussed. The analytical findings will be verified through our
exr~rimental observations which were carried out on the eastern part of Bay of Bengal for the last three vears,
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1. Introduction

Phytoplankton are the source of almost all energy
passing through aguatic food webs and comprise
some 40% of the total fixed global primary produc-
tivity (Falkowski, 1984). A large component of this
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productivity can be attributed to the occurrence of
both seasonal and sporadic algae blooms that form as
patches over the ocean’s surface in areas of localized
nutrient ennchment. Rescarch s now concentraing
mainly on bloom dynamics with a special emphasis
on harmmful algal blooms (HABs). The dynamics
of a rapid increase or decrease of phytoplankion
populations s known as ‘bloom’. Planktonic blooms
may be categonzed into spring blooms and red ddes.
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Spnng blooms occur seasonally due o changes in
temperature or nurient avalability. Red tndes are the
result of localized outbreaks associated with water
temperature (Truscotl and Brindley, 1994,

Phytoplankion species that cause fish poisoning
iciguatera) and shellfish-vectored poisoning of hu-
mans are clearly harmful (Hallegraeff, 1993). Harmiul
speciescan be characlerized by three distinet models of
negative mpact such as “toxic’, noxious, and nuisance,
used either synonymously or to characterize the rela-
tive degree of impact. There are at least eight different
modes and mechanisms by which harmiful phyto-
plankton species can cause mortality, physiological
impairment, or other negative in situ effects. These fall
into two general types: non-chemical effects that lead
to starvation or canse harmful mechanical and physical
damage, and chemical effiects attributable 1o physical—
chemical reactions, phycotoxing, or other metabolites.
Among the chemically harmful mechanisms, die-offs
due to anoxia or hypoxia following blooms of large,
relatively ungrazed species, such as Ceratinm, are
well known (Granel et al., 1989). Noctileca produces
a remarkably simple ichthyotoxin NHy (Okaichi and
Nishio, 1976). Morality can occur through direct
ingestion {endotoxin) of the hammful species, upon
exposure o secreted toxins (exoloxins), or from Loxin
vectoring through the food web, accompanied by
conformational changes in the toxic principles and
their potencies (Shimizu, 1989; Yasumoto and Murata,
1993). The impact may be ona directly targeted preda-
tor or lead to indiscriminate die-offs and physiological
impairment during food-web vectoring. Despile con-
vincing evidence that hammiul phytoplankton species
oceur and bloom, knowledge of what defines a harmful
speciesisqualitative. Such species are sull being identi-
fied, and the modes and mechamsms of harmiul effects,
and ecophysiological divergence of harmiul taxa from
species considered o be non-hammful are still being
desenbed. Among the more relevant issues needing n-
vestigation are the extent to which such blooms impair
or disrupt “equilibrium” tophodynamics and whether
they fall within the variance in natural catastrophic
events that shape the equilibrium. Such studies are also
needed 1o assess the validity of the spring diatom bloom
model as a general model of bloom dynamics in the
sea.

Blooms, as a phenomenon, collecuvely have proper-
ties other than biomass, numerical population density,

and the potential of the bloom species to inflict harm.
These features are also relevant o their definitions,
oceurrences, and in situ trophodynamic  conse-
quences. The processes influencing species occur-
rences, whether harmiul or not, may differ significantly
from those regulating their blooms. And, at any given
time or spatial location, asan inherent aspect of species
SUCCEession, one or more species are in a state of bloom
even though they may not achieve high biomass or
high population density. The presence of toxic species
does not necessarily lead o a deletenous impact; such
effects require a threshold population density level,
above which it becomes immmical. Given these consid-
erations, formal definitions of what makes a species
or i1s blooms harmiul, wxic, noxious, a nuisance, be-
nign, ¢xceptional, and (or) unusoal are neither practical
nor helpful, and the application of such descriplors 1o
in si processes should be discontinued until, or un-
less, quantitative data in support of such distinctions
are available. However, the basie distinction between
harmful and non-hammful blooms is not only warranted,
it is an important first step toward classification of the
varous types of phytoplankton blooms that undoubt-
edly occur. The adverse effect of harmmiful algal blooms
is clear, but the control of such problems is under
investigation.

Recent sudies reveal that some times bloom of cer-
tain harmful species may lead o the release of both
toxins and allelopathic substances. Allelopathic sub-
stances tend to be directly targeted and may physiolog-
wcally impair, stun, repel, mduce avordance reactons,
and kill grazers. Examples of these diverse models of
impact were given by Smayda ( 1992). Information on
the recently discovered, remarkable ambush predatory
behavior of the harmiul dinoflage llate, Pfiesteria pisci-
cida was presented by Burkholder and Glasgow (1995),
Lewitus et al. (1995), Toxin-producing plankton (TPF)
release toxic chemicals m the water and reduce the
grazing pressure of zooplankion. As a result, TPP
may act as a biological control for the termination of
planktonic blooms (see, Chattopadhyay et al., 20024.b;
Sarkarand Chattopadhyay, 2003; Chattopadhyay et al.,
2004

Our previous work has not cosidered two harmiful
phytoplankion populations, but the role of two harmiul
phytoplankton population in this regard cannot be
ignomed. In the present study, we will give special
emphasis w the fact that the occurmrence of loxin-
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producing phytoplankton may not always be harmiul
but may help o maintain the stable equbibriom
in trophodynamics through the coexistence of all
the species. The model that we propose has three
interacting components consisting of the two harmiul
phytoplankton and a herbivorous zooplankton with
an additional factor that the release of toxic substance
by toxic/harmiul-phyoplankion species reduce the
growth of zooplankion. We use field observations 1o
establish the theoretical results.

2. Rale of toxin-producing plankton ( TPP) in
the termination of planktonic blooms

To establish the wle of TPP in the termination
of plankton blooms Chattopadhyay et al. (2002a)
proposed 4 general mathematical model based on
their field observation. They considered the following
model:

ot P(l P) flPE
—=r ——|-ua

dr K 2.1
dz :

i BAPVE — nZ —dg(PVZ

Here P is the density of the TPP population and Z the
density of the zooplankton population. The vardable
o (=) is the rate of predation of zooplankion on TPP
population. Further, # (=00 denotes the ratio of biomass
consumed by zooplankion for its growth and p (=0 is
mortality rate of zooplankton due o natural death as
well as for higher predation. The varable 8 denotes the
rate of toxin liberation by the TPP population. Here
FUP) represents the predational response function and
£l Py represents the distribution of toxic substances.

They observed that the bloom phenomena can not
be observed for two cases: (1) when f{P) and g(P)
are both linear and (1) f{P) is linear but g P) is
Holling type 1. But if the uptake functions are ho-
mographic whatever the distribution of toxic sub-
stances (hnear or homographic), the excitable nature
of blooms through penodicity has been observed. It
15 also noted that when the wxin hbembon process
is of Holling type 11 and the uptake function is lin-
car, the excitable nature of blooms through periodic-
ity has been observed under some parametnic restne-
Lions.

Further, they also observed that TPP population
did not always release toxke chemical but instead re-
lease only in the presence of dense zooplankion pop-
ulation around it. Moreover, in reality the reduction
of grazing pressure due W a toxic substance is not
mstantaneous, but 1s mediated by some ome lag ne-
quired to release toxic substances by the phytoplankion
species. From this point of view, Chattopadhyay et al.
(2002b) modified the model by introducing discrete
tme variation in the grazing wom. From the delay-
mdoced model they concluded that the enhancement
of environmental carrying capacity decreases the criti-
cal value of the delay factor to zero. As a result, the
instability region of the system increases. This ob-
servation also exhibits the nature of blooms through
periodicity.

In order o understand ecosystem functioning better,
we need o understand what determines phytoplankion
species composition and succession during blooms,
what happens when blooms decay, how contaminants
influence bloom dynamics and what is the interplay be-
tween nutrient enrchment (through artificial eutrophi-
cation) and harmful algal blooms. This forcing appears
rather nommally due to daily, seasonal, or annoal eyeles,
photosynthetically active radiation, lemperature, nutri-
ent availability, eutrophication, ete. and phytoplankion
populations often flucwate unpredictably in numbers
(Popova et al., 1997; Ryabchenko et al., 1997). From
this point of view, Sarkar and Chattopadhyay (2003)
again modified and studied the delay-induced system
taking into account the additive colored noise with the
proper choice of autocorrelation time of the noise pro-
cess as the residence tme for nutrient concentration.
Finally they concluded that TPP and the conwrol of
the rapidity of environmental fluctuation are the key
factors in the termination of plankionic blooms. It is
mteresting 1o see whether or not conclusion drawn
from the above three studies can be verified, if we
mclude more wxic phytoplankion population into the
System.

3. The role of two harmful phytoplanktons in a
phytoplankion—zooplankton system

In our study, we iy w0 observe the effects of
harmful plankton in the dynamics of two harmiul
phytoplankion—eooplankton ineraction. The model
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that we propose has three interacting components con-
sisting of the two harmiful phytoplankton (HP) and her-
bivorous zooplankton () with an additional factor that
the release of oxic substance by toxic-phytoplankton
species reduces the growth of zooplanklon.

We consider the toxin-producing plankton species
harmiful  phytoplankton
species as Chaetoceros sp., and zooplanklon species as
Paracalanus sp. (the taxonomical and functional dis-
tinctions of the species N. scintiffans and Paracalanus
g are given in Chattopadhyay etal., 20024; Sarkar and
Chattopadhyay, 2003), and Chaetoceros sp. belongs Lo
the group diatom. 1L 1s a non-Loxie microorganisms but
results in hypoxic conditions and thus, s a harmiul
algae and reduces the growth of a zooplankion popu-
lation. Our field study suggests that when any one of
the harmful phytoplanktons is absent the equilibrium
level of both harmiul phytoplankions and zooplankton
are much higher than the value observed when both
harmiul phytoplanktons are present. This phenomenon
depicts the fact that the presence of two harmiul phyto-
planktons in the system reduces the high abundance of
harmiul phytoplankions and the zooplankion popula-
tion. Further, the biomass distribution observed in our
field study demonstrates that the introduction of two
harmful phytoplanktons leads 1o the persistence of all
the species through the termmaton of blooms and can
be used asa controlling agent for the stability of marine
CCOSySLem.

as  Nectifuca  scintillans,

3.1 Field observation and findings of
experimental wesults

Monitoring of plankton population was carred oul
since January, 1999 in the Noth-West coast of Bay
of Bengal. We choose N. scintillans and Chaetoceros
s as harmmiful phytoplankton species and Paracalanus
spoas zooplankton for this study. The materials and
method of the study have been discussed elaborately in
Chattopadhyay et al. (2002a), Sarkar and Chattopad-
hyay (2003). Here we consider the data of the field
observation from March 1999 10 February 2001 (33
sample collection dates). To establish our theoretical
realization we focussed mainly on the dynamics of the
two HP-zooplankton system in the total ume frame
and we observed the high abundance (may also de-
picted as a bloom) of harmful phytoplankion species
due w the absence of other harmful species. In our -
tal study time, when both the hammful phytoplankion
species were present, the peaks of zooplankion popula-
tion came down in compared to the presence of single
harmful phytoplankion (see, Fig. 1).

Moreover, the pattem observed for the zooplankton
population depicts the termination of the bloom phe-
nomenon doue to the presence of two HP (see, Fig. 1),
Again equilibrinm analysis is useful in that it identifies
the effect of inclusion of some species in real food chain
models. To study this we observe the average biomass
accumulation over the entire time period of our field
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Fig. 1. Biomass distribution of Chastoceros sp., Noctiliuca seinnillans and Feracalanis sp.
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study for three different cases: (i) the presence of only
Chaetoceros sp. and Paracalanus sp. (see, Fig. 2), (1)
the presence of only N scintillany and Paracalanus sp.
(see, Fig. 3) and (iii) the presence of two harmiul phyto-
plankton (both N, scintillany and Chaetoceros sp.) and
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eooplanklon (Paracalanus sp.), 1., all three species
(see, Fig. 4). We observe that there was a consider-
able decrease in harmful phywplankion and zooplank-
ton biomass accumulation as compared 1o the situation
when a single harmmful phytoplankion was present.
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Fig. 4. Avemge biomass of Chaetoceros sp., Noctiluca scintillans and Paracalanus sp.
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Motivated from the literature and our field obser-
vations, a dynamic model consisting of two harmiul
phytoplankion and zooplankion has been proposed and
the role of harmiul phytoplankton in the termination of
planktonic blooms has been observed.

3.2, The mathematical model

Let Pty and Pit) be the concentrations of the
harmful phytoplankions at tme t. Let Z(1) be the con-
centration of zooplankton at time r. Let rp and r be
the growth rates of the hanmful phytoplankions, respec-
tively. Let K and L be the environmental carrying capac-
ity of the two harmful phytoplanktons. Let m and n be
the maximum zooplanklon ingestion rates for both the
harmful phytoplankion species and m and ny be the
maximum zooplanklon conversion rates respectively.
Let g be the natural death rate of zooplankton. Let o
and A be the inhibitory effects of the two competet-
ing harmful phytoplankions. Let &) and & be the mles
of toxin liberation by the harmful phytoplankions, re-
spectively, which reduces the growth of zooplankton.
Here fi P )and gi P5) represent the distribution of toxic
substances for the two phytoplanktons.

The mathematical model 1s:

dp P

el = rj P[(l——l —aP P —mPAZ

dr K

ok (R TR o

o, =r; 1( I 1Pz —nEz (3.1)

dZ
d_ =mP+nPrE—uf
I
— 8 fIP)Z — g P) Z.

System (3.1) has to be analyzed with the following
mital condiions:

Py = 0, P20y =0, Z(h = 0. (3.2)
3.3, Some basic results
330, Boudedness of the system

Theorem 3.1. All the solutions af (3.1) are wtimately
bounded.

Proof. We define a function

w=P~M+P+Z (3.3

The time derivative of ( 3.3) along the solutions of (3.1)

duw P
— = Piry I—E —aPI Pr—mP £

Ps
+ Pz (1 - f) —BPPr—nPBZ4+mPZ

+nP2Z — pZ — & f(P)Z — tag(P2)Z
Forg = 0

dm+ & (1 P s | Py
o r < Pir Bk +F gt
5 qw = Pin ¥ _1"3( 1

—pnZ+gh +gPr+gZ (3.4)

If wetake g such that 0 = g = pand M = 0 and M =
max{ M, Mz} where M| maximum value of Py[ri(l —
%} +glae, M| = ’—41 + g and M> maximum value of
Palra(l — 52) + gl.i.e, My = % + g, then

duy
o +guw = M O

Equilibria: The system (3.1) possesses the fol-
lowing equilibriazthe plankion free equilibrium Ey =
(0, 0,0), one harmful phytoplankton and zooplank-
ton free equilibrivm E(K,0,0), another harm-
ful phytoplankion and zooplankion free equilibrium
E3(0, L, 0). A feasible zooplankton free equilibrium
Eﬂiﬁfﬁﬁ::;f i};ﬁ’i{:ﬁf.ﬂ}, which exists if r| =
al and r» = AK. A feasible one harmful phyto-
plankton free equilibium E4(P", 0, Z") where Z' =

%fl — fj-i}lurﬂ Py satsfies the relation m P — o —

& fiP) =0, Another harmiul phytoplankion free
equilibium Es(0, P,", Z") where Z" = 2(1 — £y
and P satisfies the relation my P2" — g — dhe( A7) =
0 . The positive interior equilibriuvm is E* =
(B*, P*, Z*) where B*=LAR*+ LB Z¥=
Jf[l — AP* — B — Ji:F'l* and P * satisfies the rela-
tion m P* 4+ LAPY +mLB—pu — & f(AY) -
frg(LAP* + LB) =0 where A = gii="0% and

B — Wrx—hry
 mry—nel” - : . e
ow we observe that the positive interior equilib-

N by that the posit L lib
rium E* exists if the following inequalities hold true:
ri L] ri Pl* - Krxiri—el)

= el
min{<>=. b < 5 < 5g- KL

and
m A+ LARY +n LB — —ﬁ'l_f'fF'|*]l

—thg(LAP* + LB) =0 (3.5)
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3.3.2. Eigenvalue analysis

In this section, local stability analysis of the system
around the biological feasible equilibra will be per-
formed. The aim of this part is 1o find out the suitable
mechanism o explain planktonic blooms and possible
control

Lemma 3.1. The plankion fiee steady state Ey of the
system (3.1) iv a saddle point.

Lemma 3.2, There exists a feasible one toxic phyto-
plankton and zooplankton free steady state Ep of the
swstem (3.0) which is unstable saddle if ra = K (for
existence af E*).

Lemma 33, There exists another feasible toxic phy-
toplankton and zooplankton free steady state Ex of the
svstem (3.1) which is unstable saddfe if ry = al (for
existence of E*).

Lemma 34. [f the ineguality my Py +m P > o+
& FOP) 4 8ag(Pa) holds then E is a unstable saddle.
[see Appendix A).

Lemma 3.5. [f the meguality r2 — P —nZ = 0
then Ey is a unstable saddle. (see Appendix A).

Lemma 3.6. One toxic phytoplankton free equilibrium
Es(0, P, Z") is unstable if rp —oPy" —mZ" = 0.
(see Appendix A).

Now we shall derive the local behavior of the sys-
term (3.1) around the positive mterior and obtain the
following theorem equilibrinm.

Theorem 3.2, If

wl m r

_— - — o — (3.6)
r n Ak

and ny = 821 P2*) and my = &) f{P\*) then all the
three species will persist (see Appendix A).

We have already mentioned that wxin liberation pro-
cesses play an important ole in plankionic dynam-
ics. As the liberation of toxin reduces the growth of
zooplankton, it causes substantial montality of zoo-
plankton and in this period, the TPP population is
not easily accessible. Hence, a more common and
intuitively obvious choice s of Holling types Il
or Il functional form o describe the grazing phe-
TCHTICTON.

The main objective for taking into consideration
different combinations of functional forms is o un-
derstand mechanisms of plankionic blooms and their
possible control.

4. Toxin-producing phytoplankion-
zooplankton model when the distribution of
toxic substances are Holling type 11 functions

Here we consider the distribution of toxic sub-
stances as having Holling type 11 functional form and
rewrile the system equation as:

d PJ 7
=rP|l-—=)—aPi Py —mPZ
dr K

dF; P
Iopmpl - _3) — AP Py —n P 7
di L (4.1)
dZ
=7 ={m P+ P E = pf
: 1. Py

— 8, Z =t

n+ P Yet P

£,

Here 3 and 32 denote the hali-saturation constants
for the two toxin-producing phytoplanktons.

Equilibria: The system (4.1) possesses the fol-
lowing equilibria: the plankion free equilibrinm
Ep=(0,0,00, one hamful phytoplankion and
zooplankton free equilibrium E( K, 0, 0). Another
harmful phytoplankion and zooplankion free equi-
librium E2(0, L 0). A feasible zooplankion free
equilibrium  Ey(£2ebor) BPE=) ) which
exists if 1| > ol and ry > K. A" feasible one
harmful phytoplankion free equilibrium E4(P", 0, Z7)
where Z'="(1— £y and Py satisfies the rela-
tion m P24 P'lmypy —pe—8)—py =00 If
my| — g — 8 = Oor < 0, in each case one oot of
the above equation is positive. Another harmiul phyto-
plankton free equilibrium Es(0, P2, Z") where Z" =
%fl - ff:}l and P27 satisfies the relaton ng 2272 +
P:"(ny2 — o — 82) — pyr = 0. Here also for nyps —
fio— & = Oor = 0, in each case one rool of the above
equation is positive. The positive interior equilibrium
is E"=(P" A", 2% where B = LAP™ + LB,
It = %f[l — APR* —B] - %Fﬁ*und P * satsfies the
relation

CiP™ + G+ C3P* + Cy =0
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where

Cy=LAlmy + L A)

Cr=(yr+ LBWm, +a LAY+ LACm 3
+myLA+m LB —p—)—thid

Ci=(pr+ LBMNm 1+ LA+ LB — i — )
+ LA LE — ) — (LAWY + 6 LEB)

Co=lyr+ LBHmyp LB — py) =t LBy

The conditions forthe existence of a positive interior
equilibrium E* is given in Appendix B.

d.0. Eigenvalue analysis

First consider the plankton free steady state Ey of
the system (4.1).

Clearly the plankion free steady state is unstable
isaddle) and there exists a feasible one Loxic phylo-
plankton and zooplankion free steady state E).

This steady state is unstable if r2 = AKX (for exis-
tence of E*).

Then there exists a feasible another toxic phyto-
plankton and zooplankton free steady state Es.

This steady stale is unstable if 1| = ol (for exis-
tence of E*).

Now il m Py +n P>+ g
E3 15 a unstable saddle (see Appendix B).

Kinry—mrz) r G LA s n n .
If i < Py" then E4 18 a unstable saddle (see

& P Py N
i then

MNowy if I—;%-‘_-%_‘—] = " then E5 is an unstable sad-

dle (see Appendix B).
Theorem 4.1. f

wl m ry
— = — = — (4.2)
ra n K
and
2 F = min fﬁm_ L ﬁ'_:y’;_ LB
i \ om Kl n 2

then all the thiee species will persist.

5. Numerical experiments

Now  we compare qualitatively  the dynamical
patterns observed in our field study with our model
formulation for different functional forms. For this
we substantiate our analytical findings through nume-
rical simulations considering  the following  hy-
pothetical set  of  parameter  wvalues: rp =055
day™', r2 =05day~!', K =20nos.ml™!, L =22
nos.ml™, @ =0005mlnos. " day~!, #=0.004
mlnos. ' day~!, m=0.15ml nos.~'day~!, n=
0.15mlnos. " day~™!,  m; =0.09mlnos.~  day~!,

ny=0.075mlnos. " 'day™", pu=000day™!, 8 =

Appendix B). O0.06mlday~", & =0.07mlday~", 3 =0.1nos.
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Fig. 5. Stable situation when §{# ) and g{P) are both of Holling type 11
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ml~!, 32 =0.12nos.ml~'. Our numercal resulis Ps. In this case we observe a stable situation (see,
show the coexistence of all the species when both Fig. 7).

FiPy) and g(Ps) are of Holling type 11 {a stable
situation, see, Fig. 5).
When both ffP| Jand g ) are ul‘HuIImh Lype 1,

‘) it 4
i.e., f(P)= :i 73 and g(Py) = 2 Gin all the Fig. 8).
cases yp and ya dLnulL Lhe h.ill-s.ilumlmn constants for We have not identified the model parameters di-
the two toxn-producing phytoplankions), in this case rectly from our field observations, but the gualitative
we also observe a stable situation (see, Fig. 6). comparison of our model simulation with the dynami-
We also observe the situation when both f(F) cal pattern observed in the field study may give some
and g(P>) are linecar, ie., f(P))= P and giP:) = insight into estimating of the parameter values. The

In another case when fUP) 15 Holling type IO,
ie. f(P) = h_ijﬁ and g(F2) s Holling type 111, 1.e.,

s We observe a stable situaton (see,
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Fig. 7. Stable situation when f{# ) and g{s) are both of Holling type L



20

Pogulations
(e | o
-—

e

R.R. Sarkar er al. / BioSvystems 80 (2005) 1 1-23

P

] 2600 2000 2500

Time [daws)

Fig. 8. Stable situation when §{ ) is of Holling type [l and g #)of Holling type [

above numencal swdy also help us o estimate the
thresholds for which the system possesses asymplotic
stability around the interior equilibrivm and supports
our claim that presence of two harmiul phytoplankton
has a positive impact for the ermmination of plankionic
blooms.

6. Discussion

In the literature two different approaches —cell-lysis
due o viral infection and toxin-producing phytoplank-
ton, are being used for the termination of plankionic
blooms. Previous studies have established, with the
help of experimental results and mathematical mod-
elling, that towin-producing phyoplankton may be used
as a controlling agent for the emmination of plank-
tonic blooms. But those swdies do not contain the
presence of two hammful phytoplankions in such a
situation.

In this paper we have proposed and analyeed a
three-component model consisting of two harmiul
phytoplanktons and zooplankion. We have studied the
stability behavior of the system around the feasible
steady states. We proved that all the three components
persist if certain conditions are satisfied. Our theoret-
cal as well as numerical results show that for a cenain
threshold of the system parameters, the system pos-
sesses asymplotic stability around the posinve interior

equilibrium depicting the coexistence of all the three
Species.

Our analytical and numencal swdy reveal that
the equilibrium levels of HP and zooplankion pop-
ulation decrease and are due 1o the presence of
two HP. Hence, the presence of two HP de-
creases the bloom of an individual population as
well as g zooplankton population. The above find-
ings clearly demonstrate the role of HP in the
termination of planktonic blooms. Nowe that our
experimental findings also reflect the same observa-
Lioms.

In the previous studies (without two harmiul
phytoplankion) we observed the positive impact of
toxin-producing phytoplankton for the termination
of plankionic blooms. In this work (in presence of
two harmful phytoplankion) we also amived at the
same conclusion. Thos, we may finally conclude that
harmful phytoplankions may be used as a bio-control
agent for the HAB's problems. The role of time lag
and environmental flucwations in the two harmiul
phytoplankton—eooplankion  dynamics  may  give
some interesting results and needs further investiga-
Lic.

The reason for the occurrence of plankionic blooms
and their possible control mechanism s stll s infancy,
hence, the progress of such imporant areas urgently
requires special attention both from experimental and
mathematical ecologists.
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The equilibrium Es(0, P2", Z") of the system (3.1)
isunstable if ry —a A" —mZ" = 0.

The variational matrix of system (3.1) around the
positive equilibrium E* = (P*, P2*, Z*%) is

_'IIJ'PJ‘ " ]
& —af —m Py
* —rz Pyt
Appendix A V* = e _ :_Lf_*___ s
Lt E' — fPh _P:1 f} b any ;ﬂ-hi[nj_ry u:]uﬂih_-ium_ i EY — 8 FURYE m 2 — g ()2 L]
Then the variational matrix about £ is given by
—2r P . P I3
ryp— —oPr —mZ —a Py —m P
K 2 P
¥ —fAP ry— __f Ee fP —nz —nP

me — H[f'IfP[}?

By computing the variational matrix for the equi-
libnium Ey of the system (3.1) we find that the eigen-
values of the varnational matrix Vp are & = rp = (0,
br=rr=0i=—pu =1L

Clearly the plankton free steady state is unstable
(saddle).

Further, the eigenvalues of the variational matrix
Vi of the equilibrivm E; of the system (3.1) are
M=—n=0GVlh=rn—F3Kadlg=m~K —pu—
& fIK). This steady state is unstable if r2 = K (for
existence of £%).

The eigenvalues of the varational matrix Vs are
M=—r=0Jo=r—al and J3 =mL —pu—
Bag(L).

Thus, the steady state E7 is unstable if r) > «L (for
existence of £%).

Further, the eigenvalues of the vadational matrix Vs
around the equilibrium E; of the system (3.1) are &',
42" which are the roots of the equation

0

F Pl rz P: (f'|f'1 - ﬂllr:rKL]l
AMtrl— Bppete Wt
+ ( I g F I )+ 1§32 KL

and  J3' =m Py 4+ Pr—pu— 8 fiP)) — i Pa).
Cleady A" and 32" have negative real parts. Now if
A= 0ie,m Pr+n Pry= g+ 8 fIP)) A+ el B
then E1 1% an unstable saddle.

In similar manner, the equilibium E4(P", 0, Z7)
of the system (3.1) is unstable saddle if m» — g9 —
nZ = 0.

nmZ — g (P2

mi Py +ni Py — pp— 6 f(P) — 62g(P3)

For positive equilibrium E* = (P|*, B*, Z%), the
characteristic equation is

P+ + 00+ 0:=0

where the coefficients Oy, F =12, 3are

0 rnA* Pt
iR L
riraP *P %
D= % —afP Pt
+ (my —H[f'rfpl*}}'m Prz*
+iny — g (PP 2"
PP 2% — Hz‘_I,KfPE*}}'
O3 =
K
i ram P PP 2 my — 8 FUPY))

L
—anP P E N my - P

= ﬁﬁ’! PL*PI*Z*“H A ngrf Pz*}l}l

Since A*, Po* = Oifrom (3.5)) then O = 0. Now
let us define

= 010:—- s

nP* Pty *(f'lf"l
_( e o Lol H_“’ﬁ)




[
[

#2 g
+(ny — bag (P*)) (%
+ ,|‘:FmP|*Pg*Z*) +(my — & F(A*)

(rlm P27
R kil

= +m:P|*P3*Z*)

Now (23 = 0 and &% = 0 if conditions (3.6) are
satisfied.

Therefore, according to Routh-Hurwitz criterion,
E* is locally asymptotically stable.

Appendix B

Noww we observe that the positive mterior equilib-
rivm E* exists if the following inegualities hold true:

Ny =y <= N3
where

J‘i'rl = miﬂ{L[, LI}

and
LB(H —n LB + u)
3 =
- n LB —pu
where
LA(p 481+ 82 —m
L —mpy LA -2 LB)—m LB
r= mp+n LA
and
LAy (s —m LB+ )+ LBlp 4+ 8+ 6
i —my —myiLA —n | LE)
5= myr+mpnlA4+mLlB— -8
Also

N T A m r
miny—, —p < — = —
r: r n
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. Krir —alL)
= rirz —afK L

The eigenvalues of the vanational matrix Vy of
the system G 1)ae Ly =r =0 a=rm =00 =
— = 0. Cleardy the plankton free steady state is un-
stable (saddle).

Further, the eigenvalues of the variational matrx
V| around the equilibrium Ey are by = —rp <= 0,42 =
ra—fAKand by =m K — —y—"}‘_%.

This steady state 1s unstable illj'"z = AK (for exis-
tence of E%).

Further, the eigenvalues of the variational matrix
Vaare Ay = —r =0 o =r —al and ba=n L —
?":’_LLL. This steady state is unstable ifr) = oL (for
existence of £¥).

Further, the eigenvalues of the vadational matix Vs
are ", k" which are the roots of the equation

o=

0

% NP (rir —afKL)
AT+ A P =
% (K T )+ S KL

; i P iy Pa

— R .. 1 EE—L
and M= P+ Pr—pu e e
Clearly A" and 32" have negative real parts. Now if
' ; F 1y

“ . % it
Az ,fﬂ',_ L., m|P|+an’3;u+h+Fj Ry
then E1 15 an unstable saddle.

Further, the eigenvalues of the vadational matrix Vy

are by, A2" which are the roots of the equation

thnZ' ) _0
(v + AP

e
b +Ari—+mP (mlzI —
K
and L1 = rp — APy — nZ  Cleardy X," and 35" have
- o e s

negative real pars. Now if 11" = 0, Le., %ﬁﬁﬂ -
P, then E4 18 a unstable saddle.

Further, the eigenvalues of the vadational matix Vs
are h™, L2" which are the roots of the equation

5 ra Py - B2y
e L M (T
Oz + A"

and A" =1 —aPy" —mZ". Clearly 3" and 35"
have negative real parts. Now if A" =0, ie,

%{ﬁ‘—] = P:" then Es 1s a unstable saddle.
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