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SUMMARY. The first four terms of tho Laguorre sories expansion of the distribution of tho
variance of a satnple from any population are worked out.

1. INTRODUOTION

An approximation to the sampling distribution of the variance in samples from any
non-normal population was given by Gayen (1049). He started with » Gram-Charlier series
expansion of the probability density function of the population and ignored all cumulants
of the population above the fourth and also squares and higher powers of the fourth cumu-
lant. An ulternative approach is presented in this paper. The probability density function
of the sample variance is expanded in terms of o Gamma density function and Laguerre
polynomials and the coefficients of the first four terms are worked out explicitly in terms of
population cumulants, of upto the eighth order. Gayen’s expreasion agrees with this expansion
to the order of upproximation used by Gayen.

Laguerre polynomials. For m > 0, a Laguerre polynomial of degree r in z is
defined as (see Szegd (1939), Chapter V)

3
r —
L =3 w52, ()

(m4-t)m+t+1) ... (m+r—1)/(r—¢)l, for t=0,1,..,r—1

where O =
1 for t=r

for r=0,1,2,.... In particular, the first four polynomicls are :
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L™ (z) = m—z
L (z) = 21] m(m+l)—(m+l)=+§ . (L2)
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If wo writo
1
P (2) =) it e (13)

for the Gammu dousity function with mean m, tho orthogonality property of Laguerre poly-

nomials cun bo stated us :
if r#s

@ 0
O () Lim) =
[ 1™ @L» @pnlede {cw ., )

2. APPRUXIMATE DISTRIBUTION OF THE CORRECTED SUM OF SQUARES

Lot Yy, Py ..., Y, be a random samiple from a population in which cumulants of all
orders exist, und let the r-th cumulant be denoted by K,, r = 2,3, ... . Tho variance of the
populution will be aiternatively denoted by o = K,. TFurther, wo shall write

A=Kk r=34, .. o (2]

Consider the sum of squares ubout the samplo mean : 82 = X (¥;—¥)? whero ¥ = ! ¥ Y.
i1 nial

This is said to bave v = (n—1} degrees of freedom. We shall write
X = §*j20* . (22)
and try to derive an approximation for the probability density function of X.
We first note that the cumulants of the distribution of §2 = §%/v has been worked out

by Fisher (1928), and that the first few are tabulated in Kendall (1947). Using these, we got
the first four central moments of X and these are listed below :

E(X) =

B =t

$olE) = 2t g AR d s e +1), 23)
ME) = Imim 2) 4 2pES) )  LlEm o) §+(2m+l’)’ A
+'"(3""%E21'0:f;)'2m+ l)"/‘%+%;:frl}l) At (2m+ 1 N
whero wo write for simplioity  m = L(n—1). . (24)

Let us donote by @gn(z) the probability density function of X. The quotiont
$m(2)/Pm(z) can be formally expanded in an infinite series in Luguerre polynomials as

¢m(1) - (m) J (),
ey Ea L{™)(z). . (2.8)

182



LAGUERRE SERIES EXPANSION OF DISTRIBUTION OF SAMPLE VARIANCE
Multiplying both sides of (2.5) by L{™)(z) pa(t) and integrating over z from 0 to oo, we get
age =1 Limakp ()0 . (28)
formally, by virtue of the urthogonal property (1.4) of Laguerre polynomials. For conditions
of convergence of the foral expansion (2.6) soe Szego (1939), Chapter 1X.

Whut wo veek here is an approximation to @,(z) using only the first four terms in
(2.6). Thus

$ule) ~ D) [T 0™ L) 1)
where ai™ =ilc'§;;g)l. r=0,1,213,4. o (28)
£

To evaluate Bl LI™(X)] for r = 0, 1, 2, 3 und 4, wo note that writing y = z—m, the firat
four Laguerre polynomials given by (1.2) can be expressed in terms of y ua :
LM = —y

L = :}yi_y__%m . (29
") — l l — — 2
L = = Lyt (Smt)g= Gm
1= Lpe g L eemyr (Dn=1) gt Lmin-0)
Honce BLL™(X)] = 0

BILMX) =L ag— g (2.10)

3
), 1 2
ELE) = — gt ia—g ™

EULPO] =g = § st § @—mhpt 3 mim—8)

where ps, s, 4 aTe respectively the second, third and fourth central moments of X given
by (2.3). Using (2.8) and (2.10), wo finslly get

af™ =1
a&m)=
m) — m 11
4= G ™ 0
2
eV Pt 0 ]

n) 1 m' Sm(m 1) A
ot (w+1)(m+n(m+2xm+3)[fz%n+1)""+ ST e

34 16m1—2m+1
= m +‘1)—“’\}]
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The probability density function of the umplevmuz--nﬁ_l="%‘ is then
obtained as
mo-pu(mo-tz) '3‘:‘ af™ L mo—ts) 212

If terms involving A, for r > 4 and A} are ignored, this agrees with Gayen's (1849)
formula (3.1).
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