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A NOTE ON MIXING PROCESSES

By K. R. PARTHASARATHY
Indian Slalistical Institute

SUMMARY. Inthispapoer it is shown thatin tho spaco of discreto stationary stochastic processcs
wnder tho woak topology faite Markov Chains aro donso and tho sot of woakly mixing processos
13 a donso (.

The purpose of this note is to show that any real valued discrete stationary
process can be approximated by means of strongly mixing Markov Chains and deduce
that the set of weakly mixing processes is a set of the second category under the weak
topology. This answers a question raised by Kolmogorov (1962).

DEFINITIONS AND NOTATIONS

Let R denote the real and R’ the countable product of R over all the integers.
T denotes the shift transformation. 41 is the space of all distributions on R! which
are invariant under 7. £l is assigned the weak topology which makes it & complete
separable metric space.

THEOREMS
Theorem 1: The set of strongly mizing Markov Chains is everywhere dense
in M.
Proof : Consider points of the type x such that 7z = z for some k. The
smallest % for which this is valid is called tho period of . The measure which assigns
mass 1/k to the points z, Tz, ..., T*~'z ia a periodic ergodic measure [as described by

the author (Parthasarathy, 1961)). Such measures have been proved to be dense in
M (cf. Parthasarathy, 1981). From this we deduce the following.

Consider sequences of the following type
z = (... 2, To, 21, Ty -- )

where the numbers ,, 2y, ... ;_, are all distinot and 2, = 2;,, and measures with
mass [k at z, T', ..., T2, Such measures are dense in Ml .
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Woe shall now approximate measures of this type by strongly mixing Markov
Chains. To this end, we consider the Markov Chains with states x, zy, ..., %4y,
transition matrix

slk—1 1—s  €/k—1 ... e/k—1

elk—1 s/k—1 1—¢ elk—1 ... e[k—1

1—e¢ elk—1 e/k—1 ... efk—1 ... e/k—1
and initial distribution (1/k, 1/k, ..., 1/k) for z,, 2, ...,%;_,. These are strongly
mixing Markov Chains. As 6—0 these Markov Chains converge weakly to the distri-
bution with mass 1/k at the points z, Tz, ..., T*-'z. This proves Theorem 1.

Corollary : In particular the set of weakly mizing distributions is everywhere
dense.

Theorem 2 : The sel of weakly mizing distribulions is a set of the second category
in M.

Proof : Let fil, denote the set of weakly mixing distributions on R!. It
is enough to show that M, isa ;. Weshall just indicate the proof since the arguments
go exactly on the same lines as in the case of ergodio measures (Parthasarathy, 1961).
We choose & metric in R’ such that the space of bounded uniformly continuous func-
tions is separable under the uniform topology. Such a possibility is shown by
Varadarajan (1058). A distribution x4 is weakly mixing if and only if, for every
(real valued) bounded uniformly continuous function f on Rf,

. 13
lim — | [ f(T7z) f(z)dp—(] fd p)t| = O.
nse ™ 1
This condition can be replaced by
tim L8| f/T9) flep—(f £ & wr|* = 0. .
naw 1
Since 4 X 4 is invariant under 7'x T’ and

L% ) (ra) fia) au—iff & wt)?

= L - BTy~ By - BN )= B .. @)

the limit as n—co of the expression (2) exists for every stationary distribution. There-
fore in condition (1) we can replace lim by lim inf. Hereafter the proof is
n— @ n— 00

exactly the same as in the case of ergodio distributions.
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