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InrrODUCTION

In agronomic tests involving a large number of varictics or treatments amung
which interactions do not exist or are of no particular interest, the need for the re-
duction of the size of the block for the cfficient control of soil heterogeneity is insistent,
As there are here no interactions available which may be completely or partially con-
founded with differcnces between block fertility, leading to the diminution of the size
of the block, the orthodox procedure of cunfounding ceases 1o be spplicable in these
cases. In his quasi-factorial arrangements aud symmetrical incomplete randomized
blocks, Yates™® has succeeded in obtaining such special types of designs which,
whilst very considerably reducing the size of block, permit of comparison between
all possible pairs of varictics with uncqual or cqual precision.  Only a limited number
of such designs are, hiowever; available, so that it is often necessary cither to
cut out a ccrtain number of varicties or add *duniny®’ varietics lo make the numbcr ol
varictics to be tested equal to that for which a quasi-f: ia) or i ! i
block arrangement is available. There is obvious nced, therefore, for the construction
of designs in cases for which the above arrangements do not exist.

In a valuable contribution entitled “*Partially Balanced Incomplete Block Designs',
Bose and Nair' have investigated a more general class of these designs. But even
this new class of desixns does not suffice to overcome all the difficultics of the agri-
cultural experimenter. It was, for instance, brought to the notice of the present writer
that in certain hilly tracts growing coffce, tea or other crops, and other places where
the tand under cultivation is uneven, it is somctimes not agriculturally feasible to lay
out blocks of equal size. It was, therefore, fclt that designs with blocks of wnenqual
size needed detailed investigation.

It is truc that Yates's (wo-di jonal and t} quasi-factorial
arrangements (in two and three unequal groups of sets respectively) provide such de-
signs in cases where the number of varictics is foctorisable as the product of two and
three integers respectively.  However, besides being not available for numbers which
are primes, these designs are only partially balarced arrangements and include some-
times blocks of widely differcnt sizes. ‘The necessity of constructing symyetrical in-
complcte block arrangements with blocks of unenual size is, therefore, evident, because
these would daubtless he the most efficient arragements in such cases.

In the present paper, attention is mainly confined ta symmetrical incomplete block
arrangements with blocks of two different sizes. It will be seen that the most general
class of desigus from which all of Yates's designs including the two-dimensional face
toria) arrangements in two uncqual groups of sets (but not the three-dimensional
designg in three equal or unequal groups of sets) are derivable as particular cases arc
the partially balanced incomplete block designs® of the (p—1}h order (i. e., invol.

320



\'o. §) SANKHYAX: THE INDIAN JOURNAL OF STATISTICS (Part 3

ving p different A’s) with blocks of ¢ different sizes {i- e., also having q diffcrent |'s).
However, the higher the order of the partially balanced incomplete block design and
the larger the number of the diffcrent k*s involved, the more incflicient incvitably is
the resulting arrangement and the more involved the corresponding expressions for
the cstimates of varictal effects, the sums of squares for varicties for testing the
significance of the diffcrences between varietal means and variances of the differences
between vorictal means. It has, therefore, been considered desirable in the first instance
to consider only designs which are completely balanced (in the sense of having a single 1)
but which involve blocks of diffcrent sizes.

In arrangements with blocks of uncijual sizes, however, it is necessary that the
differences Letween the various sizes should not be large ond that oll the blocks should
be completely rondomized in the fiecld. Otherwise, the weights to be used to take
account of the different error variances for plots from blocks of different sizes become
important, nceessitating the calculation of weighted estimates of varictal effects, In
what follows, the analysis has throughout been performed on the assumnption Lhat the
weights ace all cqual. This is an approximate procedure, but would do as a first
approximation in the abscnce of any ‘a priosi’ knowledge of the hypothetical weights,
The assumption has the merit of simplifying the whole analysis and is necessary for the
formulation of a unificd theory without those complexities which are best avoided at
this stage of the investigation.

§1. DEPINITIONS
Let v be the number of varicties, b the number of blocks, r the number of
replications of a varicty, A.the pwmber of times a pair occurs within a block, &,,
Kyy conrenen by (£, <hy cceerene <k the p different sizes of the blocks, u,, n,,. oy
respectively being their number.  Also let j,, gy, ooocoovis sy be the nutnber of varictics
which occur with a given varicty in blocks of the first, sceond,. and pth types
respectively. ‘Tf N be the total number of plots, we liave the relations

b=n 40,4+ . we ()
N=n, k+u; b+ ol (2)
PRI (Y5 ) K e sae F oty ky(ky—1)
A T(v=1) 3
=t g gy Mk .
Py (ky~ k) =1 w (3D
so that for p=1, the equations (2) and (3) reduce to:
N=bk=ry )]
and bk(k—1)
A=—2— __~ = - - e
e R CRUIRR) )
which are the algebraical relations which hold between the paramecters of a symmetrical in-

complete block arrangement.

Also for X =1, the casc where there i3 no intermixture of any of the block asso-
giates of a varicty with the others, it is casily scen that
p=lepibpct . .« Py e (6)
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Also, from cquation (2),

my kyfobng kv 4 +a, kyfo=r e

Only such designs have been found to cxist, in the sense of being convenicntly
analysable, for which cach of m, k, /v, ny k,frv.......n, k,/v is oninteger.  That implies
the existence of designs in which cach varicty is replicated the ame number of times
within any onc of the group of blocks of cqual size. The cquations above, however,
only vaumcrate the algebraical os distinguishal from the cotmbinatorial possibilitics.
For the latter an internal symmetry in the design is necessary which is ensured only
when certain other paramctric relations to be discussed in the succeeding sections hold,

§2. Desicxs with A=)

\We shal? first consider the simplest type of these arrangements. They form a
class apart, viz., those for which cach pair of varictics occurs onee within a block.
Among these, only those with two unequal k*s have been extensively investigated herc.
Dusigns involving three or more different sixes are casily constructed by algebraical and
other methods.  They will be considered in detail in a subscquent paper.

Considering, then, the designs with blocks of sizes &, and k,(k,<k,), we have
the relations

b=n,+ny . (8)
Naw byt ky=rv l8)
, (k=1 ki(ks—1 k,—=1) ky
1= Mkt v::_n;) sk,=1) '(u.—l —(k.—k,)—"'-) o (10)

n k,/v aud n, k,/v being both integers.

We may then define as the first block associates of a variety those variclics
which occur with the given varicty in blocks of the first type, i.c. those of size k,;
and as its sccond block associates, those varieties which occur with the given varicty
in blocks of the second type, viz., of size k,. This definition is perfectly general, so
that in the cass of dasigas with blocks of p unzqual sizes, the ith block associates of
a variety are the varictics which oceur with the given varicty in blocks of the i-th type
viz., of the size ky(i=1, 2, ..... ... p).

It will bz scen that when A=, there is no intermixture awong the first, sccond,
e pth block associates of a given varicty, so that those varictics which are the first
block associates of a varicty cannot simultancously be any other bLlock anssociates.
This definition will consequeatly have to be modificd when we comie to the considera-
tion of designs in which A> 1.

We may now state the paramectric relations which must be satisficd if an om-
plete block design wi blocks of two different sizes k, and k, is to exist, in the sense
of lending itself to the finding of general expressions for the estimation of the varie-
tal effects and sum of squares for varictics for tests of significance.
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Let py and gy be the number of the first and sccond block associates of a varicty,
Lct us now consider two varictics which are first block associates. We may denote
by a,,, the number of varictivs common to their first block associates, the first sulfix
denoting the type of association bitween the two varictics and the next two. standing
for the type nssociates of the Wwo varictics; by a,,; the number of varictics common
to the first block associates of the first and the second block associales of the sccond;
by a,,, the number of varicties common 0 the secomd block associates of the first and
the first block associates of the sccond; and by a,y, the number of varictics common
to their sccond block associates.  Similarly, considering two varictivs which are second
block associates, we define a5y, 03,3, 82010 23330

From symmectrical considerations, we have ayy,=a,3, and ay3=a,y-

Also it follows that
v=ldpbp it

Further, the suflicient conditions for such a design to exist, in the scnse of
heing analysable, are the following {not all fudependent) :—

apytag=pn—1 . {12
M3t 0=y =1 o (13)
antay=p e (14)
LT LIPPLN e (19)
By 043y F g 8ay =y (1 —4) e (16}
1 eyt 1 8203 = gl — 1) v (17)
B y)s T PRe O3 =1 P . (18)

Symmetrical incomplete block designs with blocks of two different sizes for all
valu:s of A are mast casily obtiinad by cutting out one or more varicties from all the
blocks of a known Vates’s symmetrical incomplete block design.  Mr. R. C. Bosc
suggested to me that an alternative method of obtaining these designs is by utilizing the
propertics of finite hyper-dimensional projective and affine geometries allicdd to the Galois
Fickls. The uscful infinite serics of designs given in a later seelion (§7) have all been
worked out by this method.

Commpg now to the case A=1, we may obtain designs with two uncqual block
sizes by culting out a single varicty from all the blocks. It is casily scen that in this
case

ky=ky—1 . (19
n=r . (20
by fu==1 @0
M=l ~1)=,—1 - 22
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These, hoxever, constitute the simplest type of such designs.  For want of space
we shall not consider them or sny other particular case here and will proceed to obtain
the expressions for the general case which considerably simplify for the above class of
designs.

(2:2) General Case: In the general case, let v, v, ky, ky, b, 1,y My, 1)y g0 01100 84090
Qyps @ua3s Gains Gapse @33 AN @y, have the usual meaning,  Also, lot m, by, b W by

v
.. ¢ (% v,=0) be the constants for the mean, block and varictal

(£ b,=0), Ty Tay e
|

cffects respectively.  For brevity we shall denote the sum of the constants for varictal
effects of varicties which are the first block associates of varicty { by Sv(" Q ond for
0

varictics which are the second black associates of varicty i by Xp ) Similarly,
i)

:'. Eu(" i stands for the sum of constants for the varictal cffects of the first block
) 1
associates of the fiest block associates of varicty {, the other expressions, viz.,

bR 3 S X X N I I . i imi ing. Also, V,
.Plh(#n 0 Su 7(,.,, ) and ™ 1’(»‘-- ) having a similar meaning. Also, V,denotes
the total yicld for the i-th varicty end B, the total yicld for the é-th block.

The sum of squares due to varictics

"ﬁ (0 Q, + v,Q,+ ..

.+ Qid L et vy Qr) . (23)

where Q =k, k, Vi—k, (sum of the totals for Blocks of the first type, i.e., with k,
plots, containing variety i) —k, (sum of the totals of Blocks of the second type, i e.,
with k, plots, containing variety j)

_ ik kikamay . —k S
kur v v )1" “'-v(vn") by i i)

k kb
= (kar = =S k) kT, 20
koky b .
=ikr= = k- eamkdivg, o . 29)
sinee I T, 7O 26)

Denote by ZQ(F it the sum of the Q's, #, in number, corresponding to the Grst
m
block associates of varicty i; and by Q(F- iy the sum of the Q's, y, in number, corres.

ponding to the sccond block associates of the varicty i.

Then it immediately follows that EQ(I.‘ ) is equal to :

(e kyr= Bika® fpy sy

L oy * i) [momtan S, pronin, o] @

(utilizing the paramectric relations (12) to (18) ahove)

T L R L O T A I
(28)
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whenee, substituting for -Q( l’wm cquation (28) in equntion (24), we obtain
by by b
[k kyr = 22

+ ot k) lanma)] Q- tk=k) 30,
-
Utk - Bk gy gy g - Jiked

20)

+ht (k=) (=g ) = Lk = )y,

Similarly, workiug in terms of the second block associates, i.e., using now cquation
(25), we obtain after simplification

k.k,b

[k bar= == +ky = (= k) (e - 030 ] Qute (k= k) SQ(“
7=
(e by o K ‘ BB k) (hkyr =B b (=) (= a)] = -k a1
(30)
Now, Sum of Squares due to Blocks
=L+ TS CRSS U PR _k"_ (D61 + e #Bhan) -GN . @31)
where B, By, e Bs, denote totu) yiclds for Llocks of the first type and B uy,......
Ba, 4o, those for blocks of the sccond type.
Also Sum of Squares due to Varietics
1 v
—_ X
hE s, O
k by b 2
(ki kyr— "— + ky +(k=ky) (ﬂm-ﬂm)] -(’n-l.) = in-Q“‘“,)l

7 kblh ke ‘-”' + &1 [ky ky 7= ‘-”"‘ (e~ kg) (a...—a...)l—(k.-k,)'a..,
e 2

using equation (20). Another expression for the same sum of squares is obtained by
using equation {30).

For analysis of covariance, Sum of Products duc to Blocks
= kl_. (D Byt By B, B+ = (Bt D s 430,40, D)

-GG’'IN . (3)

where dashes indicate the cosresponding expressions for the other st of data.

Also Sum of Products duc to Varictics

L
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T by = KB k) (a0 )1"’00'-(:« )T 0 )
|-'——'—- [ [ty LA CHTYY ] = W I'I:I. (")

LA ) =k, = ky)agey

()

tho+(ky~ky) (0 -

&, bk, by e “'v""‘u T LA

using cquation (29).  Another expression for the same sum of products is casily obtained

by using cyuation (30).

Similarly, using the other expression

we obtain two other similar expressions for the same sum of products.

\gain, the variance of the difference between two varictics which are first hlock

associates, using the oquation (29),

(o —ay 1) (k=)

k, b
200k, ky [k, ky 1~ 'v’b

Dok [hkrm SR k(- ) (o =] = (=) ey
(35)

ky ky
[ by o=

Also, the variance of the difference between two second block associates

b
522 ke b=k (-]

20" k, ky(ky ky 1 b

R I f’ bt k) (o =)= (5= ) 2
e (36}

Another similar cxpression may, as before, be obtained by using equation (30).

Now the total number of first block associates is vg, /2 and that of sccond block
associates © py/2, 30 that the mean varianee of all comparisons is given by

. 2u’k,k,[k. Ly - k'f' Pk k) (.,,.-a,,.w%—]
b= BB b - BB ) (o man - (- k) o

o (37)

Thus the cfficiency factor in this case is

£ b
ks " +5,] [k, k,r-iu'— +h, 4 (k- k) (a00=250) ) =y = k)"0,

[y kyr—

k=&
k.l-,r[l-.h mBBE k) o -a) ¢ 2]
. (39
Another similar expression for the same can, ht casily worked, out.
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§3. DrsiGns wimit A>2.

Attention may now be directed to the other, and wider, class of symmictrical incomplete
block arrangemeants with blocks of two uncqual sizes for which A> 1. It will be scen
that these form a class apart in that in all these cases there will be intermixture among
the first and sccond block associates of a varicty. It is, therefore, necessary to modify
our previous definition of the two block associates to mect this contingency.

It will be convenient to classify these arrangements under the two main heads,
(i) thosc for which n, kv=1, and (ii) those for which n, k,/v>1, for any valuc of i.
In case (i), when (a) A=2, provided intermixture among the ordinary first and
sccond block associates of a varicty, as defined in §2, is not absent, or (b) when
A>2, so that cach of the ordinary first block associates occurs only once among
blocks of the first type, but is reprated (A—1) times in blucks of the sccond type,
(besides the remaining varicties, which are cach repicated A times in blocks of the sccond
type) we define the ordinary first block associates of a varicty as its intrinsic first
block associ and the remaini varictics its inlrinsic sccond block associates.
Considering now case (i), where a wide diversity in the possible types of designs
prevails, it is casily scen that for (a) =2, the designs existent arc of exactly the
same type as in (i), case (a) above, provided there is no absence of intermixture among
the ordinary first and second block associates of a varicty., As for (b) A>2, cither the
ordinary first block ass>ziates of a varicty or its sccond block associates arc consti-
tuted by a certain number of varictics, cach occurring u times. These associates
are repeated (A —u) times among blocks of the sccond or first type, and the remaining
varictics occur ) times in blocks of that type; in this case the definition of the
intrinsic first and sccond block associates is clear.  Ror further clucidating our defini.
tion, two illustrative examples follow,

(31) Hlustrative examples:  “The annexed table shows a design for which ve§,
b=10, k,=2, k,=3, n,=5, ny,=5, r=5, p;=2, p,=2, =2,

Tante 1. SymmeTrICAL UNeQuatL Drock Desioy

Block [Treatments Block | Treatments:
No. | (ky=2) No. tky=3)
1 1 2 6 1 2 3
2 1 8 7 1 3 4
3 2 4 8 1 4 s
4 ) 5 ) 2 3 4
H 4 s 10 2 3 s

Here varictics 2 and 3 are the intrinsic first block associates of varicty 1, and
varictics 4 and S its intrinsic sccond block associates. Similarly varictics [, 4; 1, §;
2, 5; 3, 4 are respectively the intrinsic first block associates of varictics 2, 3, 4 and 5,
whilst varictics 3, 5; 2, 4; 1, 3; 1, 2 are respectively their intrinsic second block asso-
ciates.
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Table 2 shows another design for which v=14, b=15, k, =6, k,=7, n,=7, n,u«8,
r=1, b=l py=2, 43,

TanLe 2. Svumerricat Useguar Buock Desioy

Block Trestroeats Block Treatments
No. {ky=6) No. {kg=7)
1 1 T B 4 5 & 8 1 8 5 8 9 12 N
2 1 1 7 8 9 1 ? 1 ¢ 6 7 10 12 18
3 8 ¢ 7 3 mn 1t
10 2 2 6 7T UM
4 1 2 1 12 18 11 I 8 8 7 10 u 13
5 2 4 9 10 11 B 12 1 & 6 8 9 1 13
[} 8 6 7 8 13 14
13 T 8 6 8 o 12 1%
7 s 8 & 10 1 12 14 2 & 5 7 10 13 13
18 T 4 5 B @ 1t N

In this case varicty 2 is the intrinsic (irst block associate of varicty I, and varictics
3,4,5 6,7, 8,9,10, 11, 12, 13 and 14, its intrinsic second block associates.  Similarly,
varictics 1, 4, 3and 8ace respectively the intrinsic first block associates of varicties 2, 3,
4, and 5, whilst the remaining varicties in cach case are respectively their infrinsic
second block assoctates; and so on for the other varictics.

Then the sufficient condition for the existence of such a design, in the sense of
its being ameaable to gencralization in regard to expressions for the estimates of the
varictal effects, cte., is that, #, and g, being respectively the number of the intrinsic
first and second block associates of any varicty, and a,,,, @,1s (=2,0), @iass @yyy, Qyyy
(=a,,)), 933s having precisely the same meaning as in §2, but now referring 3 in ic
block associates, the paramstric relations (12) t3 (18) should hold. The equation
{11) is, of course, true. Al these conditions are satisfied in the case of both the above
designs.  For the first design (vide Table 1) a,,,=0, a,,y (=a,y)=1, a,5,=), ay,,al,
a3 (=ay))=1, 855,=0.

For the second desiga (vide Table 2) a,,,=0,.2,,y (=8,5)=0, a,y,=12, a,,=0,
s (=)=, 034= 10,

§4. Anysis or Tite GeNgrAL SYMMRTRICAL UNEQUAL BLOCK A RRANGEMENT
We may now proceed tg perform the analysis in the geneeal case where s, v, &, &y,

b omyy myy By By X, Gy @ (S50 @gay @900 Qa4 (=a5y), 25, have the usual
meaning, relevant ferring mow to intrinsic block i Similar!

0

(Y cte., have the usual meaning explained in §2°2, reference, of course,
1

s
R St
being now to intrinsic block associates,

As already pointed out above, designs for which n,k,/v>1 and A>2 ({vide §3,
case i (b)) are of am extensively diversified character. These comprisc various classes
of designs which it is not possible, here for want of space to consider in their entircty.
We would, therefore, content ourselves with dealing with the general class of designs
for which cither (a) X {(=w)=2, n, k,/v being any integer whatever (cxcepting for
cissin which intermixture among the two ordinary black associatus of a varicty i3
absent); of (6) Ae1o (>2) and n.k,/Jo=Ll. Thisis the class of designs which is ol
{requent occurrence and includes as a particulat case that for which k=1.
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In cithier case the sum of squarcs for varictics

'k W Qubo Q¥ v +2Oib +v, Q) e (30)
»

&,
where Q= k&, V= k, (Sum of Totals for Blocks of the first type containing varicty i)
~k, (Sum of the Totals for Blozks of the sxcond \ype containing varicty i)
=(k. ky I—M)vl—k, (Sum of the constants for wvarictal clfects corresponding
v

to the ordinary first block associates of varicty -k, (Sum of the constants for
variztal cffects corresprading to the ordiniry second hlock associates of varicty i)

= (ko ky ,'_k-_:;_b thowut ek v, ) (401
- “':"’ TR PR O A L . (402)
since, n+Eu,, )20, =0 w41

Firstly, then, utilizing cquation (41), and denoting as before by SQ(““ iy and
}:Q(',’_ i) the sums of the Q's, g, and p, in number respectively, corresponding to the
intringic first and sccond block aisociutes of varicty i, we obtain

ky ks b ¢ «
s = L) So, k)Y Xy
2 Qi = Bukars Stk T, gy elek) B Se
O L L A R R ONE N0 )

+ (k,~k,) a55 0 e (42)
whanee, after substitution in cyuation (#3:1) and some simplification, it immediately
follows that #=U}V e (43)
where,

kiky b " .
Us[hibar= 20 bk we (k) (-] Q- (h-k) 0, o
A i)
Velbibr= 200 o) kv bbb (a=a)

'“""”'n,., w (432)
Now, Sum of Squares due to Blocks

L (BB e +D%) 4 f(n+ Bua)- S0

And Sum of Squares due to Varictics

L u 45)
=k.k, i;Jlelﬁvl ¢
where
P= ki ko b 3 3 1l :-7 M i)
W=k, &, ettt kow + (k=K (ana—as)] 5 Q —(L,-k,)‘ I Q0
i= =
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B A L L Y (e SICHEP )

—(hmk) g . (45°2)

For analysis of covariance, Snm of Prducts due to Blocks

- T’|.(h, Pyt e B, n'.lnT"(n.,.. Bapos b s Do, o) = S

(40)

as in (33) above, and the Sum of Products due to Varieties

] 4 U
b ew _:‘ n Qv =y, e (i
i=

where

[N M . Yo
U=k kyr=— +L-.u-+(k.—r,)ta...—a...nASIQ.Q.-(A».—k,)_xlo.nso(,..n
= =
7

Ve=k, bk k,r-‘—"—sl—b+k. ) [k by

Bl s b= 1) e

=h-k ey . (4T2)

Again, the variance of the difference between two varictics which are first block
associates

b f;' Btk wk =) (@ =am+ )]

ky ke b
v

207k, ky(By k1

D R L S TP N | BT SR LT
(19)

[L-.r,y-*_-v’ﬂ wky ) [k ey rm

and the variance of the difference between two second block associates
ik b
v

+ kv + (k =k (-
b

200k, &y (b by e

k

ke (k= k) (@ = ang)] = (k= kg,

(49)

Now vp,/2 and v,/2 being respectively the total number of intrinsic first and
second block n:sociates, wq have, for the mean varianee of all comparisons,

[k, by r =50 " k0] [k kyrm

2t &, k, |_1< L-,'—M +hy w0k (k=83 (o —an) + 'L—)]
Va=
(ks by o= S ‘ 280k ] [k &y r- ‘ 2 4k b (k= by = a5 ] = (b, = ),
e {S0)
Hence thc relative cfficiency is given by
& k, b K L. [ .
. [kykyr == +ky ] [k ky "~ thywt (b =k (= aa)] = (k- k)% ayy,,

ki ks [A e b +y W (= E,) (= an)

(51)

Another set of expressions coreesponding to (43), (451, {47), (48), (49}, (50) and (S1)
cn alsa be worked out, but is amittetl here for want of space.
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§5. AN INTERESTING RESOLT

The present writer’s investigations led him on to an interesting result on which
a few obscrvations may not be out of place here. The procedure of culling out a
varicty {from a symmetrical incomplcte block arrangement gives two groups of differ.
ent block sizes, cach of which in itsclf constitutes in general a partially balanced incom.
plete block design, and in some special cases, a symmetricn] incomplete Llock design,
which is only a particular case of partially balanced incomplete block arrangements,
In the latter case, the uncqual block design has identical intriusic first and sccond
block associates 3 and if the hypothetical weights for the different error variances for
plots from different block sizes are taken as equal in accordance with the asstmplion
made throughout this paper, the differences between any two varictal means will have
the samc error variance, Thus for 5=2, the infinite series of designs given in §71.8
breuks into the two symmetrical i lete block arr H

() v=7,b=7,k=3,7r=3,0=1 and (ii) v=7, b=7, k=4, r=4,1=2, For valucs
of §>2, this scries yiclds a design in which cach of the two sets of block sizes india
vidually constitutes a partially balanced incomplete block design.  As an interesting
way of constructing some special cases of partially halanced incomplete block designs aml
symmetrical incomplele block designs this method may be noted.

§6. CONSTRUCTION OF DESIGNS BY VARIETY-CUTTING

We finally come to the consideration of methods of construction of symmetrical in-
complete Llock arrangements with blocks of uncqual sizes. No attempt is made to
exhaustively enumerate all possible methods of obtaining the various combinatorial
solutions and in this section only a few of those will he given which are directly derivable
from a known i ! randomized block ar by entting out a single varicty
from all the blocks. In the next section a few infinite serics of desigos obtained by
utilizing the propertics of finite hyperdimensional projective and affine geometrics cons-
tructed from the Galois ficlds will be given. The algebraical, configurational and
other methods of constructing these designs will be considered in a i
cation. The following are sonte of the designs obtained by the process of varicty-cutting :-

(6'1) v=6, b=7, k=2, £,=3, u,=3, n,=4, r=3, 0,,=0, a,;=4a,,=0,
=4, 0,,=0, 0,,,=05,,=1, 0,,=2, p, =1, m=4, )
(6:2) »=12, b=13, £,=3, ky=4, n,=4, 0,=9, 1=4, 0,,,=1, a,n=0,, =0,

a133=9, @5, =0 05,,=0y,,=2, 435,=6, p,=2, =9, A=l

(63) v=20, b=21, k,=4, k,=5, u,=5, n,=16, r=5, 0,,,=2, 0,,,=0,5,=0,
213 =16, 03,20, 0,,3= 03y,

1

3, a30,=12, 1, =3, py=18, 1=1.

(64) v=30, b=31, k,=5, ky=6, n,=6, u,=25, r=6, u,; =3, a,,
a,5,=25, @.),=0, 0,320y, =4, 0;,,=20, p,=14, p,=25, 1=1,

(6°5) v=8, b=12, %, =2, k;=3, n,=4, n,=8, r=4, 2,,,=0, 0,,,=0,,,=0, a,,,=6.
a,,=0, a5,3=0a;5,=1, ay, =1, j,=0, =1,

(6°6) v=15, b=20, k=3, k,=4, u.—5. =15, r=5, a,,,=1, 8,,=a,,=0,
2,»=12, a5,,=0, 8,,37053,=2, 0;;,=9, p,;=2, p,=12,

(6:7) »=63, b=72, & , k=8, n,=9, n,=63, 9, a,,=5, 4
22=56, 211=0, 0;,,=a,3,=6, 0,,,=49, p,=6, p,=56, )

(68) v=1S, b=16, k=5, ky=6, u,=6, n;=10, 1=6, a,,,=4, a.,,-u,,,—J
132=3, Gu=4 0=t =14, 0=, 1 =8, p,=6, 1=2,

a1, =0,

1= =0,
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(6°9) v=®, be1S, k=Y, k=4, n,=d, x,
302, 034 =05, ™2, Oygy= 1, pymd, By=4, A=2,

, 126, g =1, 020,72, 0,7

§7. Coxstruemiox oF Destexs nv Tre Meriiob or FiNimt GroNeTRIES

It is not possible in the limited space at our disposal to do more than discuss
very bricfly the dcfinition, incidenee relations and other propertics of the finite hyper-
dimensional projective and affine geometrics PG(nt, s) and EG(m, 5) respectively cons-
tructed from the Galois ficlds. It is, however, hoped that what is given here will
suffice to clucidate the mcthod of obtaining the various infinite scrics of symmetrical
uncyual block tlesigns given in this scction.

{7:1) Definitions : The following are the five postulates by which a finite peojective
geometry may bhe defined : —

1. The set has a finite numher of points, and contains one or morc sub-scts,
cach of which has ot lcast three points on it.

2. There exists at Icast one line pussing through cach of two distinct points,
and there is one and only onc such linc.

3. If A, B, C are points not al) incident with the same line, and if a line »
passes through a point D of the line AB and a point E of the line BC, but docs not
contain A or B or C, then the line u passes through a point F of the line CA.

4. Not ol the points in a given mespace are contained in a swh-space of it.

8. There docs not exist an (m +1)-space in the set of points defining a given
mspace.

The geometry defined in this manner s spoken of as a geometry of m-dimensional
space, & point being a O-space aAd a line a I-space.

The Galos ficlds always cnable us to construct such a geometry, satisfying postu-
lates 1-5. The geomietries thus obtained arc finite Dusargucsian geometrics, but there
exist others, Desarguesian and non-Desarguesian, which are not derivable from the
Calois fichls, These latter, however, will not be considered here.

(1°2) Finile geometsies constructed from the Galois Ficlds: We represent the
points of the m-di 1 geontetry uniquely by the sct of | co-ordi
(b4 0 na} where ty, 1y, . g are clements of GF(s), at least onc of
which is different from zcro, und 3 is a prime number, or a power of a prime. It is under-
stoal that the sct (itg, 1, tty ceernnes tra) denotes the same (oint as (i, Bity, ceenean Hua),
whete u is any of the (¢—1) non-zero clements of the field.  Now the number of ordered
scts of clements (g, 1) .oees wouve ttm) is 574 =1, of which cach of (s—1) scis of clements
tepresents the same point.  Thus the totality of points in the given m-spage

+ L

All Whe five posulates 1-5 are then casily scen to hold for the finite Desarguesian
geomctrics thus constructed, which are denoted symBolicatly by PG(m, ). When,
howcever, only the finite clements of the gromictrics are considered, the affine Detargue-
sian geometrics denoted by EG({m, s) are obtained.
Also the nimber of I-dimensional spaces PG(J, s) in the given PGim,%s) (I<m)
I Catd VA et )X Caped 1 (st 1) *2)
(=T (=1 =1y, (s=1]
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Again, a k-space ond I-space in the given m-space (k, ,<Cm) intersect ina (kv l=m)-
space.  Alsg, by the principle of duality, n 0-space (or point) has the same properties
as an (m—I)space; a l.space (or line} has the same propertics as an (m —2)-space.
In general, an l-space possessis the same properties as an (m—1I—1).space. \Vhen w is

odd, the l;—l )-smcc is self.cial.

It follows that from cvery thcorem of PG(m, s) can be derived another new
theorem of PG(m, s) by substituting {m—1)-space for O.space, {m - 2)-space for l-space
and, in general (m—1-1)space for Lspace, for all values of I<<m. By utilizing this
principle of duality extensively in conjunction with the formuta (52) above, all the various
incidence relations subsisting in the given m-space are casily derived.

Omitting the infinite entitics in the given PG(m, s), all the incidence relations
existing in EG(m, s) are casily deducible,

(7°3) Designs: We give below the infinite serics of designs derived from PG(m, s}
and EG(m, s) discussed above.

{7:31) Designs derivable from EG(2, s): Taking lines to represent blocks, points
to represent varictics and cutting out all points on any line, we obtain the infinite
series of designs given by v=s'—s, b=s+s—1, ky=s=1, ky=5, n,=4, ny=s5-1,

1, 0132 =0, a3, =5(5=2), 0;,,=020)=0. 24 =5-2,

r=s+l. gy, =ss=3), ana=ayy,
Bm=5{s-2), py=s=1,0=1,
The design obtained by setting s=2 is trivial.
() For s=3,: v=06, b=11,k,=2, k,=3,1,=9, n,=2, r=4, a,,,=0, q,,
0,3,=005,, =3, 0312 =003 =0, 4y, =1, p=3,71,=2, =1
(i) For s=4:v=12,b=19, k=3, ky=4, n,=16, 5,=3,r=5, 0,,, =4, a;3=0,5,=3,
2112=0, 0,1 =8, 0;,=0,1=0, 4;5,=2, p,=8, =3, A=1.
(i) Fors=5:v=20, 6=29, k,=4, £,=8, n,=25, n,=4, r=6,0,,,=10, a,,,=0,,, =4,
413,=0, 430 =15, 01,2030, =0, 03,,=3, k=15, py=4, 2=1.

In the same way we could consider the cases $=7,8,9.

=a=2,

(7°32) Designs derivable from PG(3, s): (i) Taking planes as blocks and points
as varictics, the cutting of a single line yickls the finite series of dusigns given
by v=s'+s", b=s'+s'+s+), k=5 Lky=s'4s, o0 €L, mg=st+sh, r=sts+l,
=2, 0,,=a1 =0, 05y =¢" 83,,=0, ayy=a=5=1, 6=4's=1), p=s'-1,
s+ 1.

(i) ‘Taking lines to represent blocks and points to represent varictics, we obtain,
by cutting‘out a single point, the infinite scrics of designs given by v=g'+s'+s,
b=(s+1), ('+s+1), k=5 ky=s+l, m=4+s5+1, n=s"(s"+s+1), r=s"+s+1,
0=0n=0, 6n=+ 0,=0, @u=ap ==l g =(@+s=1)s
1, pa=2"+s" =1,

(iii) Taking planes ta represent blocks and points 1o represent variztics, we have,
after cutting out a single point standing for a varicty, the infinitic scries of designs
given by p=s+sT+s, b=s"t ek, ki=iT4s, ky=sThsd], n=tsel, n=4
rrgs+l, 0, =5-2, an=an=0, ay=s+s, a,=0, ay=dn~s-l
Qg =slstea=1), p=s+1, gy=s' s’ A=st 1
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(iv) Toking lincs as blocks and points o3 before 1o represent vatictics, we oblain,
after culting out all points on a single liue, the inbnite scries of designs given by
vest+ s, b={+1) (PHsrl)=1, k=g, ky=sdl, masis+ 1), ay=gt 1= g4,
an=s'=2, a13=01 20, a5, =8", 0320, ayy=0y,= 5" =1, 4y, =aMs~ 1), p=at- ),
pa= s, A=

In cuch of the above casses (i), (ii), (iii), (iv) we get special designs by putting
$=2 or 3, Designs with higher valucs of ¢ are of more academic interest having os
they do large sizes of blocks and very high replications.

(7'33) Designs derivable from ECG(3, s): (i) Tuking plancs us Llocks, points as
varicties and cutting out a single point, we obtain the infinite scrics of designs pa s~ 1,
begt+st+s, ky=s'=1, fymst =gt L nyest - rs st v 54 ), 0,,=5-3,0,,,%0,,,
=0, 25, =5(s"= 1), 8, =0, a5y = 2,5, =5=2, ay;y=(s=1) (s +5—1), p,=5-2, p,=s(’ - 1),
=g+l

(i Taking plancs as before to represent blocks, points to represent varietics and
cutting out a single plane, we obtain he infinite scrics of designs given by v=s*~s?,
b=+s"+s=1, k=s'—s, k=5, m=L4, m=s—1, r=d4s5+1, 0,24 (s-3),
au=an==1 a5=0, a3, =s"s=2), 0;,;=0,,=0, ay,=s"-2, p,=3"(s-2),
ma=st=1, A=s+ 1L

(ii) Taking lines for blocks, varictics for points and cutting out a single point,
we obtain the infinite serics v I b=g (' +s+ 1), k,=s=1, by=s, n=s"4 541,
ny=(sf=1), (s"+s+1), r=s"+s5+1, a),,,=5-3, a,,, 0, a,gy=s(s"=1,) 0,,=0,
Oy =y =85=2, an=(s~1) (s +5=1), wy=5-2, py=s(s'= 1), A=1.

(iv) ‘Taking lincs for blocks, points for varictics and culting out all points on a
single line, we obtain in the serics v=s"=s, b="(+s+1)=1, ky=s-1, by=g, n,=
(s"+3)s, my=st~1, r=s"+s41,0,,=5"=25=1, 0,,,=0,,,=0,8,,,= (s*+ 1)[s~ 1), a,,, =0,
0=y =5(5=2), aype=(s=1)(s'=5+2), b, =3(s-2), p,=(+ 1) (s=1)A=1.

(v) Take lincs as blocks, points as varicties aml cut out all poiats on a single
planc. This yiclds the series y=3'=3", b=s(+ ' =1, ky=s-1, k=5, n,
se'=1), 1=t st ), a0 =6(5=3) 013 =ain =51~ 1, 0,33 =0, 4, = (s =2), 813 = 03, =0,
Ay =8"-2, jy=8s-2), py5s' -1, k=1,

Ta cach of the above cases (i), (i), (iif), (iv) and (v), we get designs of practical
interest by putting s=2 and 3 (some of the designs for s=2 being trivial),

1°34)  Designs derivable Jrom PG(4, s):  Take hyperplancs to repregent blocks,
points 10 represent varietics and cut out all points on a singlg plane. This gives the
infinite scrics =g+, b=s'+ L+ T +s+ |, k= k=45 =5+ ], =gt st s,
1=+ 505+, a,,=5"=2, @,,=0,,=0, a
Ss=1), py=g =1, pa=s-A=s'+3+1L

a0 =0, a;,=ay,=s'=1, ay,=

Giving to s the value 2, we obtain
i) v=24, b=31, b, =8, k= 12, 1,=3, 1,=28, 7=15, 4,,,=0, a),3=2,3,=0, 2,5, = 16y
an=0, 0= 00=7, 0309=8, W=7, =162=7.
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(7.35) Various other desigus, purely of ocademic interest on nccount of invelving large
sizes fur blocks and very high replicutions, are deducible in a gimilar manner from four
and higher dimensional projective and offine Desarguesian  geometries.  These, there-
fore, will not be considered here.

§8. CoxcLusion
Invustigations of unequal block dusigns with blocks of three or more diffcrent sizes
have also been undertaken, and the author has alrcady obtained a number of such
arrangements satisfying the requisite parametric conditions. In this paper only the
more usful of the symmectrical uncqual block arrangements, viz,, those involving two
diffcrent &'s, have been considerwd and the suthor hopes to discuss the others at length
in subsequent papers.

SCMMARY

In this paper the problem of the construction and analysis of symmetrical in-
complete block arrangements with blocks of twa unequal sizes has been invéstigated in
detail, Al such designs have been classified under the twe main heads, (i) those for
which A=1 and (ii) those for which x>2. The parametric retations sufficient for the
existznce of both these types of designs have Leen stated. General expressions for
varictal effects, sum of squares ond products for blocks and varictics (for analysis of
variance and covariance), mean variance and relative efficiency have been worked
out for designs (i); and in case of (ii), for designs for whicli cither (a) =2, mk /o
being any integer, intermixture among the first and sccond block associates of a
varicty not being absent, or (b) A>2, nk,/v=1. Mcthods of construction of these
designs vither by variety<cutting or by utilizing the properties of finite hyper-dimen-
sional projective and afline geometries associated to ‘the Galois Ficlds have also been
given and a number of infinite serics of these designs have been enumerated.
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