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Howr to select a structuring element for a given task is one of the most frequently asked
questions in morpholoey. The present work tries tofind & solution for & restricted class of
problems, in the domain of shape classification. In this work an algorithm that extracts
distinctive structure of each of & given set of objects, which can be used as the structuring
elements for object classification syvstem emploving the hit-amd-miss transformation, is
proposed. The proposed algorithm is based on & new measure of local shape property.
The method is used to develop & syvstem for Bengali numeral recognition.
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1. Introduction

Mathematical morphology & becoming a more and more popular tool for dealing
with the shapes of ohjects in an image.**'? The main difference between a mathe-
matical morphological and traditional image processing techniques & that the
former treats image as an ensemble of sets rather than a signal. The lanpuage
of mathematical morphology & that of set theory and the operations are defined in
terms of the interaction between two sets: an object and a structuring element. Mor-
phological operations can simplify image data preserving by their essential shape
characteristics and by eliminating irrelevancies. It & natural that mathematical
morphology has an important role to play in machine vision.7-%1514.16 & ytomatic
identification and classification of objects in an image are major applications and
many interesting algorithms have been reported.!9-1%1% A strong point in favor of
morphology is that each step of morphological algorithms is mathematically well
founded because given an input imapge and strocturing element, the output of a
morphological operation may be determined analytically. So, selection of operations
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and their sequence to accomplish a task are less heuristic in case of morphological
approaches.

However, one of the main disadvantages of this class of algorithms & that the
procedure for selecting a structuring element is completely ad hoc in nature. In other
words, the algorithm designer selects a sunitable structuring element depending on
types of objects and application in hand wing his intuition and experience. There-
fore one of the most sought after question in designing morphological algorithms is
whether we can antomatically select appropriate structuring elements for a given
problem. Not much work can be found in the literature in this direction. In Ref. 2,
Chanda and Bhattacharya tried to find structuring element automatically for ob ject
recognition through erosion. Though the system worked well, the selection proce-
dure was very cumbersome and required lots of search and comparison. The present
work may be considered as a much-improved version of that early work. Another
work attempted to select automatically optimal structuring element for shape de-
scription and matching based on morphological signature transform by using genetic
algorithms. However, its success depends on the design of optimization criteria and
the convergence of the algorithm.®

Providing a general solution to this morphological structuring element selection
problem is beyond the scope of a single work. S0 we restrict owurselves within
the problem of object classification. An important and widely used object
detection/classification /recognition & template matching.*!'!' In case of a gray-
scale image correlation with a template at each position is measured. In case of a
binary image, match between the imape and template as well as the match between
complement (or reverse) image and the complemented template are measured at
each position. An equivalent operation to this is hit-and-miss transform in mathe-
matical morphology. Here, we have proposed an algorithm to extract a distinctive
shape characteristic of an object with respect to a given set of objects. This leads
to automatic selection of structuring elements for a major class of applications,
namely object classification by hit-and-miss operation. The structuring elements
selected through this proposed algorithm are used to develop a system for Bengali
numeral recognition.

This paper & organized as follows. Section 2 presents a formal definition of
the problem. A plausible solution is given is Sec. 3. A proposed algorithm is also
described in this section. In Sec. 4, a brief description of implementation and the
experimental results are given. Finally, concluding remarks are provided in Sec. 5.

2. A Formal Definition of the Problem

In a contimwus domain B? an image is defined as a nonnegative function f where
flz,y) is the value of the function at the point [z, y). A digital image is defined
by a finite-value function over a discrete domain Z2. Let us assume a digital image
domain I © 22 &

I={{rne|r=01,..., M-1je=0,1,...,N -1}
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obtained by sampling of step size & along two orthogonal directions. The points
of digital images are often called pixels and are denoted by p or the coordinate
{r.c). Here, we only consider binary images, ie. f(r ) € {0,.1}. A pixel (r,¢) in |
is defined as a foreground pixel or object pixel if its value is 1, and as a background
pixel if its value is (. Therefore, a digital object A is a connected set of pixels
of I. Here, we will use the conventional definitions of all the relevant terms like
neighborhood. connectedness ete.

Definition. Let p and g be two discrete pixels in Z2 with coordinates (1, ¢, ) and
{7y €y ). Tespectively, then the distance between p and g may be defined as

du(p.g) = |rp — gl +|cp — 4
d«p.q) = mﬂx{|r,_. = Tul*. |"'-']'-r o 'r:q'l_} -

So, in the discrete domain, a circular region defined using d4 distance metric looks
like a diamond, and that vsing dg looks like a square. Unless explicitly specified,
we assume objects a8 S-connected component and the background as 4-connected.

Definition. Let us define a threshold function #{e, #), where ¢ and # are real num-

bers, as
H0,0) 1 fw>=é 1)
25 0 otherwise

Thus, for any gray-level image f, the threshold function t operated on f defined as
H L0 = fir,c).8)

produces a binary image.

The primary morphological operations are dilation and erosion. From these two,
other important operations, namely opening, closing and hit-and-miss can be con-
structed. Dilation enlarges an object by adding picels (layer) around the boundary
of object. Erosion shrinks an object by removing pixels along the boundary, but
retaining the internal structure of the object. Open operation smoothes the con-
tour, breaks narrow isthoses, and eliminates small islands and sharp corners.
Close operation smoothens the contours, fuses narrow breaks and long thin pulfs
and eliminates small holes. Hit-and-miss transform detects whether or not a par-
ticular shape feature & present in an object of image. We use standard definitions
for all these operations and do not present them except two, namely erosion and
hit-and-miss, as follows.

Definition. The erosion of a set A by a structuring element 5 denoted by AGE,
is defined by

ABB ={pe Z*|B, C A}.
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Definition. The hit-and-miss of a set A by a pair of structuring element (B, ()
denoted by A & (B, ), is defined by

Aa (B, 0) =(ABB)n(A"BC).
It should be maintained that BN C = &, otherwize A ® (B, ') will always be null.

2.1. Problem definition

In most of the morphological image processing and analysis algorithms, the struce-
turing elements are selected in an ad hoe basis depending on the problem and the
class of images. In this work, on the other hand, we try to devise an algorithm that
can select appropriate structuring element automatically for a class of problems,
namely 2D object recognition. The problem may be formally presented as follows.
Given the m distinet class Oy, & = 0,1,2, ..., m of objects where A, is an
object of class k. i.e. A3 € C, our problem is to find a set of m minimal structuring
element pawrs {(BY, Bf) |k =0,1,2,...,m} such that
Ajé®{521ﬁﬂ={?é¢ = .k (2)
=& otherwise
for all i. By the term “minimal structuring element” we mean the structuring
element that has the smallest domain of defipition. The minimality is important
from a computational point of view. Suppose, an area of (or oumber of pixels in)
the domain of definition of a structuring element B is denoted by (B and the
domain of definition of a pair of structuring elements (BY, Bf) is the same as that
of By, where By = BYUBY. Since (BY, B{ s are extracted by analyzing the Ay, s for
all & and 7, the solntions are not guaranteed to be unique. That means there may
exist more than one pair of structuring elements for a class k that satisfy Eq. (2).
Suppose they are (BY,, BY,). (BY,. Bf,), (Bl BL,), etc. Then the pair of minimal
structuring elements is given by (BY, Bf) if

N By) = min ) By) . (3)

For brevity, let each class contain only one object. We first describe the procedure of
automatic selection of structuring element based on this assumption, and later we
will generalize it to accommodate the real situation where a class contains more than
one object. That means currently the object Ay completely describes the class €.
Then Eq. (2) suggests that B} C Ay and Bf C A{ and also suggests that B} € A,
and Bf ¢ Af for j # k. Since BY and Bf may be selected from many different
possibilities each of which is distinctive and satisfies aforementioned requirements,
examining all these possibilities requires 8 mammoth amount of computation. So
we restrict our search to the pair of structuring elements by assuming that By is a
circular region of radius p.

Definition. A pair of minimal structuring elements (BY, By ) may be defined as a
partition of a circular region By of radins p, if
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Fig. 1. An example of pairs of structuring elements for two objects 4y and As. Circular region
superpmed on the objects are B and B2, Each of them is partitioned into gray-filled region and
white region. Solid regions are elements of the pairs. Note that other distinctive pairs can also be
ex tracted.

1. (BY, Bf) satisfies Eq. (2).

2. B, =B{uU Bf and BlnBf=&.

3. If there exist a series of circular regions Bys of py, pa, ps, ... that satisfy condi-
tions 1 and 2, then p = min{p,, pa, ps....}.

Figure 1 gives an example of such a circular region, partition and corresponding
structuring elements.

3. A Plausible Solution

An underlying idea of the proposed solution & to formulate a measure of local shape
of an object over a circular region around each pixel of the image, and then extract
the region that has a distinctive shape measure compared to other objects. Since the
shape is defined by mutual arranpement of object pixels and the background pixels,
we extend the concept of distance transform for this purpose. Distance transform
is considered because it can preserve shape information. An example that shows
distance transform can represent shape information & when an object skeleton can
be straightway extracted from it. Let a binary image f(r, ) denote the indicator
function of a binary object or point set. Let us begin our discussion by defining
distance transform of binary image as given below.

Definition. Dhstance transform maps a binary image matrix f to another matrix

D where
Dir,c) = :k.ﬁ{d"{{r‘ ) (k. 0))} (4]

such that f{k, 1) = 0. The value of n may be 4 or 8 depending on whether the object
is d-connected or B-connected, respectively. So, each element of D{r, ¢) represents
the distance of a pixel{r, ¢) from the background. There are different ways of finding
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distance transform of an image.®*!! Here, we propose another way of computing it
through convolution and threshold function.

Suppose H,(p) denotes a set of 1-pixels (coordinates relative to p) within a
circular region X, (p) of radius p around the pixel p and # R, (p) denotes the number
of elements in R,(p) i.e.

Bu(p) = {qg —pldelp.q) = p and value at g = l}.

Then # R, (p) is the number of 1-pixels within a circular region of radius 1 around
p- Similarly, we can define BZ(p), a set of (-pixels within a circular region X ,(p) of
radins p around p, by letting g = 0. Now, we define suwrroundedness as follows.

Definition. The black or 1-surroundedness of p, denoted by s,(p) is defined as
s1(p) = #Ru(p)

sp(p) = Z Sp—1lg) for p=1.
g i (p)

(5)

Hence, s,(p) reflects the number of 1-pixels around p at different distances, and
thus gives an idea of distance of p from the background. For example, if all the
pixels within a circular region of radius p around p be one then the values of s,(p)
becomes o where oo = 5 or 9 depending on the 4- or Sconnectivity of the object.
Since the picels, which we are not interested in, have value (0, we may rewrite

Eq. (5) as
s1(p) = #R,(p)

splp) = Z Sp—1lg) forp=1.
qEN L (p)

(6)

We can, similarly, define the white or O-surroundedness of p, denoted by s,(p), by
using # F{ (p). Thus the concept leads to computing the distance transform in the
following wiay.

Let us first define two masks:

—
—

1
0

Therefore, the convolution operation f*N,, puts the sum of all the n-neighbours’
of {r,c) in f. We compute the distance transform matric D{r, ¢} iteratively as
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Sa=f Dy = t{Sp,a")

51 = 5" N, - Dy = t(Sy,a')+ Dy
82 = $1*N, Dy = #(82,a)+ Dy

S5 =5_1"N, Di(r.e) = HS,a')+ Dy .

Then the distance transform matrix D is same as Dy if D = Dy The value of
ais Sifn = 4 and 9 if n = B. It should be noted that the element s,(r, c) of the
surroundedness matrix 5, gives the black or l-surroundedness around p = (r, £)
within a circular region of radius p [see Eq. (6)]. Secondly, s,(r,c) is monotoni-
cally nondecreasing with p. It should also be noted that if R,(p) C R.(q) then

511{37:' < & (q)-

Proposition 1. If B, (p) = H.lq) then s,(p) = s.(q).

Proof. R,(p) = H,(g) implies that the sets of pixels which are at a distance p or
less are same for both p and q. Since s,(-) & defined as a position-invariant linear
transformation, we must have s,(p) = 5,(q). O

Proposition 1a. If 5,(p) # s,(q) then Rylp) # Ru(q).

Proof. Suppose not. That means s,(p) # s,(g) implies R,(p) = R,(q). But from
Proposition 1, R,(p) = Ru(q) implies that 5,(p) = s,(q). Hence, the contradiction!
|

S0 s,(p) gives an idea of concentration of 1-pixels around p within a circo-
lar neighborhood X,(p) of radius p, but it cannot reveal how these neighboring
pixels are spatially distributed around p over that region. That means, though,
Ry(p) = R,(q) implies 5,(p) = s,(q) and s,(p) # s,lq) implies H,(p) # H.(q) the
reverse is not, in general, true. In other words, s,(p) = 5,(g) does not guarantee that
B,(p) = Rylq). One possible way to extract the information about spatial distribu-
tion of pixels is to assign the position wariant weights to neighboring pixels hefore
computing the surroundedness. Let us call this quantity weighted surmoundedness

and denote it by w,(p). So w,(p) may be defined as

wi(p) = (F*Wa)(p) )
wylp) = (w,_*Wyol(p) forp>1

where W, is a weight matrix and » can be 4 or 8 as stated before. Examples of
weight matrices for two cases are
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120 32 (2 Gid
Wy=|16]|1|4 and Wy=| 16 |1 4
KRR 56 | & | 128

We may define weight matrix in various other ways too. However, care should he
taken so that weights at any position must not be equal to the sum of weights of
other positions.

Proposition 2. R,(p) = R,(q) if and only if w,(p) = w,(q).

Proof. R,p) = R,(q) implies that the sets of pixels which are at a distance p
or less are same for both p and g. Since w,(-) is defined as a shift-invariant linear
transformation, we must have w,(p) = w,(g). On the other hand, since w,(-) is
obtained from convolving with a mask with different weights and different positions,

if Hyi(p) # Bu(q), then w,(p) # wulq). O

Hence, w,(p) uniquely describes the spatial distribution of 1-pixels in a circular
region X ,(p) of radius p around p. We can, similarly, define w,(p) for the spatial
distribution of O-pixels in X,(p) by using f(r c), the indicator function of the
complement of the object or the point set. Now, let us consider three different
situations, considering the values of w,(p) and w,(q):

1. wu(p) = wulq): In this case according to Proposition 2, B,(p) = H,u(g). This
implies that R (p) = R (g) which results in w,(p) = w,(q). That means local
shape defined over a circular region X, (-) at p and g are the same.

2. wu(p) = wplqg): In this case RBy(p) has either more pixels than that of B,(q) or
it has at least one pixel at a position where the mask weight is higher than the
positions occupied by the pixels of B,(g). In both situations, B,(p) S R.(q).
However, it may so happen that K,(p) > R,(q) and in that case R}(p) C R (q).
In both the situations we have w,(p) < w,(q).

3. wu(p) < wy(qg): This case is mm{"th' reverse of the previous one. So, we can either
have H,(p) C R,(q) or R,(p) 2 R,lq). In the former situation Ri(p) > R (q).

However, in both cases, w, (p) > w,(q).

Thus, the pair of numbers (w,(p),w,(q)) can be used as a local shape measure
and the pair of sets (#,(p), H(q)) represents the corresponding shape.

3.1. Proposed algorithm

Considering the given problem, for the object A the circular region X, (p) for some
p is equivalent to the domain of definition of By. In that case, B, (p) = B! and
R{(p) = Bj if they satisfy Eq. (2). Accordingly, at any point p of 4; we denote the
shape measure by the pair {(wy. ,(p), wi_,(p)). In the proposed algorithm {as shown in
Fig. 2) we work with the binary images fi(r.c) and flir,c) fork =0,1,2,....,m—1
which are indicator functions of A} and Af, respectively.
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ALGORITHM-1:

Input: fi(r.c) and fi{r ) for all k.
Set p=10.
Repeat |
Increase p by 1
For all & do {
Compute wy ,(r,c) and wj, (r,c) at every (r,c).
Retain only distinct pairs (wy o(7 ¢), 11':;'_:#{1", ).
Count the pnmber fofal(k) of these distinet pairs for each k.
1
For all &, j and j # k do {
If (wp. p(ry €)yum, (7€) = (w; (T, e), w ,(r,c)) for some k and j,
Remove all of them from the list and reduce the count fofal(-)
1
min fofal = ming {tofal (k)}
} until (min total = ()
Output: (B ,(r,c). By ,(r.c)) for every k as (BY, Bg).

corresponding to any (e v, ), we (e, e)) remaining in the lst.
Corresponding \ ’ 5 ining in the li

Fig. 2. Alporithm for selecting structuring element in the special case when each class contains
one object only.

The above discussion and Algorithm 1 ensure that (BY, Bf) for k = 0,1,
2,...,m—1 can be used to recognize the class €y when it contains only one
object. However, when each class contains more than one object, the algorithm
should work with a representative of each class. Suppose, Ay is an object of class
k. ie Ay € Cp. Then, to satisfy Eq. (2), we must ensure that

1. B C Ay for all i,

2. Bf C Aj, for all 4,

3. B € Ay for any j, j # k and any i, and
4. By € A5, for any j, j # k and any 4.

These conditions suggest that the structuring element for each class should be de-
termined separately, unlike in Algorithm 1 where all £ pairs of structuring elements
are determined in a single run. Thos, to determine the structuring element pair
{required by hit-and-miss operation) for the class O we must take

Ap=[)Ar and Af=[)A4f,

and

Aj= U,aj,. and  Af = UA;;. for j # k.
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ALGORITHM-2:

Input: f;(r, ) and f_‘;{r,r.':l for all §, and the class number k.
Set p=10.
Repeat {
Increase p by 1.
For all j do {
Compute w; ,(r,c) and w) (r c) at every (r,c).
Retain only distinct pairs (w; ,(r, €), 1::;:P{r,r::|:|.
Count the number total( j) of these distinet pairs for each j.
1
For all j and j # &k do {
I awy y(r,e) < wy e, ) and w:i_:#{r, o) = ?::;:F
remove all of them from the list and reduce the count fofal(-).

t
min fotal = min; {total(j)}
} until (min _total = 0)
Output: (Hy (r.c). B (r.c)) as (B, Bf)

corresponding to any (wy (r, c), uw (v, c)) remaining in the list.

(r,e) for some j,

Fig. 3. Alporithm for selecting structuring element for the class k when each class contains more
than one object.

As before fi(r.e) and fi(r,e) are the indicator functions of A and Aj for all &
defined above. This leads to Algorithm 2 {(as shown in Fig. 3) which is a modified
version of Algorithm 1 for the general case.

Hence, Algorithm 2 has to be executed for each of the object classes separately
to obtain all the required structuring elements.

4. Experimental Results

We have implemented Alporithm 2 on a SG1 machine with UNIX operating system.
Structuring elements are selected automatically with an objective to build a recog-
nition system for the Bengali numerals. That means we need 10 pairs of structuring
elements (BY, Bf), k=10,1,2,...,9 such that the recognition system would declare
an input object 4 as the numeral “5" if

#(A® (BY, Bf)) =0

for all k except j. If there exists no such j or more than one j we conclude that the
system has failed to recopnize.

It is a well-known fact that morphological structuring elements are neither
rotation-invariant nor scale-invariant. Hence, to obtain an useful result, all the
objects Ay, should be brought to a fixed orientation and a fixed size. This may
be done by rotating each object by such an angle so that their, say, principal axis
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Fig. 4. Examples of training image data of Bengali numerals used to select structuring elements.
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Fig. . Examples of scaled image data of Bengali numerals used to select structuring elements.
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have the same alipnment. Each of these rotated objects may be scaled by such
a factor so that their upright minimal bounding boxes have the same dimensions.
These geometric transformations of the traiming images should be preceded by noise
cleaning. And this noise cleaning is done by opening and closing the input image by
a small isotropic (disk) structuring element. After having these transformations we
proceed to find the representative of each class. Some examples of training imapes
used for generating the class representatives are shown in Fig. 4. Note that the
training images are reasonably noise free. However, this may not be troe always.
Since these mmmerals are extracted from skew corrected document image, their
orientations are also more or less normalized. However, we had to scale them to
bring them to a fixed size (in our experiment it s 64 x G4). The scaled images are
shown in Fig. 5. Then class representatives are determined by union and intersection
among objects of each class. The results of these two operations are shown in Fig. 6.
Finally, the extracted structuring elements are shown in Fig. 7.

>
LY A9 b
09 5B ¢@
00 =5 2

Fig. fi. Examples of class representatives of Bengali numeral classes used to select structuring

elements.
N E EE = =

Fig. 7. Selected structuring elemsent pairs (arranged in same order for objects in the previous
figure, but not in the same scale) to be used to recognize Bengali numerals using hit-and-miss
transformation.
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When these selected structuring elements are used in the object recognition
system using hit-and-miss transform, the test object too has to undergo similar
geometric transformation. For the test images too, we need to clean noise in the
similar way as in the case of training images.

5. Conclusion

In this paper we have proposed a novel technique for antomatic selection of struce-
turing element for a class of problems, namely object recognition. The method is
used to develop a Benpali nnmeral recognition system using morphological hit-and-
miss operation. To devise the algorithm a new measure of local shape & suggested.
Based on this property minimal (in terms of area of domain of definition of the
structuring element ) distinctive structuring elements are extracted from the classes
of obhjects in a deterministic way. The algorithm is computationally efficient and is
guaranteed to terminate with the required output if the classes are distinct.
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