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Absiraci

The appluation of pronp theoreti tnethocd of Tag o OTIT by digonesed a5 16
provides w unifiegd view of the diveree and ad-hos integration procedures of sach
eruationg. Folloang congeguences of one-parameter point transformationg, the
grrmmetries of The diffevential eguation deseribing dumped harmonig whration
are determined, A purticular case is considered to lllustrate the generalivy of the
approdch,
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1 Introduction

The symmedrics of differoncial coquations ave ofton fonned usefnl in finding their soln

ticng. The knowledge albout the underlving transformations and their gencrators are
eqsential for this powpose. Det uy consider the invertible point teansformation of the
-y plane

{1.1] =il v o=l

with the eorcdinions

1.2 dl_o=# and t,_o=1y

The paint transformations are gaid to form o one-parameter group if successive
aclion of vwo Lrasslormalions 19 egquivalenl o the action ol anolber iranslormalion
of the form (117 {Thragimes [1]3 Daylor svies eopansions with rospoct too~ in che
neighbaurhood of + = 0ol [1.1) yield the inlinitesimal ranslormalions

{1.3] woomt eyl oy y eyl

whera
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: fhgh ihe
Erlaasghy — smia e el
(1.4] S ENT G 7=0: Y] s
i
A tangent wvedor ficld in corms of the fivst order differential operaror, is written
Rk
. ' . &
1.0 K= Hwag I oyl
(1.3) £} o ol ) 7

Lie |2] termed X ws the infinitesimal generaror of the transformacion, The unknown
functiaons £, 5l and #ix. ) may be found out fram the determining cquation for Tic
PreLt HvVlOnetries,

For the second-order differential equation

3
dy 4 dy

W

(1.6] R ICV R b et

thex determining cquation for che Tic point symmerries derived as [Thragimov [1])

Hrw + Doy — Eex) '+ gy — 265, ™ - ?a"r:zfyy — [y — 28 —3y'gy) [
(1.7
- [ﬂm + (1 — &) i yu‘f;l:] fo—&fe—nfy = U

where fle y, ') 1% a kmown fimetion and
(1.8)
ar . _ ot o Sy L R SN &2

&.J: = E' Sy = f:"?,.f‘ Ty = E,, B, = Tt éw ==

Ek Hew = Fh b
_ ¥ Py _ ¥ LB L8 _af
ffmp = fi'_(-“! yer = 5‘“_12 Map = m J']r = E fa= B_f .-"'y’ = m

Troating the lefr-hand side of couation (1.7} as a polynomial of third degree inoy,
wa can aplil i oo an overdelsrmined avelemn of egquations. The avinmeicies ol ihe
differential coquation (16 sve dotermined sonerally, by mtogracing the systom. 'Uhe
principle discussed above is Lo be appliad here Lo the dynamical equation governing
the damped harmmonis vihration.

2  Symmetries of the differential equation for damped
harmonic vibration

If a particle he oseillating in s flidd Gadr or lgnid) the copation of metion for o small
displacement can be wrillen as

. Iy i .
(2.1 —= —h=4uwy =1
2.1) et eft ¥
where & 12 delined as Lhe Quid regizlance or the Jampivg ellecl 1o the molion of a
particle of unit mass moving with unit velocity, y s the cocordingte and W ois the
angular velocity,
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Tryuation (2.1 is re-written v Lhe fovm

ey iy
29 L : M= g — 2 : AT L PO e
2.2] i it ) e T ¥ "

Lel the inlinitesimal generalar in this case is

i il i
3] = Ef']t +ﬁﬂy

£ =Ly, n=nllyl and the delermining equalion for the Lie svmmelry, is given
I

Moo + |:2"r|"-'-[r =L yI + Mzm — ‘E‘i-'[r\] yr'z = IFJ:J*’-:W F '::]'f:.l S ‘I!yr“:tr:l S

24
- [-r,n_ + {ry — £ yf = ymﬁy] .fr,'" o ?.'fr; il
whorn
'SR S _Hy _ ¥y i _ADRE
L= E L= ﬁ = E Ha = {J_g.' e = F £ = W rf,,-,,- = @
He 1y #n H MY Hf

b Temr The e My T — i =, f =
&] (3'1‘(:"1; L ayg [ OLIFU}._.T fy ay f E}t f;.' O,_H,-

Treaving vhe leli-hand side of equation {2.1) as a polynomial in ¢, we can spli il
np into the following swatom of ceprations

{2.3] g™ Ly = 0

(2.6] ¥ty 2y | 2RE, = D

2.7 y' o By — En o+ kE 4+ 3tyE, = 0
{2.%] WYt ot — w0 il — 260 — gl =k = 0

Salucion of (2.5) can be written as
£2.59) £ Pty + aif)

In view ol (2.9, equalion [2.6) 8 wanslormed Lo

. dp
{2,110 Hyw — e+ 2hp = 0; pp = i;:'_
i
Solving {2101, we alkain 5 as
{2115 no— i —EplyT 4+ AEy = et

Taking (2.9) aned (2.11) o accound in equalion (2.7, we olilain
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(2.12) By {p“ — bk + L;;E,UII =t — kg — 20 = 1

Sinee lefi-hand side of (2.12) cap be freated as a shople polvuomial in i, we can
writi

(2.13 P — ey 4+ e¥p = 0
|:-.21 4J It Iif-lflf-f ibt =10
wehers . .
frt T i ith
iy = Iy

s B = g ML= e W= o7
o T g T e 3
Two independont salutions of couation {2.13), are given hy

o oy W ®
(2.13] P = A g E

LR L

(216 1 = Aur

where Ay Ay are constants, smd the goneral solution can be written as

nty J:-_'*—d.-..:’z I J.-—\.-"m-:-:'—z..-“ :

(2.17) o= A« e Aae : *

Tulegrating (2143, we oblain
(2.18) aff) = e / e H OB+ ag] el — ao

where oy and e are conglanie of inlegralion.

Lasrly, taking rhe relations $2.9) and (2.11] into acconmt inegquarion (28], wo
obiain aller some caloulavions
(2.19)

G [pee — o (0 — B7) = Bp®] — (B + 20 + Bl + (o o’ +hey) = 0

Ceomgidoring (2,190 as a polymomial in 4. we can wrin

(2.20) Prer — e o — F) ket = D

|:22]:| h‘l‘l‘- | '.2;',;_'2&.!-. kbf = D

(2.2 e+ et — kg [}

where .
o dtp
FHE T s

Egualiou {2300 is auwomalically salislied since iv can be rearranged as
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; d 55 i3
{2238 = (e — K + ™ + F (o — bpp — ™) = 0

and gy — kg + pe® = 0 by virtue of equation (2,145
Bolution of [2.217, is given hy

{2.24) b(L) = M / [—2c”a(t) + by ] £*dt + by

where by and by are constants of integration.
Two independent aolutions ol equation (2.22), are given
THIaE

(e o ot L et Ll
{2.20) e = e

T
A LI T

£2.26) L] e . ERE
where €, C are constanus, The general soludion of equalion (2.22] can thevelare be
wrilten @y

—p—yf el oy ol

{2.27) ro= e . e "
Thus with the symmelry condivons presceibed thraugh the relations (2.5) — (2.8).
the pemerator X s siven by

{228 X = [pit)y +aiil] % + (pe— ko)t + by + el %

wher plt] and oft] are respoctively, given by the relations (2017 and {2.27). aft] and
B8] awe determined by the coupled relations [2,1%) and [(2.241).

It s to he noticed that the genorator (2.28) exhibits o case of cigho-paramoeter
symmelry of the dillereniial squalion (2.1) as iu involves exaculy elghl paramelric
comstants Ay, A O, . g, iy by and B Seephiand [3] has showm chae the masdnnm
punber of symmelries admilled by a second-order (DL is also eight.

3 A particular casc

We allempr now [or aome sitnple aolutions of the problem by laking & = b =1 and
considerivig the independoent solutions for poand ¢ as given, respectisels by (2013),
{2.161 and (2,257, (2.20}. BEquatlions (2.9) and {2.117 reduce simply Lo

3.0 £ — pltly and 5 — (po— kpiy’ — it

For the sake of bricfness, we pracecd by wricing p = Ac®t and ¢ = €™ Thus, £
anned w can be wrilien as

{3.2 f=Ae™ and p= Ae™ia— ki - O™

Substituting {3.2) e £ and ¢ in the characterisuio equation [(Olver [4]3 By
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[-i -i-l [11-!' _ (;y
E £ 1
we Oblaiin
el {j’.y e
G4 = [
R y (v — B)y? — Beld-alt? A
Solution of Ir'3—1\|J is miven by
; : °R o "
[3.3) W= e e conslant TN

08— B4 28 .

Tmploving (3.5), wdependent solutions lor ¢ corresponding o paired values of o
and T poseible are wrirton ag

(i)
By P —wt b W [
O o= @ # L i = B :H—-:_
A
!
(3.G) L
20 i O e PR
] { i s ¥ — constant e T opY 5 S
— B — A
()
(.7
by F T —k—n LT [
@ = T4 =e T, b=
Ay
IJB :
o= = el bR RFE L ndant e ¥ Y P RES
— 2y R — die®
(i)
(3.5
[ Ty JrpS e B —dw? L4
o =@ ; d=ce ” » B= —
Ay
|
2b R Ko, T EE |
¥y -y i T4+ panafont e Yo :
Dof Bt — A
{iv]
oy AR et R R &
no=r k] S= 6 R s e—
Az
BREY

1

R — ) — - R D] :
¥y = {ﬁ— e~M polatant e e RSIRTE
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By Lhe process of linear combivalion wmore aoluliong can be cansuructed o (3.6)
— (300 Now, in addition to e = b = 04 s take & = F then all the fivsg terms
Trarn the right ham aides of equations {361 — (393 will vanish, Thia is abvious since
o — Oy — 0wl miske 3 — 1) inocach casos.

Trom the reducerd versions (Le. &) = O =) we can cambine [(3.61 linearly wiik
LR or (8], sl (A7) lUnesly weith (38 or (4.9 to obtain an escaet selution of the
lizwn

? FRE awd T e,
.;~3,_'| Iy y = ,_-_—% L HM’!“Lr z b R H L':I

whorn Hy and &y aro constans.

(310} is well referved solution of couacion {217 for the simpls harmaonic vilwation
fAbsan [5]).
Remarks: From the above analysis, we may conclude the following -

T. Tie’s gromp choearetic approach is vory usefl in tinding the symmctrics, if they
endst, of the differential equations wod inteprate thean o furn.

I 1t oy not alwages be simple to findg the Lie point gymmenry, even of the ordinary
secotd-order linsar dillerential enuation,

U Whoreser an oxact solution of a differential aiqmarion can be obtained, the un-
devlving propery 15 the symmeley al thal eruadion,

Aknowledgerment. The authors ave thanklul Lo Pralegsor T K. Tiorchoudbury of Lhe
lndinn Staristical Instienre, Caleitta, for his soimulating disenssion on this probloms.
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