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Absrracr A model of ceonmnic growth with endogenous accumulition of labour effi-
ciency is developed in this paper. Luxury consumnplion is distinguished from productive
consumption; and the rate of change of labour efficiency varics lincarly with the pro-
ductive consumption. The intertemporal equilibrivm of the dynamic system is unstable;
and hence the long ran rate of growth of per capita income is endogenously determined.
However, the equilibrivm point itselt is & “No Growth” equilibrn.
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1. INTRODUCTION

In the cxisting literature on the theory of economic growth consumption is gener-
allv not considered as productive. However, in the literature on Development Econom-
ics. there exists substantial discussion' on the productivity of consumption and on the
thearetical implications of ‘Consumption Produclivity Hypethesis’,  Productive ¢on-
sumplion taises the elficiency of labour. Gersovite (1988) dislinguishes three Tomns of
productive consumption: (i) nutrition; {ii) bealth effort and (i) edocation, The mar-
ginal utility of these forms of consumption is tur lower than that of Tusury consumption,
However, these consumptions have either direct or indirect positive effects on Lhe rate
of growth of labour prodoctivicy.

A few dynamic models of productive consumptions are available in the literature,
Baoerji and Gupta { 1997 and Jellal and Zenow (2000 develop dynamic efficiency wags
models in which the representative finn maximizes discounted present value of profie
ovier the infinite tme horizon and the efficiency of labour acewmulates over lime. Jellal
and Zenow (200} also consider learning by doing effects in the efficiency acoumunla-
tions, However, these models do not deal with consumption suvings ullocation problem

" For axample, seo the works of Bliss and Steen (1978, Dasgupta and Ray ([986). Gupa (1987, 196890,
Leibensicin (149570, Mirrleos (1975), Stiglive (L976) el
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of the utility muximising individual and with the capilal sccumulaton problem of the
ecanomy. Steger (2(00) focuses on the Ramsey optimal capital sccumulaion path in
the presence of productive consumption. However, in his model, physical capital and
hunan capital are assumed w be perfect substitutes, Also entiee conspmption is as-
sumiccl Loy be productive; and hence no distinetion is drawn belwesn lusucy consumplion
and productive consumption.

The present paper dlso analyses the propertics of capital accumuolation and the growth
of labour efticiency in a Cuss-Ramsey frumework removing the problems in Sieger
(2000, Tiility of the representative individual is assumed to be a positive and concave
function of luxury consumption only. The productive consumption only contributes to
the rate of prowth of labour elliciency. Physical capital and human capital (labour offi-
ciency ) are not perfect substitutes here, We set some interesting tesales [Torm this model
The infertemporal squilibriomm of the dynamic systemn is g Mo Grosweth” cquilibricm of
Sulow {1956} Lype inspite of the existence of endogenous labour avgmenting change
resuling frum productive consumption. Also, in this ‘No Growlh' equilibrivm, the per
capifa income is independent of the rate of growth of population (number of workers).
However, the intertemporal equilibrium is unstable; and hence we huve endogenous
grovwth in the long run.

The paper is organized as follows:

The model is described in section 2 and its working is described in section 3, The
properies of the inrertemporal equilibrivm of the system are analysed in section 4
Concluding remarks are made in seetion 3.

2. TIIE MODEL

This 15 a ene sector dynamic model with capital stock and efficiency (skily of labour
gecutawlaing eoeer b, Towal cutpul is allocated belween consumplion and investmeant
o phywical capital; aod tis allocstion decision is laken by one inliniely lived cconomic
agent maximizing the lite time utlity defined over luxury comsumption.” Alse fotal
consumplion is allocated between luxury consumption and productive consumprion.
The rate of growth of labowr efficiency varies positively with the Tevel of productive
consumption. There is no depreciation of either physical capital or of labour efficiency.
Number of individuals { workers) grow at a constant rate and all individuats are identical
with respeet Lo Laste and endowment. Produclion lunction is linear homogenous in lerims
af physical capitad and Talowr; imd the inputs are not perfact substitnes.

We use the following notations to describe the model:

= Time — i non negative contimouy variabla,
¥ = Level of output ab time ¢
K = Level of capital stock at time f.
N = Mumber of workers al time .
fe = Level of efficiency per worcker at tme ¢

2 Vor the sake of wehinical simplicity we assume utilicy o he independent of productive zoansumptinn,
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k= P Capital intensiry.

C = [Level of per capita consumption.
no= {onstant rae of growth of workers over time,
A = Tropottiaon of luxory consumption.
7 = Llasticiny ol marginal utility with respect (o luxury consumplion.
w = Capital elasticiry of output.
g = Rate of discount,
ul-) = Utility function of the representative individual,
W = Welfare,
Fullowing equations describe the model:
=K (hA' ™ with 0 =o < | {1
i the CRS Cobh Douglys production lunetion.
K=Y—-CN (2)
implies that excess of outpur over consumption is investad and there is no depreciation
of capiral stock.

N =nN (3)
implies that the number of workers (individoa]sy gros at constant rate over time.
i}LC} | = .
n=uldil = 1— with ) <o =1 ()

ia the udlity function. Here AC is loxury consumption; and utiliny is a positive and
concave function ol luxury consumplion.

The dynarmic ctiicieney funciion is given by the [ollowing:

himl =1 — k. (33

This meuns that the rate of change in cllicieney varics positively with the lavel of
proxloctive consumption yielding notmition andfor cdocstion andéor health care. Here
(1 — A s the level of productive consmnption. This is the dynamic version of the
‘Consmmption Efficiency Hypothesis'.

The welfare to be maximized is given by

o
W=f Ny e ™. dr, ()
0

This is the discounted present valoe of utility of all the workers {individvalsy defined
cver the nfinie tme hoeizon, [0, 2.

The problem is o maximize W given by equation (6) subject to equations {1 10 (3)
with raspect to £ and satisfying the restrictions:

D O (YN, and 0541
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3. WORKING

Lsing the definition of £, we have
PR OB
k K h N
and then wsing egquations (1), (21, (3) and (3) we have

=k —(C/h) — (1 — )Ck —nk. (7}
Also putting &0 = | and using equarions (3) and {4}, equation (6) can be written as
™ . .
W =f WO Che= =gy 8)
0

S0 the problom is by maximize W ogiven by equation (83 subject to the equations of
motiom given by {33 and (7). Here © and A are control variables. and & and k are state
variables, Tlere @ = w. by assumption,

This is an optimal control problem with two state variables. In Banerji and Gupta
(19971 and in Jellal and Zenouw (20060, human capital is the only state variable. In Steger
{20000, capital is the only state variable because physical capital and human capital are
assumed o be perfect substitutes, and additive. So the model presenbed in fhis paper is
techoicully more complicated than the earlier models,

The cunTent value Hamiltonian, denoted by He' Y and to be masimized at each
time point with respect o the control variables, is given by
(REY =2

1 —
where k and & are given by equations {7) and {3} and ¢ and gy are two costate variables

—Tfunctions of tme.
The first order optimality conditions with respect to € and A ure given by the follow-

HefP—n =

+ ¢k -k + g5 - h {41

imgEs:
Gy Th o gedhy L Mgk +ge o (1-2)k =0 (10
and
PO C g Ok —gy O =0, SRY
The canonical differential equations showing the ime behaviour of costate variables
are given by
G = (o Mgy - aelek” —n — (1 —2)C) (12)
amel
dh = (o — gy — g (O RN RY — gy - 01— 200 (133}
The transversality conditions to be satislicd by the oplimal solution are piven by the
followings:
lim gquke ™ =0 (T1)
P

and
Tinil quiig='e7mt = 0, (T2)
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Lising equations {10) and {11) we have
(ACY™™ = (gi/h) {14)
and using equations (14) and (11} we have
lge/ AU kR =g - 5. {13)

Here, & s the capital-worker ratio. Now using equations (13} and (13) we have

: C
aign) =1p —n) — W AL 4
idn/gr) = {p —n} Tk i
or
ignl Fhih = (p—n)— ——. L
{gniqu) + (k) =(p—nj T 4Ly
From coualion {123 we have
(Gifqe) = (o — n)y — k™' L n+ (R,
ar
(Grige) — thim) = (o —m) — k™ 4,
at
{guia) (i) =p - alkmy® 1op! o {17}
Differentiating both sides of (14} with respect to ¢, we have
{(AC) e :
— = (el fany — (hi k]
al
and then using equation [17) we have
AC fyi=tapln _
(ALY olkh) B (18)

AL o
This implies thar the rare of growth of wility vielding (huxury) consumption is equal
1o the excess ol margiog] productivity of capital over the rawe discounl normilized with
respect fo the elasticity of marginal utility of luxury consomption,
Apgain we have, from equations {3} and (7T},

K
% — k5L () —n
ar _
% = kR BT (iR — . {19}

S0 the rate of change of capital worker ratio. kh, is the function of per capita consump-
ton, £, efficiency, &, and capital worker ratio, L, itself

Now we are to express & and © in terms of AC and kh. Differentiating both sides of
equation (15) with respect w1, we have,

k7R 4+ (R R - Chh (L4 kD) = (Gafan) + (7Y — Lige/an) — (A )]
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and then using cquations (16), (17) and {19) we have
(kR /'™ — (€ khY — n) (ki1 + kR))
=(p—m) — (C/( +kh)) — (o — athh)* T

ar
ety R TR AL 4 RRYY - a) = w[(kRA 4+ &R — 1:
ar -
|i:_5:,fz. = 1 —F%h
. I+ kh
-1 gl oo _ -
L Bk — oL+ )
| + kh
ar
TR 1 .ﬁj "o H -
(R —or+ (1 —wlkh
or i
- i o
L 20)
ol —alkh
Using equations (18) and (20} we have
[EL7
(A B L 3
A o
T 1
(AL oen
=1{l/ — L e— L 21
e g}[a-(lw—u}kh ’G} 5
Mow difterentiaring both sides of equation (20} with respect to r, we have
; i (kRy (kD[ khil—w) 7.
L e T T ey ey
Gll - a
E = (ki) 1+ £k : (24143
h kh o — (1 —elkh

anel then using equations {5} and {19) we have

O kh
N = it u"-|1&I—u_ _ 1L :
(F=4)C [{ ") K "M a—11 a]k.&}

angd then using equation (200 we have

# O kh
e ——i :
Wi [r:r—{l—n:}kh kh "M P o::i'.f::|

or

kk
C‘+f(’_k¢}|il w—(l—rx]kh}

7C 1 1+ oL :
AT T - ek o — (1 —wlkh |
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ar
rh
ki1 ————— O/ kR
[1 w—{l—w]ﬂhj|t RER
1 Eh
=i U N gy | | [ A 1 |
frlul:u—fl—ﬂ‘]kh :||: +o_'—{l—uf}.{'f:}
wl
AL ook yaki ;
(/R = - - + {22
) Wi (kh} wry (ki) :
where
: ; kh
et o T
2T
Iy h=1+kh- |1+ —:
(k) 2 [ +u—(1—u}khl’
i =—————1:; and
L LIS phe
balkh) = 1 4 S
k) =14+ ——F——.
£ o (1 ek
Wow vaing (20). {22) and (19} we have
k) " A mplkRyalkhy
kh o—(l—a)kh n(kh) W (ki)
ur
{i’h) : L rura (ke k) :
—_— 5 2 .IU:I — o 23
P e W ki) 23

Moo equations (237 and (21) are two equations of motions. Bquation {23) shows that
the rate of change in £f is function of ki and AC. Equation (21) shows thar the rube of
change in AL 1s Tunenon of £k only. Here

U (RAD) = o (kk) — Kk,
and hence equarion {23) can be written as

(ki) AC Rl ft) - kel —
...... S . A% A
kh Wik + Vv (kR tead

Here v ifh) is a positive function of £h. Also {da{kR) - KRS (k)] 15 a positive
function® of ki, Hence (kf)/ kh is a positive function of &

* T is sheown in the Appendiz,
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4. LONG RUN EQUILIBRIUM

The reduced form dynamic systern consists of the ditferential squations (2§) and
(23) salving which we get the time path of A and bh. Lirst, we wy o investigate the
properties of the equilibrium of the system at which (AC) = (FR) = 1. Alse using
coualions (147 and {15), 1L can be casily shown that g - & and gy, - & are Gme ndependent
in the equilibrivm. Here

bRy =0= (K/EK)=(N/N).

Thix 15 the halaneed sronwth path with the capital stock and the number of workers grow-
ing at equal rates. This is the long-run growth path in Solow (1956) model. Equation
{20) shows thal £ is constant when &4 1s consianl. So & is also ime-independent;, and
Lthe sarne is rue lor the coslae variables. Henee efficieney ol labour docs not change
alunpr this haluneed prowth path. Also

(F/Ny= (ki) ol

and using equation (20h we find that
R

w— (] —alkh
Hence alang the halanced growth path—in the intertemporal equilibrivm—per capita
Icoms 15 constanl, So inlerlemporal equilibrivm is & oo growth equilibrium, We gel
this property in Solow—Ramsey—Cuass model in the absence of leehnical prosress.

We noaw vt analyse the stability property of the equilibrium. For this we are to
draw the stationery locus,

{(+C) = 0 stationary locus is a vertical straight line because solving equation (21)
with {I;.f.",l = N we pel kA = M {constant) where

M=1{wlp—n)/(]l —w)oh = lofl—a.

(YiN) =

Also )
AR anil — o} )
3kh  olu— (1 —akhlE
Here kh = M = (A # (. When capital worker ratio is higher (Jower} than M,
luxury consumption, AC, rises (falls) over time.
Mext, we turn to draw the (k) = 0 stationary locus.
Blkhikhy 1
daC T gkl
al the egudlibrium point because there th = M and hence

Pkl = 14+ ((p —nen + 070 —wipn) =0
for p }n&t}dﬂﬂa-:; 1.
Slope of & = {eurve is given by
d2C _ BUkR/ kh)dkh
cdkh kR ki) c
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AC ¥
/

L

w

kh

0 M (o/(1—ah)

Fizoee 1.

Here 8(kh/ kh) /akh is positive; and hence (ki) = U locus slopes positively, Note that
(ERY = 0 curve passes through the origin because cquation (23) shows that & = O and
(ER) = 0 imply 2.C = 0,

For(t < kh < (o/(] — ), kh = 0 locus slopes positively in the first quadeant; and,
atkh = {1 — a)), AC = oo along this locus.

(I';.Ff] = O locns and {::.CJ = 0 ]ocus intersect cuch athers at ki = M < (2/(] — ).

When £ = {o/(1 — @)}, then ¥ (BR) = O and ¢o(kk) = 0. So equation (23A)
shows that (£A) = O for ki = {o/{1 — o)) and for € 2 0. Along the (k) = 0 locus,
A0 is abways negative for kft = (w/(1 = «}). So, at any peint in the frst quadrant in
this figure with kb = {a/(]1 — w)), we have {kh} = 0, For kh = /{1 — ), at any
point above (below) the (kh) = 0 locus, (kh) is negative {positve).

The behaviour of the state-trajectories are desertbed in the fgure; and this behaviour
is conditional on the inital conditions. If the initial point lies below the (&) = 0 locus,
wie [ind endogenous prowth in the system with kA always rising and 2O rising ar least
in the terminal phase of development.

Jacobian matrix 1s given by the following:

ALCACY  BOCAC)

- 3 0 b
A s = | ikhtkh)
dkhflh) a(kfu@ — T

an’ akh
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Here

-

it )
|| =0,  traceS =0 hecausce M :
ik fh
S0 the cquilibrivm s wnstable.

Ty the case of stable equilibrivm the system converges 1o the balanced growth path ar
which &4 = M. Along this balanced srowth path, we have exogenows stowth hecuaose
(K/KY=(¥/¥}=(N/N)=n.

Horwevar, we get unstable equilibrium in this model; and, in this case. b# either rises
or [alls over time indefimitely. 1t always moves away from the equilibriom poinl. We
have unbalanced grvwth and this rale of prowth is endogenously determined. VAW rises
{fullsy as &l rises (fulls) over time.

The equilibrium level of per capita income is given by

(FiN) = ————
) w— il —o)M
or
(YN = (pfu).

5o the per capita income n the “Mo Growth” equilibrivm is independent of the rate of
wrowth ol the number of workers. This resull s inweresting because, in Solow—Rainsey—
Cagy ane seclor model. per capita ineome i the long o eguilibriom: varics inversely
with {he rate of growth of the number of workers.*

From equation (2) we have

C = (¥/N)— (K/NIWK/K):
and then in the equilibriven
C={pfay—n-M
={pfu)—(nulp —nif(] —alpt.
Sa the per capita consamption is not independent of the rate of growth of the muimber of
workers.
When the system is off the balanced growth path. the rate of growth of per capita
incame, (¥ N, s given by
[1./ ."I.'“H"}
e =z L
(¥/N (

and then using equation (204 we huave

(¥/N) i ](fm) kit
(Fin £ ki f lw — i1 —wkh |

S0 the rate of growth of per capita income is increasing in &4 1t does nol converge (o
uny exogenonsty given valoe.

I{Eh}l[l '| h
T

+ O, Timsly Lhas resuil 15 nol very inpeorlant becanse the system doss nol converse Lo the ong cun equilib-
riuez il




LA
()]

GLPEA: PRODUCTIVE CONSUMPTION AND EMCHIGEMNO IS GROWTH

Onee we know the value of AC and bk at some 7. we can also obtuin the value of €
from equation (223, Then the value of & is obtained from equation {20}, Then we solve
for gn and gy from equatioms (14} and (15).

How: do we relate the results of onbalanced srowth oblained here b the resolts ex-
stiny in the lerature? o our model, capliral stock per worker, kf, and ulilily vielding
consumption, xC, rises over fime in the case of endegencus growth, [However, there
is uo mechaoism which ensures the equality between :;:Lr DS und 1_.#&;':,"3:}: b. In the
mudels of Romer (1990), Locas (1986) eic. endogenous growth takes place in a bal-
unced manner. Per capila consumption and capital stock per worker grow at equal rates.
Those models assume a steady state growth cquilibrium and then explain the existence
ol a posilive growth rate in the long run, because Solow—Swan—Cass model can ool
cxplain positive growth rate i the steady state equilibriom.

5. CONCLUSION

In this paper, we have analysed a dynamic model of a less developed economy where
cllicicnoy ol labour und capital stock accomulate over time and the endopenous we-
cumulation of lahor efficieney s the source of endopgencus growth, However, this
increase in lubowr elficiency is explained by the productive consumption which is Lthe
result of sacrifice of ntility vielding {luxury) consumption. This is a dynamic version of
the consumption-efficiency hypothesis. The relative rate of growth of labour etheiency
varies positively with the level of productive consumption, So this mechanism is dif-
ferent from that in Lucas {1988) where the relatve rate of growth of labour efficiency
ihuman capitaly varies positively with the allocation ol human capital to the bumnan
capital seeumulalion sector.

The lony run eqguilibrium of the dyvpamic system implies a Solow type “No Growlh’
2quilibeium inspite of the positive role of consumption on the accunwlation of labour
efficiency. If we ignore the productive consumption hypothests then the present model
is redoced w a standurd Ramsey—Cass model. Long run equilibrium in thuat maoded
is stable and the long rum rate of growth ol per capita income is equal o zero, A
positive long run rate of growth is obtained in such & model enly introducing a labour
augmenling wechnical progress. [n the present model, labonr augmentation tukes place
through the productive consumplion hypothesis but the intertemporal equilibrium point
implies a ‘Mo Growth® cguilibrivm. Also the per capita income in rhe intertamporl
equilibrinm is independent of the rute of growth of populalion (oumber of workers)—a
resuil nob oblained in Solow—-Ramsey—Cass model. However, the dynamic system docs
nol converge o the interlemporal equilibriom point here becavse the unigue equilibrium
peink is unstable.

In the mode] of Steger {2000). productive consurmption is not distinguished from lox-
ury consumpiion. Sleger (200K explaing endogenous growth due to the ussumplion
of AKX technology of producing the product. With diminishine marginal produoctivity
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of capital one can not explain endogenous growth in his model, 1o this model, we as-
sume diminishing marginal productivity of capital and can explain endogenous growth
because we get the case of an vnstable intertemporal equilibrivm,
Wi have restrictively assumed thal produclive consumplion does nol yield any wtility.
Tn reality, marginal ahility of productive consumption is positive bot Tower than that of
lnxoey conswmption, [t would have been mote meaningful to consider an vtility function
oy L () I Ton L B
B S st o with Qo) <oy =1,
However, techoical complications prevent us from deriving meaningful results in this
mire Tealistie cuse.

APPENTITX

Defise
gikh) = dra(khMeh o (kA .

Using the expression of ¥ra(kk} and g {kh) we have

(1 —ed(1 + KRMkh

kR~ TR — R)?
Y N D Wy
ki o
1+ —
kh
Nence g{kh) is a positive function of LA,
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