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1. INTRODUCTION AND MAIN RESULT

Suppose A1, Ag, ..., A, are all the eigenvalues of a square matrix A, of order n. Then the

empirical spectral distribution function (ESDF) of A, is defined as

Fo(z,y)=n""! ZI{R@)\i <z, Im\; <y}
i=1

Let {A4,}5°; be a sequence of square matrices with the corresponding ESDF {F,}>°,. The
Limiting Spectral Distribution (or measure) (LSD) of the sequence is defined as the weak limit
of the sequence {F,}>° , if it exists.

If {A,} are random, the limit is understood to be in some probabilistic sense, such as “almost
surely” or “in probability”. Suppose elements of {A,} are defined on some probability space
(Q,F,P), that is {A,} are random. Let F' be a nonrandom distribution function. We say
the ESD of A,, converges to the limiting spectral distribution (LSD) F in Ly if at all continuty
points (z,y) of F,

/ (Fa(z,y) — F(z, y))QdP(w) —0asn— oo

and converges in probability to F' if for every e > 0 and at all continuty points (x,y) of F,

P(|Fy(z,y) — F(z,y)| > €) — 0 as n — oo.
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For detailed information on limiting spectral distributions of large dimensional random matrices
see [Bai(1999)] and also [Bose and Sen(2008)].

In this article we focus on obtaining the LSD of the circulant matriz (C,,) given by

i) Il o2 ... Tp—2 Tp-1
Tn—1 Zo rr ... Tp-3 Tp-2
=L | Tp—2 Tp-1 To ... Tp—4 Tp-3
Ch NG
L I xT9 r3 ... Tp-1 i) ]

So, the (i, j)th element of the matrix is Z(j_j{n)mod n- The eigenvalues are given by (see for

example [Brockwell and Davis(2002)]),

-1
1 5 ,
)\k B ﬁ;xlelw}cz :bk+16k Vk: 1727'” , 1,
where
ok 1 1 =
Wy = %, b, = — Z::L‘l cos(wgl), ¢ = % lz_%xl sin(wgl).

The existence of the LSD of C,, is given by the following theorem of [Bose and Mitra(2002)].

Theorem 1.1. Let {z;} be a sequence of independent random variables with mean 0 and variance
1 and sup; E | x; [3< co. Then the ESD of C,, converges in Lo to the two-dimensional normal

distribution given by N2(0, D) where D is a diagonal matrix with diagonal entries 1/2.

We investigate the existence of LSD of (), under a dependent situation. Let {z,;n > 0} be

a two sided moving average process,

)
Tn = E Aj€n—j

1=—00
where {an;n € Z} € Iy, that is ) |a,| < oo, are nonrandom and {e¢;;i € Z} are iid random
variables with mean zero and variance one. We show that the LSD of C,, continues to exist in
this dependent situation. Define 75, = Cov (z41p, z¢). Then it is easy to see that 3, |7, < oo
and the spectral density function of {z,} is given by
1 1
flw)=— Z’yk exp(tkw) = o [v0 + 2 Z’yk cos(kw)] for w € [0, 27].

2
keZ k>1

Let f* = inf,g[o,2q f(w) and Cp = {w € [0, 27]; f(w) = 0}. For k =1,2,--- ,n, define

—
|
—

1 — 1 <
Sohe1 = —= ercos(wit), &op = — e sin(wyt).

\/ﬁt nt
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Define . .
al(ezw) _a2(€zw) >
B(w) = 4 4
@ =(med) e ).
where a1(e™) = R[a(e™)], az(e™) = Z[a(e™)], a(e™) is same as defined in Lemma 1.3 and for

z € C, R(z),Z(z) denote the real and imaginary part of z respectively. It is easy to see that
|a(e™)[? = a(e)? + az(e™)? = 27 f(w).
Define for (x,y) € R? and w € [0, 27],

_ [ P(Bw)(N1,N2)' < V2(z,y)) if f(w)#0,
H(“’x’y)_{ﬂ(:gzo,yéof v if f(w)=0.

Since a(e™) is continuous on [0,27], it is easy to verify that for fixed (x,y), H is bounded

continuous function in w. Hence we may define

1
F(z,y) :/ H(2ms,z,y)ds.
0
F' is a proper distribution function.
For any Borel set B, let A(B) denote the corresponding Lebesgue measure. It is easy to see
that

(i) if A(Cp) = 0 then F' is continuous everywhere and,

(ii) if AM(Cp) # 0 then F' is discontinuous only on Dy = {(z,y) : zy = 0}.

Theorem 1.2. Suppose {¢;} are iid with E|e;|?t%) < co. Then the ESD of C,, converges in Lo
to the LSD )
F(z,y) = / H(27s, z,y)ds,
0
and if \(Cy) = 0 we have

1 vi+o3

1
F(z,y) = //H{(Ul,vg)<(z,y)}|:/0 H{f(2ws)#0}m€ 2mf(2ms) ds} dvidvs.

Remark 1.1. If inf ¢ 27 f(w) > 0, we can write F; in the following form

! 1 _ _vired
F(z,y) = //H{(vl,vg)g(x,y)}[/o WG 2mf(2ms) dS} dvyduvs.

Remark 1.2. If {z;} are i.i.d, then f(w) = 1/27 for all w € [0,27] and the LSD is standard

complex normal distribution. This agrees with Theorem 1.1.

Proof of the theorem mainly depends on following two lemmas. Lemma 1.3 follows from
[Fan and Yao(2003)] (Theorem 2.14(ii), page 63). For completeness, we have provided a proof.
The proof of Lemma 1.4 follows easily from [Bhattacharya and Ranga Rao(1976)] (Corollary
18.3, page 184). We omit the details.
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Lemma 1.3. Let z; = Z;’;_OO ager—j for t > 0, where {€;} are i.i.d random variables with mean

0, variance 1 and Y 52 |aj| < co. Then for k =1,2,--- ,n

j=—00
Ak = a(e™*)[€a—1 + i€k + Yo(wr),

where a(e™“*) = P, aje™rI and maxg<<n B|Yy(wi)|? — 0 as n — oo.

Proof.

Ay, = — Tie

o] n—1
E : aje zwk] § :Etezwkt—FUnJ

=0
= a(e™*)[bar—1 + i&or] + Yn(wi),

where
n—1—j

zwk _ aj ezwk] € ezwkt € ezwkt ch) —-n -1/2 s ezwijnJ
E > E E E

Jj=—00 t=—j Jj=—00
Note that if |j| < n, Up; is a sum of 2|j| independent random variables, whereas if |j| > n, Up;
is a sum of 2n independent random variables. Thus E|U,;|? < 2min(|j|,n). Therefore, for any

fixed positive integer [ and n > [,
2

1 [ee] o
E|Yu(w))* < o Z || (EUZ;)'? ('.'Z|aj|<oo)
j=—o0 —oo
2
2 [ o o
< 23 fayl(minsl )2
j=—00
2
< \FZMJH]'I/Q—'_Z’%‘
lj]<! |5]>1

Note that the right-hand side of the above expression is independent of £ and as n — oo,
it can be made smaller than any given positive constant by choosing [ large enough. Hence,

maxlngnE|Yn(wk)\2 — 0. O

Lemma 1.4. Let X1,...,X), be independent random vectors with values in R?, having zero

means and an average positive-definite covariance matrix Vj, = k! Z?:l CovX;. Let Gy
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denote the distribution of k=1/ 2T (X1 + ...+ X}), where Ty is the symmetric, positive-definite
matrix satisfying 72 = V,~ !, n > 1. If for some 6 > 0, E || X; [|3*9)< oo, then

k
kP B | TX; (| ]
j=1

sup |Gx(C) — @o,1(C)]
ceC

IN

k
< kTP Qi (V)" E [T E ) X | ]
j=1

where ®¢ ; is the normal probability function with mean zero and identity covariance matrix,
C, the class of all Borel-measurable convex subsets of R? and ¢ is a constant, depending only

on d.

Proof of Theorem 1.2: We first assume A(Cy) = 0. To prove the theorem it suffices to show
that for each =,y € R,

(1.1) E(Fo(z,y)) — F(z,y) and V(Fy(z,y)) — 0.
Note that we may ignore the eigenvalue A, and also A, /o whenever n is even since they contribute
atmost 2/n to the ESD F,,(z,y). So for z,y € R,
n—1
E[Fy(z,y)] ~ n" ) Plp<wzc<y).
k=1,(k#n/2)

Define for k =1,2,--- ,n,

e = (Gar—1,62k)' s Yin(wi) = R[Va(wr)], Yon(wi) = Z[Yn(wr)],

A, = < ar(e™r)  —az(e™*) ) 7

ag(e"“k) al(eiwk)
where a(e™*),Y,(wy) are same as defined in Lemma 1.3. Then (bg,ck) = Apnp +

(Yin(wi), Yan(wg))'. From Lemma 1.3, it is intutively clear that for large n, A\p ~ a(e*)[€ar_1+

i&ax]. So first we show that for large n

n—1 n—1
1

" Y. Plhp<mep<y)~ o > P(Amk < (2,y))
k=1,(k#n/2) k=1,(k#n/2)
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Note
1 n—1 1 n—1
/
’ﬁ Y Pr<mo<y) - - > P(Am < (x,y) )‘
k=1, (ketn/2) k=1, (ketn/2)
n—1
1
- ‘ﬁ Y PAmk + Yin(wr), Yon(wi)) < (2,9)") = P(Apmi < (»’Cay)')‘
k=1,(kn/2)
1 n—1
< = > P((Yin(wr)l, Yan(wr)]) > (€,€))

n
k=1,(kn/2)
n—1
1
+ ‘g > PAmk < (@,9), (IVin(wi)], [Yan(@i)]) < (6,€)) = P(Apme < (,)')
k=1,(kn/2)
= T1 + TQ, say.

Now using Lemma 1.3, as n — o0
1 = 2 2 1 2
T < — Z P(|Yn(wr)|” > 2€7) < - sup E|Y,(wg)|” — 0.
n 2¢ k
k=1,(k#n/2)
n—1
1 !/ /
T, < max{‘— Z P(Ayme < (x+€,y+¢€) — P(Apgnk < (z,y))
" k=1, /2)

)

n—1
’1 > PAm < (z—ey—e) — P(Apm < (x,y)’)‘}
(k#

n
k=1,(k#n/2)
and
1 n—1 , )
= Y PAm<@tey+d —PAm < (@y))| ST+ T+ T
k=1,(k#£n/2)
where

n—1

Tf\% Yo PA < (2,9)) — P(ANL N2)' < (vV2x,v2y))
k=1,(k#n/2)

)

n—1

Ti= )% > P(ARG < (m+ 6,y +€)) — P(A(N1 Na)' < (V22 + V26, V2y + V2¢))
k=1, (ktn/2)

n—1
1
L=l Y PAN: M) < (VErtvEe Vay+vad)) ~ P(A(Ni No)' < (v, V2y))
" 1, (kten2)
To show T3, Ty — 0 define for k =1,2,--- ,n—1, (except for k =n/2) and { =0,1,2,--- ,n—1,

)

Xk = (V2¢ cos(wil), V2esin(wil))’.
Note that

(1.2) E(X“g) =0V l, k, n.



n—1
(1.3) nt ZCOU(XM) =1V k n
1=0
Note that for k # n/2

{Arnk < (z,9)} = {Ak(n WZXM < (V2z,v2y)'}.

Since {(r,s) : Ag(r,s) < (V22,4/2y)'} is a convex set in R? and {X; 4, [ =0,1,...(n— 1)}
satisfies (1.2) and (1.3), we can apply Lemma 1.4 for k # n/2 to get

WZXM < (Var,vay))~P(Ax(N1, Na)' < (Var,v2y))| < en™2[n 1ZE I X 1249,

where Ni, Ny are independent standard normal variates. Note that

n—1
sup [n' > E || Xy |CTY] < M < o0
1<k<n -0
and, as n — o0
n—1
1
- > V2§:;¥”C (V22,vV2y)")—P(A(N1, Na)' < (V22,v2y)")| < cMn™? — 0.
k:l,(k;ﬁn/2)

Hence 75 — 0 and similarly T4, — 0. and also

1 & 1 & 27k
m — < o= lim - Y H(TE
lim P(Agpnk < (z,y)) lim ( - T, Y)

n—oo n n—

N
k=1,(k#n/2) k=1,(k#n/2)

1
= / H(27s,x,y)ds
0

1 1
lim 75 = ’/ H(27ms,x + €,y + €)ds —/ H(2rs,z,y)ds ‘
0 0

Therefore

n—oo
< /1 |H(27ms, x4+ €,y + €)ds — H(27Ts,a;,y)‘d8.
Note that 0
‘H(Qﬁs,m +e,y+e€)ds — H(2ns, x, y)} <2
and for fixed (z,y) € R? as € — 0,
(1.4) |H(27s,x + €,y + €)ds — H(2ms, z,y)| — 0.

Hence by DCT lim,_,¢ lim;,_.o, 75 = 0 and
n—1
A 1 ! /
lim lim |— Z P(Apnp < (x 4+ €,y +¢€) — P(Ank < (z,y))| = 0.
k=1,(k#£n/2)
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Also note that for fixed (z,y) as € — 0,
(1.5) ’H(QT(‘S, x—e,y—e€)ds— H(2ms, x, y)‘ — 0,

outside the measure zero set Cy. Using this fact, proceeding as above we can show that

n—1
1
lim lm |~ Y P(An < (2= 6y — o) = P(Aun < (2,9))] = 0,
e 1 (htn)2)
and hence lim¢_,glim,_,,, 75 = 0. Therefore as n — oo,
1 n—1 1
By~ Y. PlAun < o))~ [ Hns.a)ds,
k=1,(k#n/2) 0

and since A\(Cp) = 0, we have

1 1
/H(Qws,x,y)ds = /]I{f(g,rs)#o}H(%rs,x,y)ds
0 0
! 1 _uf+ud
= / Ly 2ns)0y / / LBns) i ue) <@y} g€ 2 du1du2]d8
= /H{f%rs#O} //H{<v1v2><xy —y
= I V1,V (z / I s o 970N
// {(v1.,02) y)}[ | lerozo g )

21s

v%«kv%
——— ¢ 27fC@rs) duy dvg] ds

—_

2rs

f\

v%«kv%
e 27f(2ms) ds] dvidvg

—~|

Now, to show V[F,(z,y)] — 0, it is enough to show that

1 n
(16) ﬁ E COU(Jk,Jk/) — 0
k#k";k,k'=1

where for 1 < k < n, Jj is the indicator that {b; < z,c; < y}. Observe that
1 - 1 -
= Y. CowlJpdw)=—5 > [E(JkJw) = E(Jo)E(Jw)].
kK ke k=1 k£E kK =1

Now as n — o0,

1 = 1< 2 1
B Y EUOBU = (DB 5 Y B Hw)?
kK Kk k=1 k=1
So to show (1.6), it is enough to show as n — oo,
1 - )
o > E(JeJw) — H(z,y)*
kK ke K =1

Along the lines of the proof used to show £ 37 | P(A4x(N1 Na)' < (vV2z,v2y)) — F(z,y),
one may now extend the vectors of two coordinates defined above to ones with four coordinates

and proceed exactly as above to verify this. We omit the routine details.



When A\(Cy) # 0, we have to show (1.1) only at continuty points of F' and it is continuous on
complement of Dy. All the above steps except (1.4),(1.5) in the proof will go through for all
(x,y), but on complement of D (1.4),(1.5) also holds. Hence if A\(Cy) # 0, we have our required
LSD. This proves the Theorem. ([l

REFERENCES

[Bai(1999)] Z. D. Bai. Methodologies in spectral analysis of large-dimensional random matrices, a review. Statist.
Sinica, 9(3):611-677, 1999. ISSN 1017-0405. With comments by G. J. Rodgers and Jack W. Silverstein; and
a rejoinder by the author.

[Bhattacharya and Ranga Rao(1976)] R. N. Bhattacharya and R. Ranga Rao. Normal approzimation and as-
ymptotic expansions. John Wiley & Sons, New York-London-Sydney, 1976. Wiley Series in Probability and
Mathematical Statistics.

[Bose and Mitra(2002)] Arup Bose and Joydip Mitra. Limiting spectral distribution of a special circulant. Statist.
Probab. Lett., 60(1):111-120, 2002. ISSN 0167-7152.

[Bose and Sen(2008)] Arup Bose and Arnab Sen. Another look at the moment method for large dimensional
random matrices. Electron. J. Probab., 13:no. 21, 588-628, 2008. ISSN 1083-6489.

[Brockwell and Davis(2002)] Peter J. Brockwell and Richard A. Davis. Introduction to time series and forecasting.
Springer Texts in Statistics. Springer-Verlag, New York, second edition, 2002. ISBN 0-387-95351-5. With 1
CD-ROM (Windows).

[Fan and Yao(2003)] Jianging Fan and Qiwei Yao. Nonlinear time series. Springer Series in Statistics. Springer-
Verlag, New York, 2003. ISBN 0-387-95170-9. Nonparametric and parametric methods.

(Arup Bose) STAT-MATH UNIT, INDIAN STATISTICAL INSTITUTE, 203 B. T. RD., CALcUuTTA 700108, INDIA,
E-MAIL: ABOSEQISICAL.AC.IN, BOSEARUQGMAIL.COM

(Koushik Saha) STAT-MATH UNIT, INDIAN STATISTICAL INSTITUTE, 203 B. T. Rp., CAaLcuTTA 700108,
INDIA, E-MAIL: KOUSHIK_R@ISICAL.AC.IN



