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An economic inspection interval for control
of defective items in a hot rolling mill

TIRTHANKAR DASGUPTA, SQC & OR Unir, Indian Sratistical Institute 98,
Samparrae Colony, Baroda 390007, Guarar, India

ABSTRACT  The article addresses a real-life problem on determiming the oprivium sampling
interval for control of defective dtems in a hot volling mill. Having observed that the
pareern of appearance of mill defects indicares a geomerric process failure mechanim, an
cconomic model is developed in line with the method suggested by Taguchi and critically
examined by Navebpowr & Woodall, An expression for the expected loss per product as a
Juncrion of the sampling interval is derived and the oprimum interval is obrained by
mimmizing this loss funcion. The praciical ssues mvolved in ohis exercise, such as
estimation of various cost components, are alio discussed and the effect of erroneous
estimation of cost components is studied through a sensitiviry analysis,

1 Introduction and background

In most manufacturing processes that produce a continuous stream of products at
a high speed, there is a category of defeces that occur due to specific process faules
and continue to be found in 100% of items until the source is detected and
rectified. Such processes are usually monitored by inspecting the product at
predetermined intervals and launching an mvestigation the moment a defect s
found. Determination of the opimum sampling interval has always been a matter
of concern for industries having such processes. On one hand, frequent inspection
requires more cost, ime and manpower whereas, on the other hand, reduced
frequency of inspection may lead to the risk of rejection of a large number of
items. This problem of developing economically based online control methods for
attributes has been addressed in detail by Taguchi (1981, 1984, 1985), Taguchi
et al. (1989) and Nayvebpour & Woodall (1993). Whereas Taguchi er af. (1989) did
not explicitly assume a specific process failure mechanism (PFM), Nayebpour &
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Woodall (1993} considered a geometric PFM. This arucle presents a case study
where a similar situation was encountered, and a lowest-cost sampling interval was
determined by developing a statistical model for the appearance of defects.

The study was taken up in a hot rolling mill where steel billets were hot rolled
to produce wire rods in the form of coils. The process produced a contimious
stream of coils that were subjected to online inspection at-regular-intervals. Every
mth coll (the exisung-value of m at the time of study was 10) was sampled and
inspected to detect the presence of defects.

Defects appearing in coils could be categorized as follows.

i) Defects of a random nature, which appeared in single items and disappeared
without any corrective action. Such defects were usually attributed to defects
in mdividual billets.

(i) Defecrs of a systematic nature, which appeared due to some special causes
related to the rolling process and contnued until the proper correcdve action
was taken.

Defects of type (11) call for prompt detection, as the longer it takes to detect the
defect, the greater is the loss associated with the production of defective items. It
was cvident that the shorter the inspection interval, more prompt would be the
detection. However, the cost of sampling and inspection, which would increase
with reducton in the inspection interval, was also an important consideration.
Thus, it was important to determine an optimum inspection interval that would
minimize the costs associated with the occurrences of defects of type (ii). The case
presented here is thus similar to case 1 as mentioned by Nayebpour & Woodall
{1993), where the process shifts from producing no defective items to producing
all defective items. Henceforth, by ‘defect’ we shall mean only a type (i) defect.

The approach taken to solve this problem, described in Secton 2, is similar to
the one developed by Nayvebpour & Woodall (1993). However, certain aspects of
this particular case, as explained in Section 3, required some modifications in the
Nayebpour & Woodall {1993) cost function. The optimum sampling interval was
obtained by minimizing this cost funcrion. Tapuchi's loss function was also opam-
ized and it was seen, as pointed out by Nayebpour & Woodall, that the results were
almost the same despite some changes in the basic framework of the problem.

A sensitivity analysis was performed by studying the impact of change of cost
ratios on the optimum sampling interval. The results were also used to motvate
managers by showing how inspection efforts can be reduced and costs saved if the
process 1s improved.

2 The approach

As in most applicadons of economic models for designing control schemes, an
expression for expected loss per product has been derived as E{L) = E(C)/E(T"),
where E(C) denotes the cost per production cycle (starung with the beginning of
producton or after an adjustment and ending with removal of the assignable cause)
and E{T") denotes the expected number of units produced per cycle. This is possible
since the sequence of production, monitoring and adjusmment, with accumulation
oflosses over the cycle, can be represented by a renewal reward process as described
in Ross (1997). The expressions for both E(C) and E(T), as functions of the
inspecton interval s, have been derived using a geometric PFM afier finding that
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the data on appearance of defects fit well to such a stanstical model. The optimum
sampling interval has been derived by using a direct search method.

In secton 3, we discuss a few aspects of the problem that call for certain
modifications in the expressions derived by Nayebpour & Woodall (1993). The
analysis of data related to the appearance of defects is presented in Section 4. In
Section 5 we derive the expressions for E(C), E(T") and consequently E(L). Section
6 addresses the non-mathematical but perhaps the most difficult part—esamation
of the cost components. Optimizaton of the cost function and a sensitivity analysis
with respect to the cost components are described in Sectons 7 and 8 respectively.

3 Some aspects of the problem

The problem, although by and large similar to the one addressed in case 1 by
Nayebpour & Woodall (1993), had some minor differences. First, it had been
implicitly assumed by Taguchi er al. (1981 and Nayebpour & Woodall (1993) thar
after detection of the defect, the process is stopped, and a search is initiated to
detect the assignable cause. This is reflected in the expression for an expected
length of a cycle {which is the sum of the expected number of units produced unril
the defect is derected and the dme lag [). However, in this case, detection of a
defect would not lead to a stoppage of the process, instead, the mill speed would
be reduced, corrective actions would be taken on a trial and error basis, and 100%
inspection would be employed untl removal of the assignable cause. The number
of defective items produced after the detecton of the defect was thus a random
variable. The cycle length here is thus defined as U7+ I, where U is the length {in
terms of number of unis) of a cycle from the beginning of producton (or after an
adjustment) to the point of detection of a defect (including the tme lag) and V' is
the number of defective units produced as an outcome of the trial-and-error based
search for special causes.

Secondly, the online inspection consisted mainly of visual checks and hot upset
checks (creating a bulge on the sampled portion of a coil by pressing it from both
ends at a high temperature and examining the surface closely for defecrs). However,
to confirm whether coils segregated as defective by online inspection would have
to be rejected or downgraded, micro tesung was done m the laboratory later.
Although the issue related to extra inspection cost has been addressed by Nayebpour
& Woodall {1993), a separate cost component is considered for this, since the
expected number of units to be inspected online and those to be inspected later in
the laboratory are not the same.

Instead of three cost components considered by Taguchi e af. (1989) and
MNayebpour & Woodall {1993), the following four components of cost have been
considered for optimizanon of the inspection interval.

(1) C,, the cost of sampling and inspectng (online) one unit of products.
(2) Cpi, the cost of subjecting one unit of product to micro test in the laboratory.
(3) Cy, the loss caused by producing one unit of defecove product.

{4) Adjustment cost expressed as C,=C, + C.+ C,, where C) 15 the cost of
slowing down the process for finding the assignable cause, C. is the direct
recovery cost including labour, material and equipment and C, is the
retrospectve mspection cost. Retrospective inspecton was carried out using
the procedure recommended by Taguchi ef al. (1989) of successively inspect-
ing the item halfway in the sequence of items that could contain the first
defective item.
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FiG. 1. A production cycle.

4 The distributions of appearance and removal of defects

As stated in the previous section, we define a cycle as a sequence of coils starting
with the first defect-free coil after rectification and ending with the last defectve
coil before rectification (see Fig. 1).

As already stated, let U denote the number of coils produced from the beginning
of a cycle to the detection of a defect and I denote the number of defective coils
produced as an outcome of the rialand-error based search for special causes.
Both U and ¥ are random variables. The current sampling interval was m. = 10.

As shown in Fig. 1, one may write U= U, + U, + [, where U, is the mumber of
coils before the first defective, U.{< m_) is the number of defective coils produced
before the first inspection and [ is the time lag.

As shown by Nayebpour & Woodall (1993), under the assumption of a geometric
PEM, the maximum likelihood and method of moments based estimator of p,
{probability of a defective coil) is given by

1,
ﬁru=1—(1—,’”‘) (1)
g—1

where i 15 the estimator of E(L).

However, since through retrospective inspection it was possible to find the exact
realized walues of U, which helped o confirm that the pattern of appearance of
defecrs was indeed geometric (see Fig. 2), p, was estimated in a simpler way as
f.=lu, =0.0139, u, being the esamator of E(U,). A geometric distribution with
P.=0.0139 gave an excellent fit to the data (the computed value of the Pearson
chi-square statistc was 1.814 against the tabulated value 11.1 of 33,40,

Data collected on the observed values of ¥ showed that ¥ follows a geomerric
distribution, with estimated probability of finding a non-defective coil f, = 0.0857.
Once again, the distribution with p, = 0.0857 gave a very good fit to the data (the
computed value of the Pearson chi-square stagstic was 3.9497 against the tabulared
value 14.067 of 2, ...

Data also revealed that an estimate of [ can be taken as 4, which meant that [
was less than s, the current inspection interval.
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5 The expected loss function
We have already seen that the expected loss function is given by E(L)=E{C)/
E(T). The expected length of a cycle is given by
1

g (2)
1 —gq i
To find E{C), we must add the expected cost of online mspection per cycle, the
expected cost of micro-tests to be done in the laboratory per cycle, the expected
cost of defectve products per cycle, and the expected cost of adjustment.

The expected cost of online inspecton per cycle is

T N1
(1 & + mteger (m) -—R) (i (3)

In this case, since { = 4 and m = 10 means integer{{/m) =0, equation {3) reduces to

E(T) = E(U) + E(V) =

1 1
e B e 31 ()
(1 - q;u Pm)
The expected cost of micro-tests to be done per cycle is given by
(m—L +L‘ﬁm:-f—l)cm (5)
1 == q.: 1 o 'Q'u P‘r

The expected cost of defective products per cycle is

4 mg, 1
S W Vo) (6)
(moy e ee )

The adjustment cost per cycle s given by

C.=C+C.,+C, {7)

a
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where C;, C., C, are as defined earlier and G =N, C,;, N, being the expected
number of retrospective inspections done per cycle.
Thus, the expected loss per cycle is given by

B{C) = (1—14#*;) Ciat (m— G, Mgy +z+i){cm +CA+C (8

Consequently, the expected loss per product is given by
E(L)y=E(CY)/E(T)

(9]
(... 1..'_! )Cm—.'-(m Gu 4 an;u- -i—fﬂ-]:){cm'i'cd) +CJ

- C1—gq. 1—g* | p,

( s Y 1)
1—gq5 3

6 Estimation of the cost components

Practically speaking, estimation of the cost components is a real difficult task and
can never be expected to be accurate. However, as stated by Montgomery (1996,
unlike other components of an economic model, the costs need not be estimated
with high precision: In fact, it can easily be seen that the rado Cy: Cpi: Gy G, is
adequate to optimize equation (9), which further strengthens this argument.

The costs of online nspection and micro testing were found by considering the
inspectors’ salaries, the proportion of time they spent on this specific inspection,
the cost of the material wasted for inspecton (portions from the sampled coils
were cut), the cost of conducting hot upset tests, and s0 on.

Estmation of C; posed some problems. It was not necessary that a defecuve
product would be scrapped; in the majority of cases it was downgraded and sold
for a different applicadon. This would again depend on the severity of the defect.
There were also situations where a product declared as defectve by online
inspectors would be declared OK by the subsequent micro test. Although the
estimation was performed considering these factors to the extent possible, it was
felt that ©, might have been slightly overestimared.

C, had to be calculated for the entire cycle. It had three cost components, out
of which C,, the cost of slowing down the process was estimated as 6, p,/(6 — ) %
price of a product, where ¢, and ¢, respectively denote the time taken to produce a
coil at normal and slow speed and 1/p, was the expected run length of produces
before the assignable cause could be established.

., the direct recovery cost could be calculated without much difficuly. C,,
the retrospectve inspection cost was calculated as 4C , since 3—4 retrospective
inspectons had to be performed in every cycle when the current sampling interval
was 10, irrespective of where the first defect occurred.

This detailed analysis vielded the following estimates of the four cost components:

C,=Rs21,C,=Rs35,C;=Rs 138 and ©, = Rs 180
MNote that the C

ald

C,., C, are costs per item whereas C, is a cost incurred per cycle.



Control of defective wems 279

[ S N PR FAN S I O RN G [ o A T R S TR
1213 d@E 78 910111213 14151617 181920
SAMPLING INTERVAL m

FiG. 3. The expected loss function.

7 Optimization of the cost function

Smce, by equating dE(L) /dm to zero we do not obtain a closed form expression,
as done by Nayebpour & Woodall (1993), we opumize the cost function by a direct
search method. The plot of E(L) against m is shown in Fig. 3

By the direct search method, it was found that m =5 vielded the minimum cost
per cvele. The expected loss per product E(L) for m = 5 was Rs 4429, which was
less than the expected loss for the current inspection interval m = 10 approximately
by Rs 2. Thus, the company could reduce a cost of almost Rs 0.75 million merely
by adopting an inspection interval of 3.

Substituting the values of C;, €3 and u= 84 in Taguchi’s formulae (Taguchi
et al, 1989) for optimum m

[ 2uC
m*— | = (1
\r( C )
and
|
M2+ 1)Cy
m*s = ||' TG (11)

N L

we have m* =5 and m** =35.
This shows the robustness of Taguchi’s resules.

8 Sensitivity analysis with respect to the cost components

However diligently the cost components may have been estimated, there s always an
element of doubt regarding their accuracy. A sensitivity analysis is thus performed to
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TapLe 1. Effects of change of cost estimates on the optimum sampling interval

o, 0 O €, Optm E(L) T =T . . Optm E(L)
16 104 26 135 3 3334 21 138 35 225 3 4479
16 104 26 180 3 33.H5 21 138 1 135 3 45.67
16 104 26 225 3 34.35 21 138 b 180 3 46.17
16 104 33 135 3 35.22 21 138 B 225 3 46.67
16 104 35 180 5 35.72 21 162 26 135 5 46.92
16 104 35 225 3 36.23 21 162 26 180 3 47 .42
16 104 44 135 3 37.10 21 162 26 225 E 47.92
16 104 44 1840, 3 37.60 21 162 35 135 4 4179
16 104 44 225 3 3H.10 21 162 35 180 4 449,249
16 138 26 135 4 40.37 21 162 35 225 4 449 80
16 138 26 180 4 40 87 21 162 A 135 + 50.62
16 138 26 225 4 41.38 21 162 b 180 4 51.13
16 138 35 135 4 4221 21 162 A 225 4 51.63
16 138 33 180 4 42.71 26 104 26 135 il 36.14
16 138 33 225 4 4321 26 104 26 180 G 36.64
16 138 44 135 4 44 04 26 104 26 225 G 37.14
16 138 44 180 4 44.55 26 104 35 135 & 38.06
16 138 44 225 4 4505 26 104 35 180 il 3H.56
16 162 26 135 4 4527 26 104 35 225 i) 3006
16 162 26 180 4 46,28 26 104 A 135 i ] 30,4948
16 162 26 225 4 47.10 26 104 b 180 il 40 48
16 162 353 135 4 7.61 26 104 b 225 i ] 40,98
16 162 35 180 4 48.11 26 138 26 135 G 43 39
16 162 35 225 4 48,94 26 138 26 180 il 43 .89
16 162 44 135 4 40 44 26 138 26 225 ] 44 39
16 162 44 180 4 4045 26 138 35 135 3 45,27
16 162 44 225 4 3481 26 138 33 180 3 4577
21 104 26 135 i} 35.31 26 138 35 225 3 46.27
21 104 26 180 G 35.81 26 138 b 135 5 7.14
21 104 26 225 il 36.70 26 138 A 180 3 47.64
21 104 33 135 3 37.20 26 138 b 225 3 4H.14
21 104 35 180 3 37.70 26 162 26 135 3 4H.39
21 104 35 225 3 3H.20 26 162 26 180 3 4H .90
21 104 &4 135 3 3H.5H 26 162 26 223 3 440 40
21 104 44 180 3 3007 26 162 35 135 3 50.27
21 104 44 225 5 39.5H 26 162 35 180 5 50.77
21 138 26 135 3 41.91 26 162 35 225 3 51.24
21 138 26 180 3 42 41 26 162 i 135 3 52.15
21 138 26 225 3 4292 26 162 +b 180 3 52.65
21 138 35 135 3 43,79 26 162 b 225 3 53.15
21 138 35 180 5 44 29

see the effect of chanpe of these estimates on the optimum value of m. Assuming
that very large errors are possible, we obrain E{L) and optimum m by substituting
+ 25% of the estimated values of the cost components in equation (8). The
detailed results are presented in Table 1. As expected, C; and C; have a swonger
impact on the results than the other two cost components. It is observed that if G,
15 underesamated by 25%, or C;, i overesumated by 25%, then the optimum
interval reduces to 4, whereas if the reverse occurs, the optimum interval becomes
6. In the two worst possible situations (both are wrongly esumated by a margin of
25% in opposite directions) the optimum sampling intervals become 4 and 6.

Thus, the methodology is seen to be fairly robust to erroneous esdmation of cost
components.
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9 Conclusions: advantages and disadvantages of the approach

Quite a few authors have discussed the advantages and disadvantages of the
economic approach to the design of control schemes. We discuss some of these
issues in the context of the current problem. Woodall, in particular, has been
critical about the economic approach (Woodall, 1986, 1987) criticizing it from two
angles. First, it 1s seen that most of the economic models of control charts have a
high probability of type 1 error, thereby increasing the probability of false alarms.
Secondly, usually economic models assign a cost to passing a defective characrer-
istic, a cost that includes liability claims and customer dissatisfaction costs, and
this is counter w Deming's philosophy that these costs cannot be measured and

In the current problem, however, the issue of a false alarm does not arise, as the
type of defects dealt with in this exercise would necessarily arise as a consequence of
some assignable cause, as discussed in the inroductory section. The exercise also
does not call for estimation of costs related to passing defective items, since under
the scheme of rerospectve inspection, no defecuve item is passed to the customer.
There may be a few cases where downgrading of the product is done, but that is with
the consent of the customer, who would, anyway, pay a lower price for that product.

Ir 1s felt by many researchers and practinoners that the amount of research done
in the field of economic models is not justified by the number of practcal
applications. Montgomery (1996) feels that two major reasons behind the lack of
practical implementation of this methodology may be the relative complexty of
the mathematical models and their associated optimization and the difficulty in
estimation of the cost components. Modern day compunng facilides should easily
remove the first hindrance. Estimation of cost components, as already discussed in
Section 6 and justfied by the sensitivity analysis, need not be wvery precise.
Furthermore, most of the companies today have certified quality systems providing
a reasonably good framework to perform guality cost analyses.

It 15 felt that the greatest advantage of the economic model is to convince top
management by projecting the benefits in terms of hard cash. As stared by
Montgomery (1996), it is usually not known that the arbitrary design of control
schemes may often lead to huge economic penalties. A decision to reduce the
current inspection interval is difficult to implement unless, and unil, the cost
benefits are projected and explained logically.

However, as emphasized by Taguchi er al. (1989) and echoed by Nayebpour &
Woodall {1993), such a smdy should also pave the way for continuous improvement
of the process. The implications of process improvement from the point of view of
reduction of cost and administratve convenience may be explained nicely with the
help of this model. For example, in the current exercise, p, and u were estimated
as 0.0139 and 84 respectively, which vielded an optimum inspection interval of 5.
If the process is improved to achieve p, =0.001, the defect-free run length becomes
1008, and the optimum inspecton interval becomes 16, resulting in a loss of Rs
5.80 per product as compared with Rs 44.29 under the existing simation. Such
results can help in motivating managers to set goals for process improvement and
understand the financial implicatons of improvements.
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