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SUMMARY. The proofs of some theoroms stated by the author (Bethuraman, 1983) on the
limiting distributions of some statistios that onter in the method of Fixed Interval Analysis are prosanted.

1. INTRODUCTION
Let (¥, X) be a random variable taking values in (%X .90) where % is £, the
Euclidean space of & dimensions and 4 is & measurable space. Let E,, E,, ..., E,
be g disjoint measurable sets in @ whose unijon is the whole space 2.

14

(Y1, ©1)s (Y, %y), -, (Ynr Z,) are 7 independent observations on (¥, X). The
number of z,'s that fall in E] iBmy,j=1..¢ u, i defined by the relation
u; = Sy i=l..,9
where I is the summation over all “i"" such that 2, is in E;.
Throughout this peper it is assumed that
P(Y) < o0 e (L)
and prob (XeB) =m;> 0 i=1..9 oo (L2)
where for any random variable Z, ¥(Z) denotes the variance covariance matrix of Z.

The following theorem is established in Section 3.

Theorem 1: The asymplolic distribution of (uy, ..., u,) is the distribution of
g independent normal distributiona.

This theorem plays a fundamentel role in the method of Fixed Interval
Analysis (for instance, see Sethuraman (1983)). Interpreted in Sample Survey
language this theorem, among other things, states that the post-stratified stratum
means are independently distributed in the limit.

2. NOTATIONS, DBFINITIONS AND PRELIMINARIES

Let Y(E,), called the conditional random variable of ¥ given that X is in

E;, denote a random variable on % with the distribution defined by prob (¥(E))ed)

= prob (¥Yed, XeE))/prob (XeE;). For any random variable Z, E(Z) denotes the
veotor of expeotations of Z.

*® Thia roscarch work waa done at tho Indian Statistical Inatitute. Tho writing of this papor waa
supported by tho Mathematios Division of the Air Force Office of Soientific Research under grant number
APR-FO§R-62-168.
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Define EY(E) = w e (2.1)
V(V(E) = 3, e (2.2)
P = min e (223)
Valu—pg) = wyn) e (24)
Vap,—m) = Yyn) e (2:8)
i=1..,¢9

Let {£.(-, 6)}, n=0,1,... be o sequence of families of probebility distri-
butions on the Borel-subsets of E, (or more generally, of any topological space) and
# vary in a compact topological space K.

Definition: {E,(+, 0)} is said to converge weakly, uniformly and eontinuously
(in other words, in the UC*® sense) to &o(-, 6) with respect to 8 in K if for every bounded
continuous function h(y) oo E.

[ gty) Enldy, 6)> [ gly) Ex(dy, 6) uniformly in 6

and [ gy} Eddy, 6) is a continuous function of 4.

The following theorem given by the author (Sethuraman, 1961) will be used
in Section 3.

Theorem 2: Let (Y,, X,) be a sequence of random variable on (E,X S) where
S is a complete separable metric space. Let the conditional probability measure of ¥,
given that X, = z be denoled by E,(, z) and the marginal distribution of X, be p,. Let
En(', ) converge in the UC* sense to Ey-, x) with respect to x in any compact subsel of
S and p, converge weakly to py. Then the joint distribution of (Y, X,) converges
weakly to the distribution delermined by Ey:, z) and p, or, more precisely, to the distribu-
tion of (Y,, X,) where

prob {Yoe 4, X,¢ B} =J o4, 2)p(d).

Lemma which is immediate, is useful in establishing the UC* convergence
of a speoial sequence of families of distributions.

Let 2y, Ziy)

Z,, ..., sz:(a)

Z,. ..., Zj,p)

be a triangular scheme of random variables in E,, where the variables in any row are
identioslly and independently distributed. Assume that E(Z,) =v, and V(Z,,)
= V, are finite and that V,—V as n—c0. Again let inf k,(6)—c0 a8 n— 0.

]

Let MN(a, L) stand for the multivariate normal distribution with menn vector
a and variance covariance matrix L.
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Lemma 1: The seq of families of distributions of
{2, + ... + Znka(®)—Kal0)v,)| VR (D)}
converges in the UC* sense to the distribution MN(0, V) with respect lo 0.

3. MAIN THEOREMS
We first prove the following lemma.
Lemma 2: The distributions of (n, (), ..., ,(n)) given that E(n) = &, % z, = 0
1

converges in the UC* sense lo the distribution MN(0, A) with respect to z in any closed
bounded subset of E,, where

1

- 0
R 0
0 R 0
A m ER))
1
0 0 1

Proof :  The event E(n) = z is equivalent with probability one to the event
n,=nm+Vnz] $=1,..,¢9, since

prob {nm+/afn) = (an+/nl(n)), i=1,..,g9 =1

The conditional distribution of y,, ..., Y, given that n; = [nm+4/n2), s =1, ....g
is the distribution of g independent samples of size m,, ..., n, on ¥(E,), ..., ¥(E,),
respectively. Jﬁ n(n), ...,nf B n,(n) are the normalized mesns of these g inde-
n n
pendent samples. For z in a oclosed bounded subset of E, we note that inf
e
[nm++vn2z]—c0 a8 n—c0. Thus all the conditions of Lemma 1 are satisfied. Further
[am+ Vaz)/n tends to m, uniformly in £ in any closed bounded subset of E,. Hence
the conditional distributions of (n (n), ..., n,(n)) given that § (n) = 2 converges in the
UC* sense to the distribution MN(0, A) with respect to 2z in any closed bounded
subset of E,.
Theorem 3: The joint distribution of (m(n), ..., v, (n), E(n)) converges weakly to
the disiribution MN(0, B)

A 0
where B = o (3.2)
1} c
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m(l—my) —mmy —mmn,
—mmTy el —my) —mym,

and where C = . (3.3)
—mmn, — My, nfl—m,)

Proof : This theorem is an immediate consequence of Theorem 2, Lemma 2
and the observation that the distribution of &(n) converges weakly to the diatribution
MN(, C).

Proof of Theorem 1: Theorem 1 is contained in Theorem 3.
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