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Work on ebtaining oprimul main effect plans in non-crchogonal hlocks was
iniciated recency by Alulerjes, Dev and Chatcerjee (20023, who guyve @ osiec
of sufficient conditions for & main effecr plan to be uoiversally optimal nnder
frossille non orthogenal blocking and alse suegostod o conscruction procednroe
Lor obiladning snch block desipns. Thelr methed 5 howeves, nol applicable
Lo all [aclovials, In Lhis paper, oooew cooslowciion peocedoee i3 given Lo
silnalions wheve e procedioee of Mublecjec ab ol (0025 Iz inapplicable

AMT CMIEH sebieet slessifcation, G210,
Hegwords and phonges. Balanced block design, orthegonal areay, nniversal
optimality, E-opoimality,

1 Introduction and Preliminaries

Fracticmal factorial plans are of subatantial recent inkerest die to cheir
wide applicability, particalarly in industris] experimentotion aod guality
conlrol worl, A major parl ol the exigling work concerng oplimal plans
in the absenee of blocks and, the available resules on snch plans in block
dosivus wostly center around orthogonal blocking, In the context of o main
ellect plan with v lactors Y000 8,0 & commeon techiigue oo achieving op-
timal plans with orchogonal blocking is to start with an orthogonal axvay of
stromgrh two, having n41 columms. and thon o ddentify one of thege columng
with Lhe blacking laclor and the remaining coliomng wilth £y 000, fo A= oa
result, this method allocates all the leswels of each £ cqually often in each
block, o necessary conedition for orthogomal blocking, Thug, this metheed s
applicable moly when the block size is an integral moudtiple of the tmmber of
lesels of coclt F, o vequitement that is not always possible to meet, Auk-
erjen, ey and Challerjes (2002 inibialed work on Lhe proldem ol Tlhding
optimal main effect plans wich possibly non-orthogonal blocking, With refor-
crien tooa general factorial sot ap, Mulerjee ef ol (2002) obtained safficient
cotditiong o a main ellect plan 1o be universally optimal (and henee in
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particnlar. A-. £+ and E-optimal} noder possibly non-orthogonal blocking
anl, also pase o construetion procedure using peneralized Youden designs in
counbinalion with orvhogonal arrays,

The construction procedure of Mukerjoe et ol (2002) howewer s not
applicable inall gilvavions. T inslanee, he meelhod will Gal Of one or
more factova have e 24 levels and Lhe block sixe ia two, Lor the method
of Mukerjee ef ol (2002) to work in such a set up, a genevalized Youden
design with rea = ) svnbwla, ro colutnng and Davo rows is regquived, bul such
a generalized Yoncden deslgn is nonexistent. 1o overcome this difficulty, we
propose an alternative method of constraction leading to universally oprimal
plans wilh non-entliogonal Blocking. The proposed malhod can be viewer] as
a grocralization of the procodure of Mukerjee of ol {2002} in the sense tha
their proceduare s o spociad case of our method, We also show that in soma
casaes. i is possible 1o oblain block designs with amall block sixes il we do
not nsist on universal optimality and are satisficd with o wealer optimality
critevion, Tike T-oplimalivy.

Clongider a factorial experiment involving w factors £, ..., By atomg, ..,
My (2 20 levels rospectively, A typical treatment combination is denoted by
thie re-luple gy oo, wherae 005 30 0wy — 1017 <20 <0 Tor 1 <0 0 <7 e led,
T = (Titis o+« s Tms—1 ' be the my % L vector of fixed effeets corresponding to
the levels of Fr, With reference to an e % - 3% ny, factorial, Tet D08 KD be
the class ol all fractions Laid ool inoa Dlock design invalving & (= 2) Blocks of
glze & (= 2) cach, For any plan o © 205, 50, Lok Ny be the o, = 6 incidenes
matrix of the levels of F) vevgus the Dloeks, 1 <08 <

Lnder a fixed effects addivive linear model, Mukezjee ot of. (2002) proved
the following basic result, which we state for fature referenes,

TURGTEM 1. I theve eeisds o plioee ofy € DR siede Ll

{o) the b treatmuent combinations in dy, weitten as rows, form an or-
thegonad oremy af sivergth D,

(bl fur 1 <4 <, Nt i the dncidence wnatrie of o belanced Mock design
ine vy drestlrnents or, syprabobs el B Doeks, aned

(of for 124 /b <n, N, Nia' has all elemends equal.

then i is undversally optimad dn 2205, E) for inforenee on cach 7 (1 = § < n).

In particular. such o plan w1l e 2=, A- and F-optimal for complote sots
ol erthionormal convragid representing Lhe main ellecl ol each 175,
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2 Optimal Block Designs

We now cdeseribe a conslruction procedure salislying Lhe conditions of
Theorem 1o Suppose there exists an orthogonal array Ly, (e #0000 xom,) of
strength two hoving by tows and re coluinmes such that ity ith coluinn involves
ey Aymbols D010 e — T 01 = 0 = 0]l Denele this avvay by Lo (L),
whoere 1 <0 & <2 fy, L =0 4 <2 5, Purchermore, for 1 < 7 <0 n, consider a k-
resolvable Dalaneed block design £, anvolving peres; blocks, cach of siae & and
g svmbola 0,1, 00y — 1, where oy = 1 03 an integer. Note 1hal Mikerjes
et al. (2002) covered only the special case p; = 1. Lot p be the least common
mulliple of p. ooy Take pip; eopies of & and vall 11501 <4 < n Tor
1 <& <2 . let the resolvable sroups of blocks of 5 be 5. ., Siny cach
aroupr lawing wre, blocks, Sinee 5. 12§ <0 p has cach sywbol replicated &
ienes, Trorm Dag and Dey (19887 i Tollows Lhad 1105 posgible 1o rearrange Lhe
symbols within the blocks of 555, so that viewing 55; as a & = my array, say
S;'_J;, cach wwmnbol oceurs ones inccach vow of the armay, 1 <4< n 1§ < p
Dennle Lhe colitmng 1'rr."§£} Tsy S:,!.:.J;“.l..] (< f g — 1) Wikh relerence o an
e ¥ 1, Tnotorial, suppose o plan gy © THA kN B = pby, i construcned
such that for T <5 5 <51 =0 s =0 Dy, the & treabmend comnbinations in cha
g = Uiy 4+ shih block of oy are given by Lhe rows ol Lhe & x n arvay

"'1..i3 = :STj“.ﬂ | S:,[IH“]] '::2-]-:"

W then have Lhe fllowing resull.

THEGREM 2. The plare dy, constructed os above, i3 weversally optimal
i Dbk Jor dnfevenee on every T {1 <4 < ).

Froor. We need to verily condilions [a) - {¢] of Theorem 1. This
verification proceeds on the lines of the prool of Theovem 2 in Mukerjes &
el [2002) by using [2.1) and noting the following:

(A) Conditions (a) and [¢) of Theorem 1 follow from the fact that L is an
ewlbhogonal array of strenglb two and Tor each €00 1 <8 <1 <0 § <D in
5, each symhbol oconrs once in each row,

(B3) Condition (b of Theorem | [olowa (rom (he Tollowing (acta: {0 [or any
fixed 4 amd 4§, cach of S}J-L[J‘:-,_ PR 1} appears by times o the
el lewsliom {S::_;. b 1= 71 = s by, (0] Tor 1208 < re dhwe colimng
ol LJﬁ-’_I Sy form a balanced block design on m; aymbols and wgp blocks each
of size b and thus, for 1 < ¢ < n, Ny, I8 the incidence matrix of o balanced
block design. This compleles The prood Bl
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As in Mukerjee of af. (2002), au least one more Tactor can be added to
the plan o, of Theorom 2, retaining optimality. Let B be an orthosonal
array Ly (i %o %oy ol strenglh Lwo, iy = 1 and of atrengih one,
if ¢ = 1. With referenee to an me- o000 20 rm, X g %00 Xty factorial,
now suppose a plan dF € DY s comstrueled such thal, e 1 2 s 2 FB Uhe
£ lreatinent. combinations in the {7 — Ly + sjth block of 47 are given hy
the rows of the & % (n + g) array

EL

14

. (2.2)

e
N

where A, 05 as given by (2.1). We chen have Lhe Tollowing resull. whose
proof s similar to that of Theorem 2

THEOREM 3. The plaor o, constructed as ebove, is undversally optimel
in DG for snference on every 7, (1 24 < 0 —g).

Wo now show how the above construetion works when p, £ 1 and & = 2
or. G Foren; 40k 20 1the leas value ol py i3 3 andd one can Lake

o T8 1287 w T01 2.3 w [0 1 23
“‘-ﬂ_[-| 9 3 n]‘- “’f"—"[z 31 n]‘ "’M_[-| 50 z]'

{2.3)
Similarly, for my = bk = 2, the leasl valus of i ia 2 and one can Lake
; 01 2 3 4 o1 2 3 4 i
Sii= 2| g Hhp= . 2.
4 [12:;4(1]- & [2:;4n|] 24
Also, for wny = B, 0 = 3, the least value of o, 15 2 and one can take
b1 2 3 4 m L2 3 4
Si=112 3 40|, S=1[23 4001 F5)
28 4 01 340 1 2

EXAMILE, Woe describe the construccion of an opoimal main effect plan
fior u B% % 2 factorial in P30, 2). Iu the set up of Theoren 3, take n =069 =
Towny — -+ g — Bowny 20 - 2hand & 2 sothar gy — 20 1 <S¢ <10
and b = ply = 3. Also take £ Log(i%) displayed below (in transposed
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form].

01231 12340 23400 34012 40123
01234 23401 40123 12340 34012
aoono e 2222230 33853 44444
01234 01234 0L334 01231 01234
1234 34012 12340 23 23441
0123 A0L2S 34012 23101 12340

Foa(3®) =

Now nsing 57 and 87 of {2.4) the [y Blocks can be olilained. Tor
excample. using 8% and the first five rows of Log(5%) one gets five blocks, each
of size two, as shown below. The remaining blocks are obtained similarly,

. g 14
waing &7 and ,ﬁff_!.

Block 1 Block? Bloek 3 Block 4 Block b
OO0 T 22022320 38w 404410
1111111 2212291 3313331 4414441 00Lil

If e doos not demond universal optimality for all the factors and s
sadisliod wilh s woealer oplitnalily erilerion Bhe Faoplimalioy Tov one or mnors:
[actors, one can obtain opiimal main elfect plans in non-orchogonal blocks
with smull block sizes in some casges, Lo that end, we hove the following
resill, whose prool is aimilar 1o Lhat of Theorem 1. A similar resull has also
[ oltained by Bagehi and Bose (2004).

THEOREM . Suppose Were exists o plan dp € Db L) such that

fu) the bk treatiment conbinafiony i do, weitten as rows, form wn orthog-
onal arvog of styerglh Do,

() for L o< d <D on, Ny 18 the dncidence malviz of an equireplicate ;-
optimal Block design i the claoss of oll designg with m, heatments or,
sypeheds wred O Docln eeech of size &, where gi(-] 29 g non Sucreasing

optimatity criterion, and
{of for L<0d 4 <n, Ny Ny has all elements egual.

Then dy de do-optinad in D00, &) for inferonee on 7y, 150 < n.

A construction procedire, satialving the conditions of Theorem 1 can be
developed on lines similar to that siven in (2.1) and {2.2), For example. in
the el ap ol Theorem 3, lel v 3, oy dowma oo g 2 And
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comsider a group divisible design with 41 symbols and 4 blocks each of size
twiy Lore, columns are blocks.

U123
i1 = 123

1 ]
Mot that the design o s o cyelic design. Following the carlicr notation,
we can lake 57 [, and Tor 2 < & < 5, &7, [ [1] ‘i] Alan lake
L=1aldx 24 ag shown below:

01l 2233

0T D10
Lafd = 2%y = | 0110 OLLD
0101 1010

NIRRORR NI

Tasing Tgld = 2'1]._ She T = = 8 as above and, Tollowing a veplacement

procedure aimilar 1o (2.1) and (2.2), we el a main ellect plan for a1 x 29

experiment, split into 8 blocks of size two cach, which is shown below:
Block 1 Block 2 Block 3 Block 1 Block 5 Block 6 Block T Block 8
nooon - oLLemg 1oLy L0000 2001000 201000 S0LLN 310010
111111  luouol 210101 201011 311001 300111 oldoll  o011dl

Sinee iu Lygld = 21]._ cach svinbol in the d-symbol colum appears twice, on
replacing the symbaols of the d-aymbaol eolumo by dhe columns ol 57, Lo gei
the blocks, cach cohmon of 57 sets repeated twice in che final design and
Npgo 18 the incidence matrix of the block design o, d]. Now, [if, d] 158 group
divigible desien with parameters, in the usnal notation, @ = 4,6 = 8,k =
2r=4dm=2=n2 =LA =2 Such a desien ix known to e F-optimal
in Lhe elaad ol all desizns with 4 trealmenda and 8 blocks each ol dise Lan (of.
Jacronz (198317, Thus the desizn shoewn above is E-optimal for inferenee on
71 and is universally optimal for inforenee on oy, 224 < 6

Avknouledgernents. The aulbors wigh (o Lhank Lhe Lhree referses lor
making several nsefid comments on an carlior version.
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