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Inthis paper we study coherent stutes and squeezed states in one mode intemeting Fock
space,
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1. INTRODUCTION

Interacting Fock space, studied by Accardi and Bozejko ( 1998) and Accardi
and Nhani {in press), grew out from the stochastic limit of QED. Itis expected that
the idea of interacting Fock space can provide a natural frame work o describe a
large class of self-interacting quantum field theories (nonlinear) analogous to that
played by usual Fock space for noninteracting fields (linear theories). In this paper,
we study coherent states and squeezed states in one mode interacting Fock space
and their Hilbert space propertes. In subsequent papers we use coherent states 1o
investigate problems of nonlinear interactions in quantum optics.

2. PRELIMINARIES AND NOTATIONS
As g vector space one mode interacting Fock space [(C) is defined by
-
) = EPCin) (1)
=l
where Cln} is called the n-particle subspace. The different n-particle subspaces
are orthogonal, that is, the sum in Eq. (1) is othogonal. The norm of the vector
|n} is given by
(nln} =4, (2)

where {3} > 0. The nom introduced in Eq. (2) makes I'(C) a Hilbert space.
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An arbitrary vector f in I(C) is given by
f =c0l0} +cill) +e2|2) + - -+ culn) + - - (3)

with || £ = (X524 lealPAa)? < 00
We now consider the following actions on [C):

ﬂ"'fn} =|n+1}
i4)
)'-u|+|
am + 1) = ——|n}
Ao
a’t is called the creation operator and is adjoint a is called the annihilation
operator. To define the annihilation operator we have taken the convention
0/0= 0.
We observe that

L

in|lny={a n—1un)={n—1)an) = m—1ln—1=---  (3)

=1
and
A )"Jl—l A 1 )"ull

)P = — = = = =
| | P R | Ay Ap

From Egs. (2) and (6) we observe that by = 1.
The commutation relation takes the form

(6)

ANt An
la.at] = - (7}
An An—1

where N is the number operator defined by N|n} = n|n}.

3. ORTHONORMAL SET

Proposition. ﬂaf:.'fr{%:, n=10,1,223 . }formyacomplete orthonomal set.

Proof: If f,= 1. n=0,1,2,3, .., then

V£l = (fu Fi)2 =1
and ( f,, fi) = 0. Hence { f,,} forms an orthonormal set.
Also, it is complete. For, if f = ¥ a,|n) € T'(C), then
{ﬁls _.f::' = )"ull 3

=l

I
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Hence

X1 =D lanlhe = | £

By Parseval’s theorem { £} s complete. O

4. COHERENT STATES
We define the coherent state as an eigenstate of the annihilation operator
dfy =ofy (8}
where ¢ is 8 complex number and f, is given by

Jo=ool0} + oy |1} + 0|2} 4 - - -+ ayn} +- -

Mow
afy = alogld} + o1} 4|2} 4 --- + ayln) +-- -]
J"L| )Lj J"'-_’I )"ull
= oy —|0 =21 s T . {1 SR | 9
a'j{,”_i_uzi.‘}_i_mh”_i_ +a L.-ut" ) )
+aa|+|)'1—jl-lt”}+"'
and

ofy = wogl0} + oo |1} + o |2} + - - + ooyln} + - (10}

From Egs. (8), (9), and (10) we observe that g, satisfies the following differ-
ence equation:

)"JI
‘:“!.l|+|_+I = oy E]-]-}
That is,
)"JI
Wy4|] =0 - — -~y {12}
41
Hence
Ay A g)'-ii Aa _a)'-ii
O =d-— o0 =0— 0 =0 — =0 -— =0 — "0, ---
Ay 3 b Aj A3
Thus
JIM
oy =a —op
)"JI
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Hence

Je = Zﬂu In} = ﬂfuz L_m}

We choose ag so that f, 15 normalized:

l n

1= (fu, fu) = leol’ Z—

n=i} A
We denote 352, I”J" by vrijee|). Thus we have
latg| = W(lal)~'7
Thus aside from some trivial phase factor the eigenvector of a is
=

fu = Wil Z ?L—En} (13}

n=(}

We call f, acoherent vector in IT{C).

5. HILBERT SPACE PROPERTIES OF COHERENT STATE
5.1. Compleieness of Coherent Siates

Theorem 1.
f=f dpelo )] fo b fol (14)
el
where

dple) = wilaPioila Py dr do (15)

where o = re' and o(x) is some weight function to be determined.
To prove the theorem we need the following
Lemma. To find a weight function o (x) such that

x b
f gixix"dr = = (16}
4]

T
Proof: Inorder to find o (x) we multiply both sides of ( 16) by ‘—‘;':,—’" o get

f. alxlx "f od) dx = }-—"EE"I}“
0

n! T n!
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On summation over n we gel

o . ac 'f!-.l'_'lr'::l"
jt; a{.l}(z n!

=L}

an=()

or

f alx)e'™ dx = ¢(v)
0

1103

(17)

where p(y) = 1/ ¥ o, “"‘ﬂ‘:“ is absolutely convergent for |v| < 1 and for|[v] =
1 may be defined by analytic continuation. We can now determine the weight
function by taking an inverse Fourer transformation of Eq. (17). The result is

1 =
alx) = —f dpivie™dy, x>0
om )Pt ]

Proof of the Theorem: We define the operator
[faX{fel : T(C) — I(C)
by
Vfall fel f = (fas F)fa
with f = 3 oo, by|n). Now,

¥

=
f_f,_,., _f::l e _I;rfiat_:'}—l_,-'l Zﬁﬂb“
=il
Then,
o aur
(Fr F)fx = ¥rle) ™ m;’ 5" babm)
Hence

=, |m} s
f dpfa)| full ful f = E el f rdr - a(r
el ar, =i} )L"T 0

T

xf ﬂlﬁ _fﬂur—ul]h’
1]

|
E —}b,,.-'rf dr -a(F?) -r™"
0

=0 "

(18}

O

(19

(209
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= Z E.b,,:r f dx -a(x) - x"
Ay ]

a=i} I

=ih.in}

=i}
—f 21)

where we have taken x = r* and utilized the fact _,IE:“' dx -af{x)-x"=A,/m. 0O

5.2. Nonorthogonality of Coherent States
Coherent states are not orthogonal, for

) , o fﬁ!}l"fﬂ.:}"
(far ) = Wl )™ 2y(le’ )Y ——— # 0
for Fal) = ¥ v Z; 7=

5.3. Hilbert Space Expansion

Any arbitrary state f of nom one in 5T can be expressed in terms of the
orthonormal states { f,} in the form

=

F=Y aufa (22)

n=l)

with

=
& a
l= E |ty |

n=(}

Using the overcompleteness of coherent states { f, | we can also expand f in terms
of coherent states:

f=f dpla)l fa}{fal
=f dpla) fe. f)fa (23)

= f dplo)(@) fa

where ¢(a@) is the coherent state representation of f:

o
o(@) = Yl )Y (@b,

n=l}
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and
dcler) = vila Do (el drdd.
In particular, ift ' = f,, the comesponding coherent state representation is
(for S = WPy R 04)

6. SQUEEZED STATES

Squeczed state is generated by the action of @ — oo™ on an arbiwary state [
in () (Solomon and Katriel, 1990) and satisfying the following equation:

(a—aa’)f =0 (25)

where f =% ", a,ln).
Now

af = alog|0} + o1} 4+ --- +aufn} +- -]

(26)
= J]L—Itﬂ}+---+ut iEr:—l}+o¢,. )ﬂin}+---
‘2o et 2L
and
at f =a ogl0) + a1} +- - +oyln) + -]
(271

=ap|l} +o|2}+ -t oy nttoauln+ 1)+ - -

From Egs. (25), (26), and (27) we observe that o, satsfies the following
difference equation:

‘J"n'l |
a”+|)|._: =l fzﬁ}
That 1s,
)"n'l
Hy42 =0 2 oy {29}
42
and
ay =0 (300
Thus we see that
w e idads oo Aoy
i ¥ VY VR PR

and

O =0y=0g= =01 =1
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Hence [ takes the form

Ay Aqdads oo
=ay |0 +e—|2) 4+ -+ o |2n} + - -
f=a |:E i )LEI ' T — 12n} ]
i31)
=
Adads - o
. i B a0
) o e
a=i)
To nommalize we have
= i}
= - (Ajhahg - Aoy )°
L=(f f)=looly o™ L . (32
Sp= ;‘ ¥ aide iV }'
Thus aside from a trivial phase we have
—12
o 2 1
P PRV EY R EPE Y
w=1) lef—— ' (33)

{)L_’)LJ-JLﬁ ket )"2“— |::|2)"2JI

n=(}

and the squeczed state f takes the form

[ & el

o LAdads - F
F=2laf :

{)LE-J'J)L&' -')"2"—|}_)LEJI

=iy

SN NP T P PR S
Y et ———————2n) (34)
-""-E-J'-d-""-ﬁ"')'-ﬁu

n=(}

7. CONCLUSION

In conclusion, we showed the existence of an orthononmal basis in interacting
Fock space, representation of coherent states, and their overcompleteness as a basis.
Finally, we have formulated the form of squeezed states in this space.
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