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SUMMARY

Sarjinder Singh and Anwar H, Joarder [5] have given an improved
method over Wamer's [6] in unbiasedly estimating the proportion of people
with a sensitive characteristic using randomized response (RR) data. Both use
simple random samgles (SRS) chosen with replacement (WER). Here we
present theorefical and numerical resles refating (0 both when o sample may
b selected with unegual probabilities without replacement (WOR), as is the
practice in social surveys.

Key words: Randomized response. Sensitive proportions, Unequal
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1. Intrdvuction

In estimating the proportion (0 of people bearing a stigmatiziag
characteristic A like habitual tax evasion, drunken driving, gambling etc, it is
well-known that Wammer [6] considered it useful to avoid seeking direct
responses {DR) from respondents in a social survey. Instead he pave us a
randomized response {RR) technigue by way of protecting the respondent’s
privacy. According to this a sampled respondent is to implement 2 rendomizing
device by which with a pre-assigned probability p (0 < p< 1} a truthful response
is to be *Yes' or "No' about bearing A and with probability (1 - p) about
bearing the complementary characteristic A without divulging to the
interviewer whether the response relales to A or A.

Based on such RR’s procured from an SRSWR chosen in n draws an
unhiased estimator for 8 and an unbiased estimator for its variance are given by
Wamner [6]. Singh and Joarder [5] recommended a modification of Warner's RR
procedure enjoining a (I) respondent bearing A to respend as in Wamer's case
but a (II) respondent bearing A to postpone the response to a second
performance of Wamer's randomizing device unless the first one induces a
“Yes' response.
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¥With such respanses from an SREWR in n draws they prescribe a better
unbiased estimator for B along with an unbiased variance estimator.

Though the fact is not made explicit by these authors & here is & “finite
survey population rmean’ of an ‘Indicator” variable which is valued 1 for a
population unit bearing A and O for one with A, But in practice a finite
population survey is implemented according to cotmplex designs invelving
selection in multi-stages and through stratification with sampling in the early
stages with unequal selection-probabilities. A sample survey in practice covers
numerous, say, fifty items of enquiry of which only a few, say, five may relate
to sensitive issues. From such a single survey one must derive good estimators
based on ‘direct responses’ (DR) celated 10 innocuous characteristics and those
based on RR's related to the sensitive ones. So, we consider il important to
present a theory how B above may be estimated admitting variance estimaies
when RR's are obtained by Wamer's [6] and Singh and Joarder's [5] techniques
but the respondents are sampled by general sampling schemes with varving
probabilities and withoui replacement.

After presenting revised methods of estimation we supplement Singh and
Joarder's numerical findings with ours for the sake of comparison.

2. Unbiased Estimators and Variance Estimators
According to Wamer's RR device the probabiliry for a “Yes'" response
about the possession of the characteristic A or its complement A is
Yy =pb+(E-p)i-8)=(2p~1)8+(1-p) (2.1)
The corresponding probability for Singh e al.’s scheme is
Yo =p8+(1-p)a+(1-p)1-8)

={2p-1)+pll-pll 0+ (1-p)
=Yy +pll - p) 2.2
Writing n as the number of draws in SRSWR and m as the number of
*Yes' responses in either case we have
Warner's well-known unbiased estimator for @ is

.{%—Hp

& *

1
B, = . taki = 2.3
W=ty aking p5 (23)

Its variance and an unbiased estimator of the variance are

~Yy)_0(-8} pli-p)
v{a ) ﬂ(ﬂp if n o af2p-1f (2.4)
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and
e
™ a-1p-1F
_éw(l_ﬁw} 1 [ ! H
2 +4{ﬂ—1]|_4{p—0-5)’ 1] (2.5)
Singh er al.’s unbiased estimator for 6 is
=-(1-v)
5 [“ p] (2.6)

7y

choosing its denominator non-zera.
Its variance and unbiased variance estimator are
A i Yol - Ys:]
V) - nl(2p 1)+ p(i - p)F
_81-8),  pl-p)
n nf2p-1)+pl-p)f
B Bp{l - 8) @
nf2p 1)+ p( - p)l

. S
(n—1zp-1)+pl-p)’

Singh er ¢l 's main theoretical result is

V@w )2 V@H) forevery p> 0.3 (2.9}
Following Chaudhuri {[1], [2]} we present below unbiased estimators for B
along with unbiased variance estimators based on RR’s obtained by Warner's
and Singh er al’s devices when the respondents are sampled with unequal
selection-probabilities,

Chaodhuri’s {[1], [2]) approach is the following. Let U:[l....,i,....N]
denote a finite survey population of a known number of N people labeled
i=1,..., N. Let y be an indicator variable with its value y; fori as

yi=1 ifibears A
=0 otherwise

(2.8)
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Then, E=%E}’i, wrilingz as sumover ie U

Lei s be a sample from U chosen according to a design P with a selection-
probability p(sl By E,.V, we shall denote operators for expectation and
variance with respect to P.

We suppose that ¥, is not ascettainable for a person i in a sample but

adopting a svitable RR device, from an i in a sample, an RR may be procured as
r; such that

(i) Eglc)=y, (i) Vol )= V,(>0) (iii) 5's are independent over i in U
and (iv) there exist v, ascertainable from RR’s such that Eg (v, )=V, ,ie U.
Here Ep, Vy denote operators for expectation, variance with respect to
RR devices. The over-all expectation and variance operators will be denoted by
E= EPER = ERE’P and V = Epvﬂ + VPEH = ERVP + VREP

Writing T =1 if i€s, 0if i€s, L= LI let it be possible to choose

by.dg, I=1.0; as constants free of Y=(y,....¥....yy) and
R=(5,....,K,...1y } such that
ty = %Eylbg..rp. subject to E, (b1 )=1V1

1
Then, \fp[th}=F|:Eh2C; +..2§?in Cii]

where ¢, =E, b1, )-1
Cy = Ep (babyL)- 1
1 1
Then vp(tb}=F|:E}ri dl,; "‘%zj: ¥i ¥jdg; [sijj|
satisfies EPvP(lb:,l: Vp[th}
provided d, d,;'s are chosen subject to

E,(dyli)=Ci and B (d ;L) =C;

The literaturg on *Sample surveys® is full of numerous such possibilities of
choices for P, by, d,;,dg's. Since y;'s are not ascertainable, t, 15 not available

as an estimator for 8. So, Chaudhuri’s {[1], [2]) recommended unbiased
estimator for 6 based on RR is
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& =%Er,-hﬁ1n. for which Elfe, )= 6
Here e, 14 just b, with y;"s replaced by y's, 1€ 5
Similarly we should write V_{e, ) as V, {1, ) with y; replaced by r, for i in
U and vp(eﬁ] as v, (t,) with y; replaced by f.i€s.
Two unbiased estimators for the variance Vig, ). of e, which s,
V{Ea ] =E Vg [ﬂh J+ V,Egp (ﬁb }

g % k&, [Zvpan]) «v,60) 2.10)
=EgV, {Eb Vi E, (Eb]
=ERVp{eb}+$(VR (Zx) @11
(i) = !-rl,{w.t,}}-{»i2 {Evibﬁld) (2.12)
and v2) =v e,,}+ B bz - o ] 2.13)
1t is easy to check that
Ev{l)= Vie, }= Ev(2} (2.14)

In order to develop formulae corresponding to e, vi{l} v{2} for the
specific RR devices by Warner |6] and Singh er al. [5] based on a sample of 1;"s
for i€ s let us use the following notations,

Letl;=1 if i responds *Yes™
=0  otherwise
Then, for Warner's |6] scheme r; should be taken as

-1
with & variance, say, Vi{W) as
V(W) =vels(w)}

=G =1 0-p)= o)+ o]

pli-p)

" Gp-1f

;= %{—} =r,(W) say for which Ey [z (W))=y, (2.15)

, noting y; =y} (2.16}
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Since \F,-{W}ldoes not involve any unknown parameters we need not seek
any estimator v;(W) say, for it and use this V, (W) siraightaway for v; in
(2.12)-(2.13). -

For Singh ¢t al.’s [5] scheme, 7, should be taken as

s Ay 1:1 = P}

' 2p -1+ pll-

Then Ey (5(81))=y; 2.17)

Writing for simplicity, o = (2p~ 1+ p{l - p)

=t (51} {say)
P)

we may work out the variance of r,(ST) as, say

V6T) = Ve 69—z [Ea )0 Ex ()]
-m[u,vﬁ{l - oy, + Q- o)F|

= Lz[ﬁyi + plt - p)] writing B = aft - o)- 20l - p)
L 4

Since B is thus known, this V;(SJ) may be estimated unbiasedly by

1
w(50)= Lol 501~ )
which may be used to replace v; In (2.11), (2.12} in using v(jlj=112
On simplification we may check that

1- :
vi'[S” =P&2P) iy =0

=P{1—P)ZE3—F] if y, =1
o

Writing e,{W) e,(S]) for e, based respectively on Warner's [6] and
Singh ef al."s | 5] schemes and Vie, (W)} V(e,(ST)) as their respective variances
we have

Lemma 1. Ve, (W))2 Vie, (SI))if V, (W)2 W8N Vi

Proof, Follows immediately from (2.10). Next we have

Lemma 2. V,(W)2 V,{ST)V iif p 2 4384

Proof. V,(W)- V,(81)= pli-p) By, +p (L-p)

o1y o
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1 | ;
=P{I—D] il y; =0

(2p-1F ((2p-1)+pl-p)F

>0if p> 04384 as verifiable using Matlab (i)

s 1 (-pX2-p)
"2 Gp 7 o-1)+ ol-oF |
>0if p> 04366 as verifiable using Matlab fii)
Hence follows Lemma 2. Hence we have
Theorem. Ve, (W))2 Ve, (ST))z 0if p>0.4384

The next section presents a numerical study as a follow-up of Singh et al.’s
eXercise.

if y; =1

3. A Comparative Study with Numerical Hlustrations

In order to maintain parity with Singh ef al.'s [5] numerical illustration let
us make separately 9 alternative choices of y'sin Y={¥,,.... ¥;,-.-. yN} 50 as

to get 9 aliernative values for B=%E}Fi as 0.1 (0.1) 0.9 treating ¥, =1 for the
i person having a minimum monthly income C, say, with 9 choices of
i=L...,9 with y, =0, else. Further, we associate with Y a wector
Z=(Z,,.., ZN] of positive numbers as size-measures to be used in drawing a

sample with suitable unequal selection-probabilities. For illustration we take
N =20, n=7 which in the case ol (I} SRESWR is the number of draws and is

the number of distinet units to be selected in employing two other sampling
schemes, namely (II) Rao, Hartley and Cochran's (RHC [4]) scheme and
(II1) Hartley and Rao’s {HR [3]) scheme. We take Z= (219, 20.1, 18.9, 18.3,

173,172,165, 164,157, 11.6,9.5,93,9.2,9.2 84, 84,7.6,7.5,7.2, 58)
Writing, Z= Ezi, B :z—zi., which are the normed size-measures we may
briefly describe the schemes (I1), (111} as follows
In the RHC scheme the population 12 divided at random into n groups of
sizes N; each of which is closest to % subject to EnNi = N, denoting by En

the sum over the n groups. Writing Q, as the sum of the p's of the N; units in the
i" group for the RHC scheme II, we have

1 :

)
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Volin)=—5 [EN(: 1;;213.["’- H,Y=Zn

X N - W

NS

2
NV(e,) =BE L + (1-BZV, + H[E%— Y]
P i
s JaNE-N
RN D)
For the SRSWR scheme I, we have

b,; -& writing f; = number of times i occurs in 5
n

N2 ﬁ} v(nh]=9(];m+w:1:2-lzvi

.= f.—
d‘!.l ﬂE]'[—lj[ -] n
In the HR scheme III the units of U are permuted at random and then n

units are chosen circular systematically with probabilities proportional to sizes.
Further, for this

Ei:'lﬁ-ﬂi =np; =§.P{slnij =5§1F[slbsi =

vp(th] =E}'i2—u‘-1;i ::1 +Zii§- }’ul’j[nﬁn - ]f:

2 P %—b implying v{1)= v(2)

1 -7, M-MR 5V
AR i s
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Table, Showing the values of PRE for 3 schemes (1, IT, [H) given from top to bottom

p 0.45 0.6 0.7 0.8 0.9
a
ZE9.BS 47760 22623 15448 119.18
0.1 219.48 48718 233,54 160.65 123.55
219.23 487.62 23406 161.21 12406
222,40 477.31 224,63 153.06 118.64
.2 22142 404 56 237,83 163.72 125.54
2H1L83 494,75 23819 164,39 12631
22521 482 B8 22687 154.40 F19.55
0.3 223,87 504.95 243.53 167.64 127.88
223.66 504.02 234 .55 168.07F 123.51
2283 494.65 21288 13814 121.34
0.4 22693 517.54 250.57 172.00 130.03
226,09 516.31 250.26 17230 13063
231,76 513,58 243,29 164.66 124,77
1.5 23078 53143 263.06 1%5].35 135,56
22870 53538 262.73 181.91 3661
235.54 541.48 259,69 175,18 129.92
0.6 23297 563.19 280,40 194,63 143.55
23171 S60.47 2800 195,75 145,60
23913 58154 285 44 192.69 138.68
0.7 236,32 597.98 306,40 21672 158.34
234,84 504 B4 0662 219.88 163.90
| 24437 639,46 32798 22504 135,59
R 240,14 43,84 343 .45 25207 1830
23B.56 641,44 34712 262.89 204,73
249.50 726,07 407.08 301.04 204.50
0.9 243523 694,49 386.29 291.64 21043
244508 217 40159 32365 262.03%
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Following Singh er al. we consider the criteria for comparison, namely

PRE = 100 — L% (a1

il
Vi)
the higher its magnitude the beder is l?ﬂ&1 relative o fiw and present these
values based on each of the three schemes of sampling we employ as above.
Remark The-entries in the first rows of the gbove table comesponding to
p=060.1109 for each 8 “equal to 0.1 {0.1) 0.9 match the PRE values given

by Singh et al. {with a few slight discrepancies possibly because of misprints in
Singh ef ol ) calcalated by them using the formula

FRE=ID(]1@*'—1
v ss)

as they obviously should.
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