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Ahbstract

A parallel algorithm for prefix computation of N = n? elements on an i x 1 extended multi-mesh network is presented. The
network is a modified version of an earlier multi-mesh network with a 4-regular structure. The al gorithm takes O(N L4y time
on N processors (138 Y9 — 5 communication steps and log ¥ + 4 arith metic/logic steps).

Kepwards: Prefix computation; Multi-mesh network: Parallel algorithm: Time complexity: Associative hinary operation

1. Introduction

Given N data values xp,..., xpy and the associative binary operation o, the prefix problem is o compute
Fi=xjoxoxzo---ox;, lSixN.

Parallel solutions to many real-life problems such as job scheduling and knapsack depend on the efficiency at
which prefix computations can be carried out. Prefix computation is also extensively used i loop optimization,
evaluation of polynomials, solution of linear equations, polynomial interpolation, ete. Several parallel algorithms
for prefix computation involved have been reported in [6,7.10-12,16]. Owing to the broad applications of this
compulation, many prefix circwits have also appeared in the Literature [8,13-15]. Paper [ 1] describes an Odlog N
tme algorithm on a specialized network with QN log N) processors. Lin and Lin [9] present an algonthm on
a fully connected message passing system of N processors with no more than [144log N + | communication
steps. On a CRCW-PRAM model, an algonthm requinng Odlog N/ loglog N) time using (N log log N/ log N
processors appears in [6]. Egecioglu and Snnivasan [2] give a EI\.-'W + O{log V) time algorithmon a ﬂ * y"{ﬁ_u"
mesh, where 7 15 the tme for a single routing step. They also give an algorithm with V2N +U{ﬁh"”4} me
on a disc of N processors.



296 FPK. Jana er al. £ Informarion Processing Letters 84 (2002 ) 295303

The multi-mesh network of [4] has several interesting topological properties, e.g., low diameter, existence of
a Hamiltonian eycle, d4-regularity. Parallel algorithms for several fundamental problems including summation,
matnx-multiphicaton, sorting, polynomial interpolation, and DFT computation, have been efficiently mapped onto
this architecture and reported in [3,5]. A pamllel algorithm for finding polynomial roots on this architecture with a
little topological modification appears in [ 17]. An extension of this network is proposed i [ 18] for its application
in designing light wave networks.

Our parallel algorithm for prefix computation onan N4 x N Y extended multi-mesh network uses a modified
version of the multi-mesh network of [4]. The algorithm, which is based on the optimal prefix computation mesh
given in [2], runs in time O(N'/) for N' data values using N processors. It takes 138 Y4 — 5 communication steps
and 4 log N + 4 arithmetic /logic steps. This can be compared with 2+/N + 1 communication steps and log N 41
arithmetic/logic steps required by the algorithm of [2] on a square mesh vsing N processors.

2. The computational model

Ann = n muli-mesh network [4] consists of nt meshes, each of size n x n. These n? meshes are arranged Lo
form an n x n lattice. Thus, it has N = n* processors. Each n % n mesh in this network is called a block. Fig. 1
shows ad = 4 multi-mesh network.

Let BLiw, ) denote the block in row o and column 8. By Plo, 8, x, ¥), we denote the processor in row xth
rowy and column yth column of block BL{a, £). Within the block, processor Pla, 8, x, v) is direetly connected
by to processors Plo, A, x £ 1, v £ 1), if they exist, by means of bi-directional, links, called intra-block links.
Addinonal inter-flock bi-directional links, which connect the boundary or corner processors between different
blocks, are defined as follows:

(1y Pilee, 8.1, ¥)isconnectedto Ply. f.n.a) for ] £ v, 8 < 0o As aspecial case, for o = v these links connect
processors within the same block BL(x, #).

2y Piloe, #,x. 1) isconnectedto Plo.x, fon)forl £ x o, 8 < 0. As aspecial case, for § = x these links connect
processors within the same block BL(w, #).

Fig. 1. 4 = 4 multi-mesh {all links ane not shoan ).
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For the sake of efficient mapping of prefix computation, we extend the multi-mesh with extra links as follows.
We call such a multi-mesh an n x n extended multi-mesh.

1) Plo, A.n/2 41, n)isconnectedto Plo+ 1. 8. nf24+ 1 nilrl Sa<n. 1= f<n.
() Pin/2,8.n/2+1,n)1sconnected to Pin/2,. 8+ 102+ 1. miforl sesn 1l f<n.
() Plrn/241,8.n/241.n) s connectedto Pin/24 1,84+ 102+ niforls f =n.

3. The parallel prefix algorithm

The key idea in our parallel algorithm for prefix computation of N =n* data values on an n x n extended multi-
mesh network 1s as follows, The computation 1s performed in two phases. In the first phase, the optimal prefix
computation (Algonthm B i [2]) is applied on all the blocks in parallel. and the partial results are stored locally,
in cach block. In phase two, the prefix computaton is computed on the whole archilecture using the partial result
of phase one. For this, cach block s reated as a single virtual processor To implement phase two, the links among
different blocks are used to broadeast the partial results of phase one. For the sake of simplicity, we assume that n
15 4 power of 2. However, the basic idea can easily be extended when this 1s not so.

The algorithm is described below stepwise. The important steps are illustrated by an example forn =4
with the help of Figs. 2-6. In these figures, solid lines show the data routing using actual and virtual links.
We consider, however, the actual (physical) links to caleulate the time complexity required by each step of the
algorthm. We assume that a communication step requires ©ounits of tme and that a binary operation o requires
unit time.

Parallel Algorithm:

Initialization: Initially, the data elements are distributed among the processors Pla, A0, j) such that Pla, A.1, 7)
contains the following data (see Fig. 2):

. Al .
i L4 o — L2 (B —1in? fore =nf/2andi £ nf2,
X jngn/ie] it fre—Linty (3—1nd forew <nf2andi = nf2,
X j—In+i4 B2 —a)n 2 (F—1jnd fore =n/2andi < n/2,

X jngn 241 —i+ Gnj2—amd+(F—Dnd foroe =nf2andi = n/f2.
Step 1 (the first phase): Apply prefix computation on each block in parallel.

Apply the optimal prefix algorithm (given as Algorthm B) in [2] on each block in parallel. The contents of
Pio, A0, j) 15 shown below. Fig. 3 illustrates this step, where we use i : j o denole xj o x4 0 -- -0 x;. This step
requires parallel time 2nt + 2logn 4+ 7 + 15 it is step 1 of Algorithm B of [2].

x[l+@—Dn*+(B— D' :(j —Dn+i+(@—1n* + (8 — ']
fore = n/2andi < n/2,

[l+@—Dr+@E -’ jn+n/2+1—i+@—1n* +(8— n’]
fore = n/2andi = n/2,

x[1+@n/2—on®+(f—1n? :(j— Dn+i+(3n/2 —a)n® + (B — 1)in’]
foro=n2andi = n/2,

x[1+@n/2— e +(B—Dn s jn+n/2+ 1 —i+ (3n/2—a)n® + (B — Dn’]

fore =n/2andi = n/2.



298 P Jana er al. S information Processing Letters 84 (20002 | 205303

X| Xz X9 X3 Xag Xm Xn X7 X X3 X X Xy X X Xoqs

L

D RA R R Xeg K Xg X7y Xoaan Xz X8 R4z Ked Rqux Xawe Ko
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Ko Xzo Koy Xz Koy Apw Kax Xy X Xs Xose Aan Kaiz Ane Xam Kawm

Ry Eup RBpp Eyp Mg Xy Xao Xygs Bur Xisp Xgss Moy Koy Xps Eow Eom
Fan Xs1 Rgr Xp X Xyv ¥y K= oapr Mmoo Mss o F e Faa Xoes Xoas Xoasm
Xan Xeg Rag Rer Ko Xs Rz X Xowm Xogr Xoms X ®an Koas Ko Ko
Az Rsn Rpn Xee Ko A Rz K2 RoEn Rop X Rwr Rz XMy Az Kazg

Rir Xer Esw Kes Ko Xy Xam XopT Egw Xy Xwr B Eap Xy Koagp Xz

Ein Me7 Ky Mg Xar X Xegs Xing X ips X 40 X m X Xom Xy X
B XK R4n X Kag Xy Xus Rs ez X Xm 39 X X R Xy
A3 Ko R4l Nes Koo X Kogs X2 Xipd Hqpd %ot R Hoazp X Ko Xado

K3z Xaw R X Xap Ej Xur Ao Foes X Xom Xams Eozr Xon Kps Xow

Fig. 2. Imtialization.
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Fig. 3. Situation after step 1.

Step 2 (start of the second phase): Apply the same prefix computation on the whole extended multi-mesh network.

Do steps 2.1 and 2.2 in paralkel:

2.1 Using the communication links between processors Plo, fon/2 + Lon) and Ple + 1, 8. 0/2 + 1.n), lor
| £ =nf2. 1= A= n, follow the steps similar 1o those in the algorithm of [16] w0 compute the prefix
overall n/2 data values (the values computed after step 1) contained in Ple, #.0/2 4+ 1, n).

2.2 Using the communication links between processors Pla, fon/2 4+ Lon) and Ploe + 1.8, 0/2 4 1.0}, for
nf24+1 =a=n 1= f<n, follow the steps similar to those in the algonthm of [16] o compute the prefix
overall n/2 data values (prefix values computed after step 1 stored in Ple, #8.0/2 41, 1),
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Steps 2.1 and 2.2 vse the log /2 arithmetic step algorithm of [16] to compute the prefix on n /2 values. The data
communication paths are shown in Fig. 3. The number of routing steps required for each step is n/2 — 1. Thus,
steps 2.1 and 2.2 require parallel tme (n/2 — 1)t 4+ logn/2.

23 Forall e, 8,1 =o =n. 1 = § < n, broadeast the currently computed prefix value at Ple, §.n/2 4+ 1.n) o
other processors in the same block.

Step 23 requires 2{n — 1)t parallel time units.

24 Forall g,j. l=f<n. 1< j<n Plo 8.1, ) computes the following:
.1'[{ﬁ - 1}12'1+] Hji—1ln4i4(x— J}uzl+{ﬁ— Jju'z'l]
fore=<n/2andi < nS/2,
.1'[“‘3’ - ]ju'z?' +1:jm4+n/24+1 —i 4o — 1,'1111 + (- ],'u'z'l]
fore =< n/2andi = n/2,
.1'[:;'1;‘2 + (- 1,'!12'1’ +1:{j—1m+i+{3n2— cs}uzl + (- ljuz'l]
fore =n/2andi < n/2,
.r[:z'l,.-‘2+ (8 — I,'uz'l +1l:jn4+n24+1—-i+4 :312;’2—0’}121 +(f — ],'u';"l]
foroe =n/2andi = n/2.
The situation after step 2.4 15 illustrated in Fig. 4. Step 2.4 requires one unit of tme.

Step 3.

3.1 Forall 8, 1 £ A < n, send the values computed in step 2 from processor Pin/2, 8,n/2 4+ 1,n) 1o processor
Pin/24 1.8, 1.n/2) and from processor Pin/2 4+ 1. 8. 02+ 1.0t Pln/2. 84 1.0, nf241).

The data routing for this step is shown in Fig. 4. This step requires nt units of time.
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Fig. 4. After step 2.
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3.2 Broadcast the data elements received in each block (n x n mesh) in step 3.1 to all other processors in that
block.

Step 32 needs 2(n — 1)t units of time.
33 Forall j, 1 < j=n, Pin/2, 8,1, j) computes:
.1'[11'1,.-‘2+ (g — 2}12?’ +1:j—1m+i+{e— 1,'1111 +if — ],'u'z'l]
for2<f<nandi<nf2,
.r[:z'l,.-‘2+ (8 — 2}:2'1 +1l:jmn4+n24+1—i4 (o — ]}url+ g — l]uz'l]
for2< fA<mnandi=>n/2,
and Pin/2 41, 8.1, f) computes:
.1'[{;‘1’ - ]}uz?’ +1:(j—1m+i+(3n2 —Q','IJ'?I +(f — ]}uz?’]
forl < f<mandi=<n/2,
.1.'[“‘3’ - 1,'!:;"1 +1:jn+nf24+1—i4+(3n/2 —a':u'zl+ (5 — ],'uz'l]

forl < f<nandf>n/2.
Step 3.3 needs one unit of tme. The content of each processor after step 3 15 shown m Fag. 5.

Step 4. The processors in the blocks of row n /2 + 1, pedform their prefix computations along this row. Similarly
the processors i the blocks of mow n /2 pedorm their prefix computations along this mow as shown in Fig. 5.
Do steps 4.1 and 4.2 in parallel.
4.1 For all g, 1 = # = n, vsing the communication links between processors Pin/2,8.n/2 + 1.n) and
Pin/2. 84+ 1.n/24 1, n), follow steps similar W those in the algonthm of [ 16] to compute the prefix over all
n values (prefix values computed by step 3) contained in Pin/2, 8. n/2 4+ 1 n) and Pin/2.n.n/2 4 1.n).
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Fig. 5. After step 3.
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1]

i, wpsing the communication links between processors Pin/2 + 1, 8.n/2 4+ 1.n) and

Pin/24+ 1.8+ 1.n/2 4 1, n), follow steps similar to those in the algorithm of [16] w compute the
prefix over all the novalues (prefix values computed by step 3) contained in Pir/2 + 1, f.n/2 4 1, 1) and

Pinf24+1.n.n/241,n).

Steps 4.1 and 4.2 caleulate the prefix opertion as indicated by circles in Fig. 5 in (r — 1) communication steps and
log n arthmetc steps [16], so these sweps require parallel time (n — 1)1 + logn.

4.3 Forall i, 1 < fi £ n, broadeast the computed prefix values in P(n/2, 8 — 1, n/2 + L n) and Pin/2 4+ 1,
f—1.n/24 1. n)toall processors in the blocks BL(n /2, f) and BL{n/2 4 1, A). respectively.

Step43needs (1 +{n — 1)+ n/2)t = 1 Snt units of tme.

4.4 Forall j. 1 < j <n, Pin/2, 4.1, j) computes

.1.'[] Hi=-1lm4+i4+nf2-1)n
for2< A <nandfori =n/2,
.1.'[] jn4+n24+1—i4inf2— ]jl.ll;!1 + (i — ljuz'j"]

for2<f<nand fori =n/2,

+(f—1n’]

and processor Pin/2 41, 8.1, j) computes

.r[l Hi—1lm4+i+in— l,'uzl+{ﬁ— 1}:2'1]
for2< A <nandtori =n/2,
.1'[] fn+n24+1—i4+in— 1}111 + (- 1}1:'1]

for2< A <nandfori =n/2.

Step 4.4 require s one unit of time. Fig. 6 illustrates the resulting situation after Step 4.

Step 5. Do steps 5.1 and 5.2 in parallel.
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Fig. fi. Situation after step 4.
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5.1 Forall 8, 1< 8 < n, send the value computed in step 4 from processor Pin/2 + 1, 8.n/2 4+ 1. n) o
Pinf2—1.841.n.n/24+1).
5.2 Forall A, 1= A £ n, send the values computed in step 4 from the processor Pin/2. 8. n/2 4+ 1. n) 1o

Pinf24+2.8.1.n/2).
The data routing for steps 5.1 and 5.2 15 shown in Fig. 6. Step 5 requires parallel tme (n /2 4 1)z,

Step 6. Forall 8, 1 = < n, processors Pin/2— 1. 8+ 1. n.n/241)and Pin/2+ 2,8, 1,1 /2) broadcast their
computed prefix values to any one processor in cach of the blocks in their comresponding columns (i.e., blocks with
the same @), (This can be done by first broadeasting the data along a row (row 7 of block BLin/2 — 1,84 1)
or the first row of block BLin /2 + 2, #) and then sending the data to one processor of each of the other blocks
with the same @ by following one more link of the multi-mesh network.) Then, broadeast these values to all other
processors in the comesponding blocks.

In step 6, sending data to any one processor of each of the other blocks requires (n/24 1)t time units. Following
that, broadeasting data within a block needs tme 2(n — 1)7.

Siep 7. Each processor caleulates its target prefis value in unit time, so that Po, 8.0, j) contains
.1'[] Hi=1lwm4+i4+i{a— 1}1!1 + i — 1}:!'1']
fore = n/2andi < n/2,
.1.'[1 jr4+naf241—i+w— ljlnl+ f— lju;'?']
fore =< n/2andi = n/2,
.r[l Hfj—1m4i4(3n2 —o’}uzl +i{f — ]}ur’"]
foroe=n/2andi < nf2,
.1.'[] fjn+n24+1 —i4+(3n/2— o'juzl + (F — 1}:2'1]
foro = n/2andi = n/2.
The final result 15 shown in Fig. 7. The total computation tme required by all the above steps 15 (13n — 5)1 +
4logn 4+ 4.
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| T SRR 4 I A R O S SR B I 1131 15137 10138 10143 10 145 10189 102 1,207
17 1720 1% 152% 1050 10 RS 1 89 1 93 LI % T 1 R O T R - A | E ) I T B R e N |
Lr1s 1:22 1:26 1030 1D B2 1:#6 L %) 1: 99 146 1130 1: 134 1:13%  1:210 1:214 1:218 1:223
(220 1:24 138 1132 - B4 IR 102 [: 96 L0148 12152 L0560 1o lal 12212 1206 1: 220 1:224
L1 1023 1:2F 131 1D B3 Lo#7 Lo B0 1 95 1147 1:131 L0155 1:18% 10211 10215 1219 1:Z223
a9 1053 157 Lol 1:113 10117 10121 101250 101797 Lolsl 10153 10184 10241 10245 1:24% 1025

Lo 154 1058 1062 1014 10108 112 12126 D178 1182 1: 086 1190 1242 1: 246 [:250 10 23<
82 108 ban ed e 101200 10 10128 1sEn 10184 1Es 1019 1 1 s 1o 1 250
Lral 1:55 1:5% i3 10113 10109 1123 12127 10179 10183 1187 1191 12243 1: 247 1:231 1:233
235 1:39 1043 1047 1099 L1103 1107 10111 1163 10 16F 1: 171 10175 10227 1:231 1:23% 1: 159
[:30 140 144 4R Iz on i a8 1212 olad Il 10172 10008 12228 10232 122360 10 24
Lids 1042 1046 Lok 10102 1010 10110 10114 114G 10170 10174 1017 10230 10234 15238 10242
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Fig. 7. Final result.
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