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SUMMARY. A rechunioal procedure of evaluation of polynomiala in one unknown and their
renl roots with the help of tke IBM tabulator typo 421 is discuseed in this paper. The author considers
the squispaced valuos of tho indopendont variable nnd applics tho method of differonces in evaluating the
polynomiials, To locate o rea oot of a polynomial squotion in one unknown the method adoptod Lo find
a puir of consecutivo values of the uuknown between which the polynomial changes ite sign. The
interval formed by the pair thien contains a root.
1. INTRODUOTION
Weo describe the evaluation of polynomials in one unknown and their real
roots on punched card tabulator type IBM 421 using the method of differences.
For simplicity a polynomial of third degree has been considered although the
procedure discussed below is quito general and can be extended to the evaluation
of higher degree polynomials and their real roots. The only limitation is the number
of counter positions available in the tabulator.
2. UsE OF DIFFERENGES

Let f(x) = ay2®+a523+a,z+ay be a polynomiel of the third degree in z, which
we are required to tabulate for the equispaced values z,, 7y, x,,... of z, where 7, = 24+ ik,
h being the interval of tabulation. For simplicity, we shall write y; = f(z;). The
differences of the y,'s are defined as follows :

first order differences : Ay; = yi,—¥
r-th order differences : A'y; = A™ly,,,—A"ly,
The third order differsnces are conatant : Ay; = 8a,A* and we shall denote this by
4,. The values of the y,’s can then be built up recursively from the relations :
Yur = ¥ +HAy;
By, = Ay A%y,
Ay = Ay +4,
starting with the initial values :
4y=14,
4, = Ayy = bz} +b1zo+b,
4, = A%, = ¢,z4+0y
whore  by=3ajh, b = Sahit2ah, b = atahtrah, ¢ = 2bph
and & = byhi-b k.
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To locate a real root of the equation f(z) = 0, we evalurte the polynomial
flz), for equispaced values of z and if the sign of f(z) changes botween z; and z;,, then
the interval (z;, z,,,) contains a root.

How the IBM Accounting Muachine Type 421 ean be programmed for evalua-
tion and location of roots uxing the above logic is deacribed in the following sections.

3. MEORANISED PROCEDURE OF TABULATING TRE VALUES OF f(x)

Using the intinl value x, of x the values of y, = f(z;), Ay,. A%y, and Ady, are
calculated for o certnin valuo of h.  These values together with z,, & and n are punched
in a card. (r+1) being the number of values of f(z) to be tabulated. This card is then
fed through tho IBM Accounting Machine Type 421. Countors 8A, 8B, 8C, 8D,
4A, 4B and 4C are instructed to add y,, Ay, A%y, A%, 2, » and k rospectively.
The digit | from digit-emitter is also entered into counter 2A. A counter is asked to
plus or minus according as tho number fed into it is positive or negative. For this
purpose an z is punched in the card column containing the unit digit of the negative
number. The tabulator is set up to start programming by a card count impulse.
Three programme steps are called for and the following chart shows the operations to
be carried out during these steps.

CYCLE CHART

step operations

1 (i) read out counter 8B, plus of counter 8A
(ii) read out counter 4C, plus of counter 4A

2 (i) road counter 8C', plus of counter 8B
{ii) read out and print counters 4A and 8A
(iii) read out counter 2A, minus of counter 4B

3 (i) read out counter 8D, plus of countor 8C
(ii) reset all the counters (conditional)
(iii) programme stop (conditional)

Thus at the end of the first cycle the value of the argument 2 and the corresponding
value of f(z) are formed in counters 4A and 8A respectively. In the second step first
differences are formed in counter 8B and at the same time f(z) and the corresponding
z aro printed. During this step ! is subtracted from the content of counter 4B. As
soon as counter 4B shows a negative balance a selector is picked up through its All
Step pick up by a Counter Controlled All Cycles Exit Minus pulse. The selector will
be picked up immediately and will remain transforred till the end of the next card
feed cycle. The first operation of the third step is carried out until the selector is
transferred. This operation will result in the formation of second differences in counter
8C. The second and third operations of this step are performed only when the seleotor
is tranaforred. Thus the above programmes are repeated n times printing the values
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of f(z)and z; where z =z,+ih, i=1,2,.., n before the counter 4B bacomes
negative and the soleotor is transferred when the programme stops and sll the counters
are reset to zero. 'The initinl valucs f{z,) and 2, may be listed from the eard itself.

Since in n standard 421 tabulator ton Programme Steps Counters ure available,
soven idle cycles will take placo and henco xome timo will ho lust between the third
and the first stop during tho repetition of the above programmes. This difficulty can
De uvercome by instructing the vperativns in the i-th (i = 1.2, 3) step to be carried out
in both (3+i)-th and (6+1i)-th steps. Thin iy made possible by connecting the i-th.
(3+i)-th and (6-+i)-th Programme Steps Counter hubs togother to one Programme Steps
Out hub, the corresponding Programme Steps In hub being wired from All Cyeles hub.

The total time required for tabulating f(z,), f(zg4-h),..., f(x,+nk) being approxi-
mately equal to 2/50 minutes, this mechanical | lure 1 more worthwhile
and time saving in comparison to manual computation as » becomes vory large. More-
over, this method can be used in evaluating any regular function of one unknown after
approximating it by & polynomial of suitable degree.

4. MECHANISED PROOEDURE OF SOLVING THE EQUATION f(x) =0

The above method with some changes in programming can bo used for finding
the real root of the equatiun f{x) = 0. With a starting value x, of z and suitable value
of A, the values of f(z,), Af(x,), A¥(z,) and AYf(xy) aro calculnted. Then following the
same procedure as disoussed in Nection 3, theso calculated valucs together with x;and &
are taken into seven counters as shown below.

input values  f(z)  Af(zy) AY(z,) AY(x,) Zy A
counter
alloted 8A 8B 8C 8D 44 iC
and
4B

Following programme steps are then initiated by a card count impulse.

step operations
1 (i) read out countor 8B, plus of counter 8A
(i) read out counter 4C, plus of counter 4B
2 (i) read out counter 8C, plus of counter 8B
3 (i) read out counter 8D, plus of countor 8C

(ii) read out countor 4C, plus of counter 4A

All the three steps are repeated until the content of counter 8A changes its sign
which becomes positive or negativo according as the function is increasing or dooreas-
ing. To obviate this difficulty the input values are added in the counters in such &
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manner that irrespective of the nature of the function, the value of f(z) changes it
sign always from negative to positive. This is accomplished by inverting the signs of
the input values of a decreasing function. As soon na counter 8A shows a positive
halance un inpulse is uvailable from the corresponding Counter Controlled All Cyeles
Exit Plus hub which is used to pick up & seloctor through its All Step pick up hub.
Through the transfer side of this soloctor the following opora tions instead of the above
operations are then performed in the second nnd third stops.

step operations

2 (i) read out and print counters 4A and 4B

3 (i) roset all the counters
(i} programme stop

Thus counters 44 and 4B give the values z; und r;,, respectively of x such that f(z)
changos its sign between z; and zy,.

5. CoMMENTS
‘The interval of tabulation k can bo taken as small as possible depending,
of course, on the time needal for the entire process. Taking into consideration the
fact that the maximum time required for evaluating z upto n decimal places with

10"
h= l(l)“ being approximately equel to 50 minutes it will bo more convenient to

find z upto two decimal places as the first approximation. Then starting with the
first approximate valuo of x and ropeating the same process the second approximation
upto four decimal places can be obtained. Following this iterative procedure we can
locate the root upto the desired decimal places. Even if we assume that about five
minutes will be spent in computing the input values and in transforring thewm on a card,
the solutivn of the equation upto six decimel places can be obtained in about twenty
minutes.
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