COMPACT OPERATORS WHOSE HEAL
AND IMAGINARY PARTS ARE POSITIVE

BAIGNDRA DIIATTA ANTY XINGAHT AHAN

(Cummunicated by Thavid B Laraon)

Avdreacy, Let T be a compact oporalor oo s Hilberl spece such that the
nperators A = %{T+ T ol H = i(T — T are positive. Let 75,7 be the
simgmlar vatues of T anel {0 45T W cigonvalues of A, 8, all coumneraled o
rlecreasing nrder. We ahow that the seguence {sj} iz majoriard Ly {u-::f + ,J; k.
A lmporlool conseguence s Lhel, when g = 2, |;T|'E. is loew than or equael to
Al 12, + | B| ;‘.",. anel when <lp = 2, Lhis Ioegquolily s roversed,

L. IxmrBonsIoTioN

Let T e a bounded lincar oporator on b cotmaplex separalle Hilbert apace H., We
can write T = A4 40, where A, 8 are ermitian. Such s decomnposition s unigue,
and we have 4 — %(’F—T"’:I, B = &{'="T*]. The operators A and £ are called the
real and imaginary parts of T, There is & [airly exiensive literalure on couneclions
bebween various ohjects like notms, determinants, eigenvalues and singular values
assoclated with A, B and T. See [2) and [5, Chapter &,

Let T be a Hilbert-Schunidt aperator and let ||[T]z = (e T*T1Y2 be jus Hilbert-
Schmidt norm. [ is easy to ses that

(1.1} T3 — 415 + || 8115

This is net froe for other norms, like the operator bound nomm [ -]| or the Schatten
gnarms, ¢ % 2, The next best thing would be to replace the cqualily sign by an
inequality, Even that is not true. 14 i easy to construcet 2 < 2 examples to see that
T|? could be larger than ||A)2 | | B||* m seine cases, and smaller in svine oubers,
However, when 4 and I are posttive, we have an interesting result due to 3inman
[B]; in this caso
(1.2} 12 = 1A+ 1BI1F
See also :2, p. 25] aod [4].
We may asl whether more is froe in this case, and in partienlar, whother this
incouality iz true for othor norms, This gquestion will he answered in this papor.
Lel w — oy oo, 0 amd o = (g g2, .. ) be real sequences whose coordinales
hawve been arranped in decreasing order. Wo say that o -, o (2 is weakdy majorised
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by o) if

&
(1.3) ¥ i
a=l

If 7 and o terminate after n lerms, we say thal o <y (o 18 magorised by o) if
addition to the incqualitics [1.3) we have

(1.4} i Ty = i Yy
=1

a1

CH k= 1:2:"' .

&
=1

b

T'hese relations have been studied in detall o connection with analvsie of matrives
and compact eporators. Sec [2], 3, &), 7]

Now anppose T s A commpact operator, and itz real and imaginary parts 4 and
I are positive, Let 5 > 52 >+« be the singwlar values of Tooep = g > -+ the
eigenvalues of 4, and &) > 3 = -+ those of B, We will lesp this notation fixed
. Ohar first thearom cstablishes e majorisation rolation hotweoeen thegs scoguences.

Theaorem 1. Let T be ¢ compact operafor on H, and suppose T = A | 15 whers
A wnd IF ave pogitive, ITH in findbe-divnensionel, then we hove bhe maorizalion

¢ 2N L fa2 ) o2

(1.4 {a7} = {og 1 )

IfH is infindte-dimensional, then we Aave the weak majorisation

(1.6 1831 =w o + 551

The nexl lwo lheorems [ollow as corollaries, For 1 < p = 2o, let (T, —
i s"';.']‘-“'f' he the Schation p-narm of T The aporator nomm 7)) is also writton as
['T) . When we wrive |T||,. we asswne implicilly Lhat T iz o vhe Schatlew pclass,

Theoremn 2. Led T be oo compuct operalor, and et T = A—3i where A and B are
positive. Then

(1.7] 02 = |AZ+ Bl for 2= p <o,
(L] (TNE = A= B2 jor 12p=2.

Theorem 3. Lot T be an speralor on an n-démensional Hilbert spoce. Suppose
T =4 |iB whera A, B are positive. Then

11 TL

LR H g = H ek, +4] for 1=k <n

iomokIL ion okl

When & = n, the inegquality (1.9) can be wrillen as

T
(1.1 el = crs + 5
(1.10) ldev T| = [ Jlees +23;

=1

This iz & known incquality proved by X, Bebiano; sec [I7) [2, Thoorom VET.6)
Theorem 3 14 a snbatantial generalisalion of this.
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2. PROOFS AND REMARKH

Froaf of Theorem 1, Let dim ‘M = ni. Then equalion (1.1) sayvs

I b3
. 2 u i
Z- = Z[”ﬁ' = 'S:i ).
a=1 St

Therclors, Ly prove (1.5) it sulfices to prove that

o

11
‘ et P L < P
(2.13 Soalr Y e gl 1<k<n
F=r—=k4+1

g=n—k41

FThe left-band side of (2.1} has an extremnsl representalion

(2.2} LI n e P a FE  a LG

a=n—h=l

See [2, p. 24]. Here T#*% ig the space of 0 » & malrices, The condition U707 =T
says that L7 iz an isometry from o k-dimensional space oto M. Fhe operator L7077
i4 then a projection operalor. So, I = U, This implies

PR = T L T T B T
=Y A - A+t
(L ALY 4 (I BN 4 [ AL U BU,
where [X, Y] stands [or the commutator X3 - VX It follows that

(2.3) b ITOTH 2 ow (DAY + Ar (T BIYE,

Mo Lot J.Jf;‘ (AL 1 = F = Ry be the elvenvalues of 0 ALT enumerated in decress-

ing order. The aperator L7 AL s o compression of A to s k-dimonsional subspace.

Henee, by Canchy’s Interlacing Theoremn |2, Corollary 10 1.5] we have
MUTATY 2 jeery 125k

By the same argmment

MUBU) 2 Bjonen: 175K

Sa, from {2.3) wo have
(2.4] e iTTU > Y (of -2
j=n—R—1
The nequalivy (2,11 follows from (2.2) and [2.40.
We can prove the nfoile-dimensional case from the Ooite-dimensional one, By
the Fan Maximum Prineiple [2]. |3],

K i
(2.5) D () =maxy  qen Tfiby k=12,
i a1
where the maximum is taken over all orthomormal tuples a1, .. e, and fro.o00 L fi.

MNowr for o fwed v, lew P be Llhe projeclion onw the zpace spanned by the voo-
tare ¢y and fid = 12,00 m. Then the wealk majerisation {LE) holds for the
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{intle-dimnensiona operator PUP; e, if {":.I‘ wre the sinpular values of 2T and
{u_’%}, ffﬂfl,} the vigenvalues of FAF and PO, reapectively, then

3 i
(2.6) SEE S el H(F 1Sk S
== J=a
lowever, by (2,3) and the definition of F, the left-hand side of (267 is the same ax
3 &%, On the other hand, the right-hand side is smeller than 3 (o — 32). This is a0
hecanse the cffect of a compression s to give the weak majorisation {of} <y {oy])
2, Trablem T1 5.4], and the square lunetion preserves Lhis relation [2, Example IT.
4.5, Thns the relation (1.6) follows from [2.6). bl

Froof of Theorern 2. We will prove the theorem when dim?{ = n. The nfinite-
dimensional case follows from this by o liniling srpument,

For p = 2, the functiom f(1) = ™% iz canver. Henee, the majorisation [1.3)
inplies that

b {2} = {(a — 82772},

See |2, p. 42, In particular,

(2.8) Y o2y (ad + PR
—

i il
So, by Minkewsld®s Ineqgnality

Th L

I
(.97 (3 aRiBP < (3l 2R (3 g,
i=l1

J=l 1=1 i=

-

This is ihe same a2 the asserlion [1.7].

For 1 = p = 2, the functicn f{t) — #2 is concave, So, frum [1.5) we gel
the ineguality [2.8) in the reverse dircction. For these exponenta the Winlowesk
Inequaliiy too poes in the reverse direction, 3o, we pet the inequality (2.9 in the
reverse direction. This is our assertion (1.8} I

I'he majorisation 1.6} shows that
®({s}) < ®(of 1 471 < ®({a]})) - {7,
for every symmelric gaupe [uuclion, and hence,
(2.10) WT*TU = (1A% -+ 1B%]);
for every unitarily invariant noro. This iy the sane ss saying
(211} I21% = 1Al = 181G
far cvery Qrnorm. (See [2, Chapter IV] [or the relevanl definitions and facts.) The
inequality {177 is inchuded o {2.11) a5 a special case, Note that the idendily
e é(T*T - T
Bl
(2.12) 1A% = 82| = [,

withant the restriction that A, B be pasitive. With this additional restriction, we
have Lhe lnequalily (2100 to complement (2,12],
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Proof of Theorem 8. 'Lhe fauction fit] - —4logf is convex on the positive Lall
ling, Ba, the majorisation (1.5} implics
[~ loges} < - loglay | 10},
This 14 equivalent w saying

VL "
Z lisg 45 = z log ey +43;, 12k < n.
imoRl ion kel
Taking exponentials, we get the ineguality (197 from this, L
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