A NOTE ON THE DISTRIBUTION OF THE SUM OF CHI-SQUARES

Dy A. DIIATTACHARYYA
Statistical Laboralory, Caleutia

Mr. D. C. Bliattacharyya (1043) has conxiddend the distribution of tho sum of two olii.aquarcs, ssch
of which is 1)io sum of squares of Lho samo numbee of indrpondent norroal varistes with zoro mean snd the
samo atandard dnviation, but the two sota differing in their standard deviations. 1lo haa shown that tho
distribution involves sonio Bowsel functions considered by Mckay. We shall horo briefly indicate how the

amo dixtribution can bo exp dssa worice in Lagucrro's polynominle. o shall consider
Irs moro gencral caso whoro the two chi-aqs ara not indepemlently distributed

2. Lot (T yi5 T1.¥ed +eo 7o 9a) bo B pairs of inilependent cormelated normal variates with zoro
mean and adl.'s o, and o4 ; aleo ket tho correlution coeficiont bo p. Lot s defino X% as the sum of squaros
uf the r's and X?, that of the y's. The caso when tho Lwo X! aro inileperulent is oblained when p=0, Weo
shall conxier tho dixtrilmtion of X% + X%. Thn characterixtio function of x% + y is

$U) = 11 = 2t (o + 8% — AL o= P o 0%, 1) 0

uinl henes tho charsctoriatic function of X1, + X%, ka (#{f)]n. From the form it takes it in obvious that the
wam il function form in valid in this caso alw, Kimilarly it is caxily sorn (hat tho distribution of
A% =2" fullows the other ool function form (Bhattacharyya, 1043).

The chamrteristic function of v = (X3, 4 X1)/(e% + 0%,) ia caxily foumnl 1o bo

vin=[1- P1) (0 + 0%) 1) 87 = ({1 = i) 4 o) )

where i 1 = 4oty 0%l — pY) - € o+ ot and 9 < ), wo must havo Jo|< |
amlmo (Ll — it)*] miapt’() + 1 < 1, forall valueaoft. 8o, from (2.1) wo get
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Tho lufinite merivw is unif.inuly converzent for all values of 1. Nuw, differentiating tho relation
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2-tinwa with rogect to u, wo gt
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[ (=™ (= iye Bxp(= it wpdrj2z ..( “_'._) T a2
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= F{n) e-w wa-t L, {w, 5)/1"{n +2) 2y
whore Ly, {u, n) ix 8 Laquerro's polynomial.  Henco applying Fourier's integral theorom Lo (1) and wing
(2.3) wo grt tha distribution furwtion of u ax

LTS -'"g(' 2 Yar Lt miirie +m) o

Tho abave srrics ia convergrnt for all valucs of v, Procecding in & siilar way it conld 1o shown, unber
aoma resi rirtions, that the distribulion of (he suin of Thres or moro X'scen bo exprwcd ina wriv o
Layurrrv's polynomiske,
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3. 'The noa-null distribution of X* can be expressed, undor cortain conditions, in & serica of
Laguerre's polynomials. Lot my, (k= 1, %, ...n) be n indopendont normal varisles with 1oro mean and
standard deviation e,. Then the distri of xt = .'.. 1% csn bo reganied as the non.sull distrittion,

(=)

There is anothor 1ype of pon-oullity, namely when the normal variates havo tho samo standard deviation,
but differont rucans. This has slready beon considered by Wickmoll (1933).  The clamical De.statistio
follows the same distribution (Doso, 1830).  We shall conahbes the other type of aon-null eass. The charas.
toriatia function of Xs is obyiously

1 (1~ 2ite)® T 1)
et
1fnat = 2 ot and ¢, = o, — o1 then the above charscteristia function can be writton a1
-
Nt — 20100 = 2o, 1) D m (1 = 2it o4yan JL 0 =z = 2 o) A
I ..
‘Thoe characteriatio function of Xr/et is
(1= 2inab ft {1 = Bt agorgt — iy’ w13
k=t
1¢ now we muppose that a%,Cet for all valucs of &, then cach of the exprowions (1= 2i ¢,/o(1 =2if)) "} ean

be expanded in & unifarml, scrica, which then can be multiplicd togother giving a unifoanly
convergont jufinite seriee fur (3.2) of the farm

L etin (1 ~ 2" B3y
~

wherec,w |, 6, m 0, ey T € = 4T 14308 oto, Applying, 4 in sectivon 2, Fourer'n integral
theoten and remembering (2.3) we get for the distribution function of x e« X'/e® mn exprewion of Lhe funa

rinj2) et xas 2 d, Lage, myin + 1)
=

whero of course d, depends o ¢, or ultimately on ¢,.

‘There are many other non-null forms of X* which we cannut sdeuutely consider bt this diwrt
note, It Ia hoped ta consilor theso in detail at s future date, whon othor interreling proja-rtics of xb will
be considored.
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