DISTRIBUTIONS OF CERTAIN FREQUENCY CONSTANTS IN
SAMPLES FROM NON.-NORMAL POPULATIONS

By K. C. CHERIYAN
Stutiatical faboratory, Calextin

INTRODUCTION
In this puper & study of {he wunpling distsibution of the correlation cocflicient in
smphes from lated P typo 111 populations ix mado by means of experimental
pling. Using the fi fon 2 § {log, (1 + r)= log, (! — r)} to the obucrved values
of 7, the zampling distributions of 2 aro obtained. The frequencics and frequency constants
of these distril arc then pared with pomuling "normal theory® values. Tho
sampling distributions of variance and mean are alwo reconded in order to sce how far they
agree with known theoretical results.
THE DISTRIBUTION OF THE CORRELATION COEFFICIEXT
The historicat background to this problem muy be briefly described ax follows.  The
theoretieal distribution of the correlation coefficient, when samples are drawn from an infinite
bivariate normul population, was given by Fisher in 1015, As the mathematical expres.
slon defining this distribntion was not iu a form suitable for the evaluation of frequencics
in different clasa.intervals, ‘A Co.operative Study’ was made by several authors (1013) to
construct tablea giving the relative frequencies for different values of r. Later in 1920, E. 8.
Pearson showed that Fixher's 2-transformation could be used to obtain frequencies in the
different clnsa-intervals of the r-distribution by entering values of {(z—mean z)/o, in any
table of the normal probability integral. In particular, he took the first and secoml approxi-
mations for the valhics of nican zand a2, These two methods have since been used to compare
values of 7 obtained in samples from non-normal populations with normal theory valucs.
Student’s work (1008) in this direction is prior to that of Fisher, but the population he used for
experimental sampling was only approximately normal. E.8. Pearson (1022 & 1932) has contri-
buted severol articles in which it is obscrved that for parent populations with different values
of p, there is close agreement between observation and ‘normal theory’.  The sante result was
obtained by Rider (1032) who used gular and triangular populati But as Hey (1028)
points out, “No attempt appears to have been miade to carry out experimental sampling
from a bivarinte population in which the distribution surface is not normal and in which the
correlution is high™, Since tho theorctical distribution of r has been established only in the
case wheeo the parent population ia normal, experimental sampling from all other types of
populations will bo welecomo as they hdp to determine whether teets of significance based
on ‘normal theory' asaumptions are relevant or not.
EXPERDIENTAL WORK
In this paper, bivariate type 111 populations with varying degrees of skewness and
correlation are conatructed from the squares of normal deviates.t Since each of the squared
valucs has & distribution given by the law, ym= y, 211 ¢, the sum of  of these will bo distri-
buted according to the law, y = yz'*-1¥ ¢-% Thus, if it be required to construoct a population
in two variables with p = 3/4, wo take groups of five from among the squares of normal
deviates, 8dd tho firat four and the last four and denote them z and 9. This devico provides
Part of a thos!a approved hy the University of Madras foe the M. Se. Degres.
1Thia tablo wes formed by A. N. Krishaan Naie {1041).
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an rany way of constructing populations with any d«p’m cf-hnmnn and any desired  valus
for p. Insnother psper (1041) 1 have obtained m premdons for chis type of
frequency distributions as sl for their moment generating functions. Tn a recent paper
dlealing with the same probleis Krishnan Nair (1041) bas constructed two .populations with
marginal distributions y = ye* and yoy, re. Ineach case p=0. It ju obecrved that
in both conen normaf theory values provide good fit to rampling dixtributions of r, and alw
much better fit than cither of the npproximations. The problem attempted here fa a contina.
tion of thin work by rampling from populations in which the variates are hlghly correlated.

The fullowing threo bivari Lutions were I g to the method
outlioed aboves The betas and il(rl‘nnnﬂ in the following table arv those of the margina)
dixtributiona.

Mantinal
Distrbution B B Shewnoms Correlation
Populatios 1 y=y. 1 "0 020 1-0000 |1
Topulation 11 | ye=y, £ox 20 60 0-7070 ERY
Population 1I | y=y, 2™ ex 09 43 LRI "

Two hundred samples of five were taken from each of the three populations and the
correlution cocflicient was caleulated for each ramplo. Thus we get three experimenta] dis-
tributions of 7, the total frequency in each dintribution bring 200, To find how far thee
distcibutions show agreement with ‘normal theory’, we obtain the frequencics for the lattee
from the tables provided in ‘A co-operutive study’ (13).  Frequencive were also obtained by
employing the fullowing appcoximations for the mcans and variances of tranafornved 7, and
awing Sheppard’s tables of the normal probability integral.

Approximation I.

Mean z=§ 4 ﬁ-, ot = =3

Approrimation 11.

1 '
Meanz=¢+4 ~ (,.- y i+ u(:'_’” +...1)
_ 4—p? | 176-3] pr—21p¢
- r '+ a1y *- Ba—1) +eed
=) HWin—1p

Table | gives the thearetical and observed distributions of r. Table £ gives the
observed and expeeted values of the first two moments and betas.

It in scen that I these tables, the x*-values indicate very poor agreewcnt brtwren
ovaervation anid normal theory.  But examining the tables mora closely, wo find that this bs
mainly due to & few unusuatly high valucs among the obscrved frequencics. This might very
well be due to crrors of sampling or en inadequate total frequency. In all other class-intervals,
tho agreement between obscrvation and theory s remarkably good. Furtlier, as we sre

sampling from populations with high positive correluti we arc only | with the
dintribution of the obacrved frequencics fn tha Immedi ighbourhood of the theoretical
vuluv. Considering tho tatal frequencice at either end of the nngq, wo have tho yrouped

valucs shown in Table3. Theso results aro in faitly close agreenient botween observation

and theory, but it should be noted that as tho correlation incrcasca, the agrecmient becomes
L+s8 satinfectory.
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DixtistTION OF r vok rorvratioxs I, 11 axp 111

Tawex 1.
T tion 1 1#=0-3) ‘ Population 1l (#=0-78) F
conteal ob. l cxpecied obe sxpocted ob- (
v worved mrved @rve
of e | "l  approximetion .;.a.u' approsismation | P
aquon- T | quen. | twory |= T Usooey |~
thos 1 | [N B I TE e 1|
) (&) (8] (] (O] an| os| 1y
1 ° ] 0 00| 00| o--
—_ 1- - 0-2 60 00 o
[l - 04 o3| o1| o2
3 2 1 o5 o1 o1 03
3 3 — 01 01 02| 03
1 e - 98 o3| o2 o
[ 4 1 1-0 03| 04 o
5 [ - 13 03| o0& 1-0
7 e 2 11 03| 0 1-3
7 1 4 23 - 0 09| 18
1 - s 30 1 ° 13| )0
0.5 3 9 ] 34 - 1 17 29
vas| 1l 10 [ 51 - 17| 24| 34
033 11 12 13 8.7 3 24| 33 3
o3 1 134 1 ’4 8| 31| ¢8| 89
oas| 16 18- 12 ] 138 3 es| 11| 1740
oas| 17 8 10- 19 ] 19:8 THRICIRIE TN
0-18 18 E n. 26 3.2 27 20-3) 194 128
o-ss| 26 4| 2e 2 | oas4 37 | as| wa; N2
o 39 8| - e | 521 121 | 1os-2 | 106-2 lus-9
Toal | 200 -3 | 200- 200 | 1980 00 | 16| 1995 ] 2000
X wor | [17n TEAIER)
" 15 18 n 1 ] s []
r c-ona' 0-0 ' 0-01:1 o-oml 0-00% 0-001
TaBLE 2. FREQCENCY CONSTANTS WITH CORRESPOXDING ‘NORMAL THEORY' VALUEY
frequoncy Population 1 ! Population 11 Popalation INT
constants
obeervod expocted olmerved expocted obwerved expeeted
Mean 0-4330 04317 ‘ 0-6770 0-7002 0-8380 08580
. 0-4528 04239 0-3331 0-3023 01547 01917
I 0-0323 1-0313 ( 30027 {1520 183345 12:1824
I 2.1874 34101 6-8118 79382 38453 204218
Blownoss | 23048 1:7001 | 13101 | 1-0502 18713 20338
1
Taste 3. GROULED DISTRIBUTION OF # AT EITHER END OF RANUE
approxusativa
Total frequoncy f obrervod [ normal theacy e
1 ' n
Population I Dolow zom 34 LR 3-8 348
Above 0-7 ) no ns Y
" I Bolow rero 1o 90 170 ! 200
Above 0-8 07 ‘ 0718 -y . 874
" I Bolow wro 1 19 3t : ey
Above 08 IE] , 132-0 1456 | 1ot
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Intable 1, large deviations from expected values aro found only in the chass.
intervals 00 10 01,01 to 0-2and 0D to 1 -0 for I'opulation I,  For values of 7 between
02 and 07, the deviations from theory are very small. In the same table, for Populations 1
al [ serious discrepancics are found to occur only towards the nositive end of the ranee.

An important result revealed by thia stucdy ks that ‘normal theory” gives a fairly good
fit in the | H ighbourhood of the population correlation only when this corrclation

Is not very high.  For I’opul-hon 1({p=0:5,) for a deviation from the theoretical as grest
a0 023, we aro justificd in uning normal theory for tents of significance.

For Population 1I (p = 0-75), a sufficicntly close agreemient between obecrvation
and ‘normal theory' is noticeable only for values of r below 073, and above 010, For any
obwerved correlation falling outside this range, ‘normal theory' tables cannot be used, as the
total frequency in thewe tables is not largo enough for a discumsion of the frequencies at the
# ad 1 per cont levels.  For Population I (p = 0 -88), ‘nornial theory® values show agree.
ment only between 0:3 and 0°8. The observed agreement in not sufficient to justily the
use of ‘normal theory® assumntions.

The constants of tho sampling distributions indicate very good agreement for means
and sandard devintions, The valuca of the betes are alio fairly close, except for
Population 111.  According to normal theory, the skewness of tho r-distribution increases as p
increases.  But the obscrved skewness is maximum for the firet dbkribution and minimum
for tho accond.

DISTRIBUTION OF 2.

The theoretical disiribation of = has baea showa to by approximately normal in tbe
ease where the parent population l« normal.  But if this property is found o persist when the
parent universo is & skew one, then we can safely apply tests of significance to valucs of
tranyformed r, Tablo 4 gives distributions of z where the z-valucs were obtained by entering
Fisher's table (4) with the correnponding value of r.

TasLE 4. DisTrisuTioN OF 2

Central | Poputn-| Populn-| Fopuation 111  Central | Populs: | Popula-|_Popuiation 111
valun | tion 1 [Hom | op. . expee | vAhwa | Gon | tion 1| gh 1 erpee
of z weroed 1 700 of 1 served | 1ed

Relow —1-40 | — V| 1 ! = |Bdew te0 ! 20 | 12 | = N
| T2 =] = 1 0 | N | @ 1
| = | = 2 w0 | — v | 1 | 16

: | 2| 2| 2 230 | — i 0 | 12

H [ S Y ig | — s » | 14

4 (| = | o= a0 | = » s s

» 2 | 2| oa so0 | — : 5| 23

12 s | = | 19 0 | — ‘ s | 14

3 H 1| 20 3w | = 1 3 | o

20 [k} 3 30 350 —_ —_— b} [T

0 | W o | an s | = [ = | =] e

| e 7 | 10 00 | = | 2 1| -

p 1) 20 133 410 -_— - s -

0 | W 1 | 10 IC I s | =

12 w | v | s e | = | = 1| =

12| 250 Towt | 20 | %0 | w0 | w0t

'=30+40, =13, P=0-001

Tt is acen’ that the betas of the finst two distributions agreo well with theory, For
thy thind distribution wo obsorve deviations for the variance amd betas. The expected
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“TABLE D. TARAMETERY OF THE DISTXIBUTIUN UF 2.

|_____ Populstica t Population II _ ___ Populstien (It

l'-r-—ur
ctwreed | expootod cberrved | expocied obmerved I cxpeetet

Nean 08190 | 0813 g0 | rens 1o 1me | psa

L 03920 I 0-4213 08923 | 0-4100 0-1393 I 04008

s . o000 | odom 0-1832 00000 | 041ty o-om2

ol euswe 0-5040 e | g s | asm

I 0-133 { 00003 00833 | 0-000u l oo | oooom

B ) 2479 3703 - 3-dwel 38177 $Blgz - 3wy

theon!  0a2ss | 000w | ausi | oome | omm | ooms

valives in this cas are thoeo of the 1 tisteibutions ing the purent u

to be pormal. They were obtained l'mm lmrmul probability tabks by cntering values of
{=— mvan t)je, where the means and the standand deviations are thoe theoretical walucs.
We obscrvo that agreement is good everywhere except for values of = above 2-60.
The total observed frequencies on either side of the theoretical mean ase fairly equally
balunced for the three distributions as is shown below

Froquency  Population]  Populativn If  Population It
Below mean [ ] f8 L]
Above mean 103 102 103

In the Inst case wo also find that agreement in good in the immnediute neighbourhood
of the theorutical z-values. For correlations obtained from highly corrclated skew ||ulmln
tiona, the z-transforination might provide a better test of signifi than the
‘normal theory' tables when the obacrved z.value does not de\ fate greatly from the lbfoﬂ'll-
eal.

DISTRIBUTION OF VARIAXCR
The exact distribution of variance in samples from non-normal populations is not
known, But as Lo Roux (1931) has obeerved, it may be supposcd to conform to either
type 111, typo V or typo VI of Pearson’s curves. Tchouproff (1016) first gave the formulse
for moments of the variance distribution and later Church (1023) derived them again
following ‘Student’s’ shorter and more direct method.  For samples of alze 5; tho values of
the firat two moments and betas are as given below,

O P (:—)'w.—n

3
(Bur28,-208, + Bo 1008 4 108 4 20
B‘ = Wu—h'

Whero 3, M,, B,, B, are tho momonts and betas of tho variance-distribution,
and pyy By By o1 By aro p of tho parent population. The obertved distributions
of @, and e, from cach of tho three populations as well as the obscrved and expocted vatucs
of of tho var distribution are given in the following tablcs 8 andt 7.
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TasLE 6. FREQUENCY DISTHIRUTION OF VARLANORS OF £ AXD §.

Population I Crntral Pop-lhlnm I Central Populstion 101

T ] T ep | Nuehwes “ay__| Velaw [Ten

3 o u w20 Lol

3 18 0 7 T 18 n

Ee) 15 18 n 40 k| H)

4 38 28 n L] k-] !

26 48 2 T 190 16 2

] 38 16 3 114 17 1

. 13 [T 1" " 1o 1’ 1

n I 78 10 N .4 11 i

» . ) . 1t e I 1

H 1 38 1" L) 200 1 1

8 . 103 ‘4 4 0 [ [

4 3 s 4 1 10 3 3

s 1 128 2 4 260 1 1

3 2 138 4 2 o 1 s

1 5 3 148 4 3 2049 3] e

7~ 1 1 158 —- 3 29 1 1

1. E R B— 165 1 - %6 3 H

A s 3 17-8 2 ) 60 - -

- I 1 18- - 4 380 1 .

s 1 4 19.5 - - wo - H

10~ - . - -8 1 H 420 1 —_

to- 1 3 203 t - “a - 1

n- - - 2.8 1 - no 1 1

11+ 2 - n.s — —  hbovedro 4 3
12 1 1 248 1 —
134 [ 5.8 - |

above 13 1 & |bove 20 4 a =
Toial 00 0| Total 0™ | TR0 | Total ) e

From tablo 7 we note that the obscrved B, and By for Population I is considersbly
less than what might bo expected. Thin might possibly be due to the exceasive skewnen
in Population 1. Another point of difference is that the observed stamland deviations in the
third casc are both leas than half the expeeted value.  All the other values agree fairly well.

TABLE 7. CONSTANTS IN TIE DISTRIBOTIOX OF TIHE VARIANCE.

| Population 1 Population 11 | Population 111
Constanta | oberel e i
‘ ] \ expoeted T x|y | expeetel” "4 y expecicd
O 1T @ [® | o] o @ | o | & o]
Aean 2050 | 24000 | 3-2000| 7:1300 ¢ 6-3330 | 8-4000 | 11-1430 | 20-8400 | 14 -vewe
VN, 2.7 4-157a 4-1721 00844 6:1400 87124 | 6-1130 | 55133 | 134
B, 23240 1-3038 | )8-3406 19044 20818 | 10-8i39 | €:7241 34708 | 60014
n, 5-0830 | 4.a4n8 | 3308 |13 -A2r | 22303 |-20.0604 | 12-433 | 7.#389 11018

DISTRIBUTION OF MEAN
The theoretical distribution of tho mean when samples of sizo » are drawn from ¢

type 111 population of the form y= "r'(;; wag proved by Irwin to bo (1027) y= “r:' ‘)"-"'

Sinco tho marginal distributions of tho parent popnht(on- uscdd n this paper are y =y, ¢,
Y=y, xe and y = y, P e?, tho corresy Jistributions will be given by

y o= {(30)" &3 d(su))/m) )

y o= ((5u) e d(5u)}/r{10) ]

y = ((Gu)™"* e d(5u))/T(22:5) ]

In caleulating tho d from theso cquationa it has to bo renkanbered

that the unit used in tbo |um:nt distribution is really X*/2 und w0 for compurison with obwerved
values, the moment p, obtatned from this should bo multiplicd by 2 for all values of r.
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‘Tables 8 and 9 give tho obacrved distributions of % and § from the three populations as well

as the observed and expreted values of the constants.
Tabik B, FREUURNCY DIXTRIRUTION OF THEK MEAXN.

Topulatron 1 Topulaiuar 11 Vopaiation J11
centrel = fl central |
e |2 | 9 ¥y e | g
08 4 8 2 2 [ I 1 2
n 1”2 7 « s 53 1 3
aa 7 1t [TOERET) 85 ' 13 21
141 nu 14 15 14 1 38 0
13 12 I 13 M, W 23 ' a2 »
18 » ELd n 1 k) -3 > a2
17 o) s 28 u 103 20 Bl
1 n 1o ol s s ] h
2 [T a o 125 [ 8
23 . s | 13 1 "
18 . n 2 1 148 3 1
1.9 ] ? s ‘ 138 - [
29 a 7] [ 3 16-3 - -
3.1 7 [ . 18 1 -
33 L] ] \ - ]
48 + ;3 | - -
31 102 . :
38 E - ) | y
a1 - = | i
43 [ 1 | .
43 - 1 | ! .
above 43 [ I | i
Toaat | 200 200 Total | 300 200 Tol | 0 |

Agreement of the first two monients with theory bs everywhere perfectly good. Tho
higher momenta show deviations only in tho caso of the distributions of Z, but 1o explanati
for this behaviour is evident from an inspection of the frequencics.  Obwerved 8, and B, give
fairly good approximations to theoretical values in sl the threo canes.

TABLE ). CONSTANTN IN THE DISTRIRUTION OF THE MEAN.

Poptﬂ;nn 1 Population 11 B Topulation 11T
conatanta obmerved . Ceral ___obened ¢
oxpocted expocted T expected
x y x R ' (]
mo® ™ ;W ) m [ mom | @ e

- ;lun | 1:0500 1:7420 20000 | 3-5373 ) 34078 | 0000 9-1230| 9-1050 [ 9 -0000
Ay 0-h080 | 0-6352 08000 1-3839 | 1-4807 1-6000 | 3211 ( 3-8857 | 3-6000

IS 0-3308| 0-3277 0-6400 | 0-6708 | 10051 I 1:2800 | 3:2403 | 3-7697 | 28800
A 1-4¢01 | 22100 | 2:6850 , ¢:5038 | 8:24351 ' 92160 | @2:7080 | 43-7804 | 42-3360

8 0-4112 | 1-0062 ‘ 08000 ) 0-1804 | 0-3074 | 0-4000 f 0-4022 | 0-2422| 0-1018

J | 32710 8-1802 " 42000 24508 | 3-7304 | 3-6000 | 4-29%9 | 3.03231 3.2407

BUMNARY AXD CONCLUSIONS
In this paper on attempt is made to study by meana of experimental sampling the
distribution of r when the jarcut populstion is of the type 111 form and whero the variates
aro highly corrcluted.  For thia purposc, 200 samplen of five were taken from each of threo
different populationa whose distribution lawe sro known, anl having corrclations 0-3, 8133
and 0 89. The distributions of transformed 7 as well an those of variance anid niean have alo
Leen recorderd ta sce how fur their fint fow moments and belas agreo with theonvtical resulta.
It has to be noted that skewnews b for Population 1 aml mini foe
Population I1I. To study the ignificant changes in the raliatribution due to changen in

185



Yor. 7] SANKHYA : THE INDIAN JOURNAL OF STATISTICS {Paxr 2

population skewness or population correlation, we shoukl have tuken cliber all populations
with the aamie correlation and varying skewness or vice vera.  Further it might bo of interest
to draw samples from populutions with different marginal distributi Such detailed ana-
tymes are, however, beyomd tho scope of this paper. 1t might be mentioned howover that
in & previous investigation of this nature (1041), the change in population skewness b
found to havo no apparent effeet on the symmetry of the rdistributivn when the popula-
tion correlation ix kept constant at zero. But it is obeerved here that just aa in the normal
canc, tho r-distruibution becomes more and nioro ssymmetrical as p increascs fromOto 1.

Soniv of the main results emerging from thin study can bo stated sn follows :—

(1) Closo agreement with ‘nornial theory® frequencica is found only in the ranges
0210 07, 01 to 0:8 and 0-3 to 08 reapectively for the three distributions of r.
At cither end of the mngo, the total frequencics agrve well with theory. For Population 111,
the frequencies at the lower end of the range do not xhow agreement efther with 'normal theory®
or the approximations.

(2) The firt two sampling distributions of 2 show good agreement with ‘normal
theory’ as ix evident from the values of tho frequency constants. Tn the third case, the only
ilivergenco from theory is for frequencies above 2:60. The observed distribution is slightly
more leptokurtic than woulll be expected from ‘normal theory'. In all three canes, the
tota) frequencics on either side of the theorttical meany are fuirly equally balanced.

(3), Among the vari dintributi good agreement with theury is noticed only
for ling distributiona from Population I1.

(4) All the mean-distributions uhow goo) agreement with theoretieal values.
or pung trom 1 IL.

{4) Al the mean-distributions show good agrcement with theorctical valuca.
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