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ON ASYMPTOTICALLY MINIMAX TEST OF MANOVA
By 8. R. CHAKRAVORTT and N. GIRI*
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SUMMARY. A test based on Pillai's (1955) trace nnwnon for the general linear hypotho-
sis in MANOVA model has been shown to be asymp i ina icted class of
alternatives. Local minimaxity of the same test has been established by Schwartz (1967a) under
the general alternative.

1. TNTRODUCTION

For the general linear hypothesis in multivariate analysis of variance
(MANOVA) model, Schwartz (1967a,b) has established that the test based
on Pillai’s (1955) trace criterion is admissible and locally minimax.

In this article an attempt is mado to study the asymptotic minimax
property, in the sense of Giri and Kiefer (1964), hereafter called G-K (1964),
of the test based on Pillai's trace criterion. It has been shown that this test
is asymptotically minimax in a restricted class of alternatives. Asymptotic
minimaxity for the general class of alternatives is still an open problem.

2. MANOVA PROBLEM AND INVARIANCE

In the canonical form of the MANOVA problem W = (Y, U, 2) is
pX(r+n+m) matrix and it will always be assumed that r+m > p (so that
YY'4+-ZZ' will be non-singular with probability one). The columns of W
are independently normally distributed p-vectors with common unknown
non-singular covariance matrix ¥. Let EY = ¥(pxr), BU = y(pxn) and
EZ = 0(pxm). Tho problem is to test H,[& = 0] against the alternative
H[E # 0).

Then this problem remains invariant under GL(p) x 0(r) acting on IV by
(4, H)W = (AYH, AU, AZ) and also under RP® acting by translation on U,
wheve GL(p) is full tinear group, O(r) is orthogonar group. A maximal in-
variant under RP7 is (Y, Z), the matrix U having been eliminated by invariance
under RP. A convenient wice of maximal invariant in tho sample space
of suflicient statistic and in the parameter spaco are, rospectively, the set of
ordered latent roots , > ... 21 >0 of Y(YY'+22')-'Y and the sot of
ordored latent roots 8, > ... > & > 0 of E'E-1,
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The first step in verifying the asymptotic minimaxity in the sense of
G-K (1964). is to reduce the original problem using the Hunt-Stein theorem.
The lower triangular group Gr(p) satisfies the Hunt-Stein theorem.

Thus we shall require the ratio of the probability of the maximal invariant
both under GL(p) x0(r) and Gr(p). Let ue denote- the (left) Haar measure
on @. @ acts transitively on H, so that under H, the maximal invariant
has a single probability distribution. There cxists & unique A ¢ G}(p) such
that AZA’ = Ip and if £* = 4& the probubility density of the maximal
invariant under (£, X) is the same as under (£°, Ip), where G3(p) is a group
of lower triangular matrices with all the diagonal elements positive.

Following the development of Schwartz (1967a, equation (3) and (4)),
the ratio of the probability of maximal invariant under G (which may be

GL(p) X 0(r) or Gr(p)) is given by

mEr

I=Dtexpl—p % [ loo'| TF oxpl(h tr gg'+tr EVgg0 Y dpclg)
@1

where
m4r

D= '{ l9g'| o oxpl(} tr gg'lpclg), g€ 6. goe GHp):

such that
gl YY'+22')g5 = I,

which implies that
br g, Y ¥'gy = br Y'(YY'+2Z)7Y,

tho trace criterion, which is due to Pillai (1955).

3. MaIN RESULTS

To establish the ssymptotic minimax property of a test based on
tr Y(YY'+22)-'Y we are only to vorify the conditions (4.1) and (4.2) of

G-K (1964, p. 33).
To verify (4.1) of G-K (1964), for a test R : tr Y(YY'+2ZZ')'Y 3 Co
at lovel @, we at'e to evaluate I in(2.1) over GL(p) X 0(r) for large A = 'Zrl &

and hence we have the following
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Theorom 3.1 :  For testing Hy[% = 0] against H [g. 3| 8= 640 (% ji=
3 [ ], the power function of the test R:T =t Y(YY4+ZE)Y > C,,
at level p, for large, A, is given by
PIT > C|H] = l—axpi;- [—1+07¢] [14-01)] . (3)
where

A =ra+0(/‘i), C<r

Remark 1: Here we have considered a restricted class of alternatives,
where we assume that when A is large all the roots are large so as to satisfy

the relation & = 64-0 L for i =1,...,7. It may be remarked that the
2 y

asymptotic minimax property of the test R is obtainable only in this class of
alternatives.

Remark 2: It may be noted that when r = p, for testing Ho[& = 0]
against Hy[, 2| (8, ... 0p) = /\(31, 3,)¢ A > 0], where 3¢5 are known,

the test, Edls > C,, which is admissible (vide Schwartz (1967b, p. 707)) can
be shown to satisfy (4.1) of G-K (1964). This follows directly from equ. (8.4)
of Muirhead (1978) for large A. It is cleat that H, is also restrictive but more
general than H considered in theorem 3.1.

To prove the theorem we considor the following

Lemma 3.1: Let Fy(a,b,Q. L) be the generalised confiuent hyper-
geomelric function of matriz arguments, where Q is the malriz of paramelers
having rools &, > ... > & > 0 and L is lhe random malrix having rool
L>...> >0, Then under the assumptlion that 8 = ... = 6 = & when &
18 sufficiently large, the asymplotic form of \Fy is given by

rla—b—r+1) a—b_
STMg T My PO ggnto@l), e (32)
t i<j

where Cy = (h—1y).

Outline of the Proof : When all the roots are large tho asymptotic form
of 4F,(a,b,Q, L) can be easily obtained from Muirhead (1978, equ. (8.4))
which was derived by Constantne and Muirhead (1976, Soc. 3). Refering
to the derivation of (2.5) of Anderson (1965, p. 1160) and introducing the
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assumption that 8, = ... = & = &, whero 9 is large, the result (3.2) follows
immediately from the line of derivation of Constantine and Muirhead follows
(1976, Sec. 3).

Proof of the theorem : Exact oxpression for I in (2.1) over GL(p)x0(r)
is the well-known form

- Il siorice
L —oxpl -3t 2 EWF, "szr' Do EEL) o (3Y)
whete
L= Y(YY'+ZE)"Y.
Lot

A=t~ T 5
i=1

Then assuming that when A is large all the roots are large so as to satisfy the
relation & = 640 (%), the asymptotic form of (3.3), by using (3.2) of lemma
3.1,is

AaAgk
I, = const. e_z e r‘ [1+0(l)][1+0 ( L )]

;‘—[—1+z ’7‘] [1+0()
= e .. (34)

where constant term is free from A.

Thus asymptotically, for large A and under the alternative hypothesis
stated in the theorem, we have from (3.4), the power function of the test,
>0, viz,

A

2

[—n+°;} {+o(y
PIT > Gy | H) = 1—e :

Hence the theorem.

Since Ce < 1, it follows that from (3.1), the condition (4.1) of G-K (1964)

T

is satisfied.
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To verify the condition (4.2) of G-K (1964), we consider I in (2.1) for
G = Gp(p). Then following the derivation of Schwartz (1967, cqu. (19),
p. 346), we have

A
Pl o

I eyt p mAr—j+1 1A
> el = )2
' = (M ) am)

I,=c¢

where
= e, o r): ik = Eiel VA
= (Vg1 s Upr)-

Then for large A (remembering that for large =, Fi(a,b, ) = e#'+0M),

we have

% ok 2 i
5%y ‘fj vy +5 li (nyosP[1+0(1)]

12 =e 2
2L B (eyrn+ow)
e 2 Zizim
_%4.;_ ¥ e T vivy[24+0(1)].
e i=1 i< (3.5)

To consider the asymptotic minimax property of a test based on tro's,
where v = g, ¥ (in 2.1), wo observe that R?® and Gr(p) invariant test is a
function of v, where gy(YY'+ZE')g, =1 and that its distribution under
-~ AE, where ASA = Ip and gy, A e GF(p). Even

(2, Z) depends only on Z*
riant it will malke

though £* and v are not Gp(p) invariant but only G7(p) inv
the development simpler to construct a priori measures on {5} for fixed A.
Any such measure induces a corresponding measure on the space of a Gr(p)

maximal invariant.

Now I, in (3.5) represents the ratio of the probability density of the
maximal invariant w.r.t. Gp(p), viz., feu1/for, Which can be written as

famitlfomr in terms of the parametors in (3.5).

To.verify (4.2) of G-K (1964), we observe that lotting &, give measure
1 to the point 9 = 0 and &y, give measure 1 to tho countour

my = .= 7’;»-\717—1 =0, ’I;’hl =1),
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we have from (3.5)

a
Myuibidy _ FESHIREAN -
I fom1Zoady) T
where
£
T =tr Y(YY+ZE)-'Y, A= I &.
i=1
Thus (3.6) satistics (4.2) of G-K (1964) and hence we have the following.
Theorem 3.2 : For lesling HylZ = 0] against H[E, X |8 = 640 (%) "
i=1,...,rfor large A, the test with critical region Ir Y'(YY'+ZZ')Y 2> C,,
is asymplotically minimax in the sense of Giri and Kiefer (1964).

Remark 3 : 1t may be noted that although the test : %84 > C,, proposed
in remark 2 fov the H, against H,, satisfies (4.1) of G-K (1964), it can be shown
that this test does not satisfy (4.2) of G-K (1964) under suitable choice of
prior on {7}. Hence this test is not asymptotically minimax in the sense
of G—K (1964).
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