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“MATHEMATICS IS ALWAYS A CONTINUUM, LINKED TO ITS HIS-
TORY, THE PAST - NOTHING COMES OUT OF ZERO........ A THEOREM
IS NEVER ARRIVED AT IN THE WAY THAT LOGICAL THOUGHT WOULD
LEAD YOU TO BELIEVE OR THAT POSTERITY THINKS. IT IS USUALLY
MUCH MORE ACCIDENTAL, SOME CHANCE DISCOVERY IN ANSWER TO
SOME KIND OF QUESTION. EVENTUALLY YOU CAN RATIONALIZE IT
AND SAY THAT THIS IS HOW IT FITS. DISCOVERIES NEVER HAP-
PEN AS NEATLY AS THAT. YOU CAN REWRITE HISTORY AND MAKE
IT LOOK MUCH MORE LOGICAL, BUT ACTUALLY IT HAPPENS QUITE
DIFFERENTLY.....”

SIR MICHAEL ATIYAH

Source : Interview with Michael Atiyah and Isadore Singer
http://www.abelprisen.no/en/prisvinnere /2004 /interview_2004 _1.html
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Notation

In this thesis we denote a field by k. We consider fields of characteristic not 2
unless stated otherwise. The notation k and k, denotes an algebraic closure and
separable closure of k respectively. The symbols Q, R, C will denote fields of rational,
real, complex numbers respectively. The symbol Z will denote the set of integers. We
denote by cd(k) the cohomological dimension of k.

We use G to denote an algebraic group and G(k) to denote the group of k-
rational points of G. Sometimes we abuse notation and denote the group of k points
of G by G. An algebraic group always means a linear algebraic group unless stated
otherwise. The connected component of G is denoted by G°. The Lie algebra of
G is denoted by g. An element g € G(k) is k-real if there exists ¢ € G(k) such
that tgt=! = g~!. Let H be a subgroup of G. We denote the centralizer of H in
G by Zo(H) = {g € G| gh = hg Vh € H} and the normalizer of H in G by
Ng(H) ={9 € G| gHg ' = H}. The center of G is denoted by Z(G). The general
linear group is denoted by GL, (k) and special linear group by SL, (k). Orthogonal
groups are denoted as O(V,b),0,(b) or O(q) where b or q indicates the form. Note
that we use Spg,(b) or Spy, (k) to denote the symplectic group and U(V, h) to denote
the unitary group with hermitian form .

The matrix algebra over field k is denoted by M, (k). We use the symbol € to
denote octonion (Cayley) algebras in chapters where we deal with groups of type Go.

The symbols ®, @ are used to denote tensor and direct sum respectively. The end
of a proof is denoted with symbol [J. Bold face word means the word appears for
the first time and we give definition for that or a possible reference for the definition.

The notation det(A), Hom(M, N), Aut(V'), Gal(K/k) denotes the determinant of a
matrix A, the set of all homomorphisms from M to N, the set of all automorphisms of
V' and the Galois group of field K over k respectively. The symbol diag(A, B, ..., D)
denotes the diagonal matrix where A, B and D themselves are matrices (possibly
1 x 1) sitting on the diagonal. Transpose of a matrix A is written as 4 and transpose

inverse is written as 471,

xi






CHAPTER 0

Prologue

Group theory is ubiquitous in nature and it arises via symmetry aspects of ob-
jects. The most common groups are the set of linear transformations which preserve
symmetry of some object. The way platonic solids are related to finite subgroups of 3-
dimensional orthogonal group has mesmerized us for a long time. It is a striking fact,
but not surprising, that algebraic groups have their origin in differential equations.
It was imagination of S. Lie and later some papers written by Kolchin, to develop
Galois theory for differential equations which gave birth to algebraic groups. To start
with, linear algebraic groups are defined over algebraically closed fields. In many ways
they have properties similar to Lie groups. It is a credit to the great mathematicians
Chevalley, Kolchin, Borel and others, who extensively studied the theory of algebraic
groups. They also brought in the picture of algebraic groups defined over an arbitrary
base field k. In studying algebraic groups over algebraically closed fields one has a lot
of facilities and nice theorems. However studying groups over an arbitrary base field
is equally important from the point of view of group theory and its representations.
In this thesis we deal with the subject of algebraic groups and try to look into the
structure of some of the groups. We hope this thesis adds to the understanding of
algebraic groups.

We now describe the organization of this thesis. The question of determining
real elements in an algebraic group is of great importance from the point of view of
representation theory. A reader who is just interested in looking up the results proved
in this thesis, should go straightaway to Chapter 6 and then move on to Chapter 10 for
connections with representation theory. Since there is no general theory to describe
the main results in answer to our questions we study the question of reality for various
groups case by case. We have mainly dealt with classical groups case by case and
groups of type G5. Indeed we see that the results are coherent and follow a pattern
which guides us towards asking the question in broader sense, i.e., for all algebraic
groups (see Section 10.2). Some general results in Chapter 9 further strengthen our

claim.



2 0. PROLOGUE

Chapters 1 to 5 are preliminary in nature and are intended to introduce most of
the basic concepts used in this thesis. We do not aim to give a complete account
of these topics but try to give most of the definitions and results used later and
provide appropriate references for these results. In Chapter 1 we describe the classical
groups with which we deal in this thesis. There are excellent references ([A], [G] to
mention a few) available on this topic and the subject is usually referred in literature
as “Geometric Algebra”. The modern theory, from the point of view of algebraic
groups, is treated very well in [KMRT].

In Chapter 2 we give a brief account of the theory of algebraic groups. In this chap-
ter, we introduce some definitions and terminologies which we keep using throughout
this thesis. For a detailed study of the theory of algebraic groups, we refer the reader
to [S3], [Sp], [Hu], [Bo].

In this thesis we also deal with exceptional groups of type Go. In Chapter 3 we
describe how to obtain all groups of type G5 over k. The book [SV] is an excellent
reference for the subject. We develop the theory to suit our needs and describe results
from some of the papers, specifically from [J] and [W2], which we use while proving
our results.

Galois cohomology is introduced in Chapter 4. We describe how Galois cohomol-
ogy describes forms of certain algebraic groups. The book [Se] is a good source for
this topic.

In Chapter 5 we give a description of maximal tori in SU,,. Though a description
of maximal tori in classical groups is available in [Ka| and [R], for our work we need
details of this description for SU,. We also describe how decomposability of tori is
related to representations.

Chapter 6 collects together all main results. Here we describe all the results
obtained in this thesis and known results in that direction. Chapters 7, 8 and 9 are
devoted to the proofs of the results.

For number theoretic preliminaries (e.g. local and global field, ramification theory,
division algebra etc.), we refer the reader to the excellent text [CF].

The problem which we have dealt with is closely related to representation theory.
In Chapter 10 we describe this connection and try to put forward our question in
general theory of representations of algebraic groups. We also take this opportunity
to describe some of the questions that remain to be answered. We hope the results

in this thesis will contribute to the understanding of the subject.



CHAPTER 1

Classical Groups

In this chapter we give a brief introduction to classical groups. For the classical
theory of forms and their isometry groups, we refer the reader to the books by E.
Artin ([A]) and L. C. Grove ([G]) on the subject. For a modern account of the
subject, we refer to the book [KMRT]. Let k be a field. Let V' be a vector space of
dimension n over k. We denote the set of all linear automorphisms of V' by GL(V).
The set GL(V') is a group under the multiplication defined by composition of maps.
Let B = {ei,...,e,} be a basis of V. Then we can identify GL(V') with GL,, (k) =
{A € M, (k) | det(A) # 0}, the set of all n xn invertible matrices. This group is called
the general linear group. The linear automorphisms, which have determinant 1,
constitute a subgroup of GL(V'), denoted by SL(V'). The corresponding matrix group
is denoted by SL, (k) = {A € M, (k) | det(A) = 1}. This group is called the special
linear group .

1.1. Bilinear Forms and Hermitian Forms

Let V' be a vector space of dimension n over a field k. A map b: V xV — k is

called a bilinear form if
b(ax +by,z) = ab(z,2)+bb(y,2)
b(x,ay +bz) = ab(z,y)+bb(z,2)
for all x,y,2 € V and a,b € k.

Definition 1.1.1. A bilinear form b is called symmetric if b(z,y) = b(y,x)
for all z,y € V. A bilinear form b is called skew-symmetric or symplectic if
b(x,z) =0forall z € V.

Let b be a bilinear form on V. Let {e1,...,e,} be a basis of V over k. Then there
exists a matrix B such that b(z,y) = 2 By. The matrix B has b(e;, ¢;) as its i entry.
Note that a bilinear form b is symmetric (respectively skew-symmetric) if and only if
the corresponding matrix B is symmetric, i.e., B = ‘B (respectively skew-symmetric,
i.e., 'B = —B), with respect to any fixed basis of V.

3



4 1. CLASSICAL GROUPS

Let V be a vector space of dimension n over k. A map q: V — k is called a

quadratic form if

(i) q(ax) = a*q(z), for alla € k and z € V,
(ii) the map by: V x V — k defined by by(z,y) = q(x + y) — q(z) — q(y) is
bilinear.
We note that the bilinear form associated to q is symmetric. Given a symmetric
bilinear form b, we can define the associated quadratic form as q(x) = b(z,z). If
characteristic of k£ # 2, this gives a one-one correspondence between symmetric bilin-
ear forms and quadratic forms.
Let k be a quadratic field extension of a field ky. Let o be the nontrivial field
automorphism of k over ky. We write o(a) = a for a € k. Let V' be a vector space of

dimension n over field k. A map b: V x V — k is called a sesquilinear if
b(ax +by,z) = ab(x,z)+bb(y,=2)
b(z,ay +bz) = ab(z,y)+ bb(z, 2)

for all z,y,2 € V and a,b € k.

Definition 1.1.2. A sesquilinear form is called hermitian if b(x,y) = b(y, x) for
all x,y e V.

Let {e1,...,e,} be a basis of V over k. Then there exists a matrix B such that
b(z,y) = wBy. The matrix B has b(e;, ¢;) as its ij” entry. Note that the form b is
hermitian if and only if the corresponding matrix B is hermitian, i.e., ‘B = B.
Let V' be a vector space of dimension n over k. Let o be an automorphism of field
k such that 0? = 1 (identity or non-identity). We denote by kq the fixed subfield of k
under o when o is non-identity. We call (V,b) a symmetric or quadratic (sym-
plectic, hermitian) space if the form b is symmetric (skew-symmetric, hermitian)
on V. Let (V,b) be a space with a form b of one of the above types. Then the form
b is called nondegenerate if one of the following equivalent conditions is true:
(i) the subspace {x € V | b(x,y) =0, Vy e V} =0,
(i) the subspace {y € V' | b(z,y) =0, Vo € V} =0,
(iii) the corresponding matrix B to the form is nonsingular.
A quadratic form q on V is called nondegenerate if the corresponding bilinear form
b, is nondegenerate on V. A vector v € V' is called isotropic if b(v, v) = 0 otherwise
it is called anisotropic. Let W be a subspace of V. We define W+ = {y € V|
b(z,y) =0 Ve € W}. A subspace W of V is called isotropic if W N W+ # {0} and
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is called totally isotropic if W = W, A subspace W is nondegenerate if the form

b restricted to W is nondegenerate.

Lemma 1.1.3. Let (V,b) be a symmetric, symplectic or a hermitian space. Let
W be a subspace. Then,
(1) dim(V) = dim(W) + dim(W+*) and
(2) V =W @& W+ if and only if the form b restricted to W is nondegenerate.

This Lemma is useful in determining whether a subspace is nondegenerate. Let
Wy and W5 be two subspaces of V. We call V is orthogonal sum of W; and Ws
it V.= W; @& Wy and b(wy,ws) = 0 Yw, € Wy and we € Wy, We denote it by
V =W1DWs.

We will need the notion of tensor product of bilinear forms. Let (V7, b;) and
(Va, ba) be vector spaces over k with bilinear forms. We define b; ® by, a bilinear form
on Vi ® Va, by

b1 ® ba(v1 ® Vo, w1 ® wa) = by(v1, wy)ba(va, wo).

If by and by both are symmetric then the form b; ® by is symmetric. Hence we have
notion of tensor product of quadratic forms. Let (V1,q;) and (V5,q2) be quadratic
spaces over k. Then (V; ® V3, q; ® q2) is a quadratic space where q; ® qa2(v1 ® v9) =

q1(v1)g2(va).

1.2. Isometry Groups

Let (V,b) be a space with form b which is either symmetric, skew symmetric or
hermitian. An element 7' € GL(V) is called an isometry if b(Tz,Ty) = b(z,y)
for all z,y € V. If the form b is symmetric (respectively skew-symmetric or her-
mitian) the group of isometries is called orthogonal (respectively symplectic or
unitary) group of (V,b) denoted by O(V,b) (respectively Sp(V,b),U(V,b)). Let
b be a skew-symmetric form on V. An element 7" € GL(V) is called a skew-
symplectic isometry if b(Tz,Ty) = —b(x,y) for all x;y € V. The orthogonal
group is also denoted by O(V, q), where q is the corresponding quadratic form. The
group SO(V,b) = {T € O(V,b) | det(T) = 1} is called the special orthogonal
group and the group SU(V,b) = {T" € U(V,b) | det(T") = 1} is called the special
unitary group.

In the matrix notation, we fix a basis of V and denote the matrix of b by B.

The matrix groups corresponding to the orthogonal group, symplectic group and the
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unitary group are denoted as O,,(b) (or O,(q)), Sp2,(b) and U, (b) respectively. We

have,
0.(6) = {A€GL,(k) | ABA = B}
Uy(b) = {A€GLu(k)|4BA= B).

where A is the matrix having entries a;; where a;; is the ij" entry of A.
Let us first analyze the structure of orthogonal and unitary groups. Let V be
a vector space over k with a nondegenerate symmetric bilinear form or a hermitian

form B on it. Then we have,

Proposition 1.2.1. Let (V,b) be as above. Then there exists a basis {eq,...,e,}
of V' such that b(e;,e;) =0 for all i # j.

We call such a basis an orthogonal basis for V. Then the matrix of the form
is diag(A1, ..., A,) where \; = b(e;,e;) € k* if b is symmetric and \; € £ if b is
hermitian. Over an algebraically closed field, one can choose an orthonormal basis in
the first case and the orthogonal group is O, (b) = {A € GL,(k) | AA=T}.

A transformation 7 € O(V/, q) is called a reflection if there exist an element v € V
with q(v) # 0 such that 7(v) = —v and 7 fixes every vector orthogonal to v. We also

denote 7 by 7,. In fact, we have

Theorem 1.2.2 (Cartan, Dieudonne). Let V' be a vector space of dimension n
over a field k. Let q be a nondegenerate quadratic form on it. Then every element in

O(V,q) is a product of at most n reflections.

The group SO(V, q) is of index 2 in O(V,q). An element in O(V, q) is called a proper
isometry if it belongs to SO(V, q) otherwise it is improper.

Corollary 1.2.3. With hypothesis as above, if n is odd and 7 € O(V,q) is a

proper isometry then T has a non zero fixed point in V.

Study of involutions in the orthogonal group is of great importance. An involution in

this group corresponds to a nondegenerate subspace of V' (see [G], Proposition 6.11).

Proposition 1.2.4. With notation as above, let T € O(V,q) be an involution, i.e.,

72 = 1. Then there exists a nondegenerate subspace U of V' such that 7 = —1|p®1|y..
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Now we include a discussion about symplectic groups. Let V' be a vector space
with a nondegenerate skew-symmetric form b on it. Since the corresponding matrix
is skew-symmetric it follows that the dimension of V' is even. Let the dimension of V'

be n = 2m.

Proposition 1.2.5. With notation as above, there exists a basis {uy,v1, ..., U, Uy}
of V' such that b(u;,v;) = 1,b(u;,v;) = 0,b(u;,w;) = 0 and b(u;,u;) = 0 for all i,
with i # j.

Such a basis is called a symplectic basis for V. The corresponding matrix of the form
0 1

-10 )
For a symplectic basis, the matrix B does not depend on k hence we denote the

with respect to a symplectic basis is B = diag(N,..., N) where N =

symplectic group by Spa, (k). When n = 2, the group Sps(k) = SLa(k). The center
of Sp(V,b) is {I,—1} and every element of the symplectic group has determinant 1.

1.3. Algebras with Involutions and Classical Groups

We refer to the book [KMRT] for detailed treatment of topics covered in this
section. Let k be a field and A an associative k algebra with identity. An involution

on A is a map (not necessarily k-linear) o: A — A such that
olx+y)=o0(x)+oy), o(xy) =o(y)o(x) Yo,y € A

and 02 = 1. For an algebra A with involution o, the group Aut(A,o) of k-linear
automorphisms of A commuting with o, is an algebraic group defined over k.

We describe here how classical groups arise this way from matrix algebras. Let
V' be a finite dimensional vector space over k£ with a nondegenerate bilinear form
b. Then b: V — V* defined by b(z)(y) = b(z,y) is an isomorphism. This defines
a map op: Endy(V) — Endi(V) by oo(T) = b~1Tb where ‘T" € End(V*). The
map oy is an anti-automorphism of the k-algebra Endg (V). We call o, the adjoint
anti-automorphism of End, (V') with respect to b.

Theorem 1.3.1. The map b — oy gives a one-one correspondence between equiv-
alence classes of nondegenerate bilinear forms on V. modulo k* and k-linear anti-
automorphisms of the algebra Endy (V). Under this map a k-linear involution on
Endg (V') corresponds to a bilinear form on V which is either symmetric or skew-

symmetric.
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An adjoint anti-automorphism oy, which is k-linear, is called the adjoint involution.

The idea above could be generalized to central simple algebras with involutions to
get forms of classical groups over field k. A central simple algebra of degree n over
k is a k-algebra A such that A ® k = M, (k) as k-algebras. Note that for a central
simple algebra A we have dim;(A) = n? and the center Z(A) = k. An involution

o: A — A maps k to k. Hence o|;, = Id or an automorphism of order 2.

Definition 1.3.2. We call ¢ an involution of 1st kind if o|; = Id and of 2nd

kind if o is an automorphism of order 2.

An involution o of the first kind is said to be of symplectic type if for any
splitting field L and any isomorphism (A, = A ®; L,or) = (Endg(V),0s), the
bilinear form b is skew-symmetric; otherwise it is called of orthogonal type. We
note that ([KMRT], Corollary 2.8),

Proposition 1.3.3. Let A be a central simple k-algebra with an involution o of
the first kind. If degree of A is odd, then A is split and o is necessarily of orthogonal
type. If degree of A is even, then the index of A is power of 2 and A has involutions
of both type.

An involution of second kind is said to be of unitary type. Let (A, o) be a central
simple k-algebra with involution. A similitude of (A, o) is an element g € A such
that 0(g)g € k*. The scalar o(g)g is called the multiplier of g and is denoted by p(g).
The set of all similitudes of (A, o) is a subgroup of A*, the set of all invertible elements
of A, which we denote by Sim(A, o). The group Auty(A,0) = {0 € Auty(A) | 00 =
fo} is a group defined over k which is a form of one of the classical groups defined
in the previous section depending on the type of ¢ ® 1 on A ® k over k. Similitudes

with multiplier 1 are called isometries and form a group Iso(A4, o):
Iso(A,0) = {9 € A" | o(g)g = 1}.

Let (V,b) be a nondegenerate symmetric or skew-symmetric space. Consider the

central simple k-algebra A = Endg (V') with adjoint involution op. Then,
Sim(Endg(V),0p) = {T € Endp(V) | b(T'(v), T(w)) = ab(v,w) a € k*,Yv,w € V}.

The group Iso(Endy(V),0p) is O(V, b) if b is symmetric and is Sp(V, b) if b is skew-
symmetric. When b is skew-symmetric we denote the group Sim(End(V),0p) by
GSp(V,b) or GSp(2n, k).
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One can define adjoint involutions corresponding to hermitian forms as well. Let
E be a central simple algebra over a field k£ and let V' be a finitely generated left

module. Let 6: E — FE be an involution on F.

Definition 1.3.4. A hermitian form on V is a bi-additive map
h:VxV —-FE

such that
(i) blax, By) = ab(z,y)0(3) for all z,y € V and o, 8 € E,
(ii) b(y,z) = O(h(w,y)) for all z,y € V.

The hermitian form b on the left E-module V' is called nondegenerate if the only
element = € V such that h(z,y) =0 for all y € V is x = 0. For every nondegenerate
hermitian form b on V/, there exists a unique involution ¢y on Endg (V') such that
op(a) = 0(a) for all @ € k and

W, f(y)) = hoy(f)(x),y) for z,y € V.

The involution oy is called the adjoint involution with respect to h. In this case the
isometry group Iso(Endg(V),h) is denoted by U(V, b).

For more discussion on the forms of classical groups over a field k see Section 4.3.






CHAPTER 2

Linear Algebraic Groups

In this chapter we give a brief account of the theory of algebraic groups. For the
material covered here, we refer the books [S3], [Sp], [Hu| and [Bo], written by some

of the masters of the subject.

2.1. Definition and Examples

Let k be an algebraically closed field. An algebraic group G is a variety over k
with a group structure on it such that the maps m: Gx G — G defined by (z,y) — xy
and i: G — G defined by  — x~! are maps of varieties. If the underlying variety
of G is an affine variety over k then the group is called an affine algebraic group.
We give some examples below.

Examples :

(1) The multiplicative group G,, and the additive group G, of k are algebraic
groups.

(2) The general linear group GL, is an algebraic group. Following subgroups
of GL, are examples of algebraic group: a finite subgroup, D,, (diagonal matrices in
GL,), T, (upper triangular matrices in GL,,), U,, (unipotent upper triangular matrices
in GL,), SL, (special linear group i.e. matrices of determinant 1), O,, (orthogonal
group), SO, (special orthogonal group), Spa, (symplectic group).

(3) Elliptic curves are example of algebraic groups which are not affine.

Any affine algebraic group G is a closed subgroup of some GL,,. Hence often affine
algebraic groups are called linear algebraic groups. In this thesis we will only deal
with linear algebraic groups and hence we will drop the adjective affine (or linear)
occasionally.

Let k be a field and k be an algebraic closure of k. An algebraic group G is defined
over k (or G is a k-group) if the polynomials defining the underlying variety G are
defined over k, with the group maps m and i defined over k and the identity element
e € GG is a k-rational point. We denote the k-points of G by G(k).

11
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Let V be a finite dimensional vector space over k. A rational representation
of an algebraic group G in V' is a homomorphism of algebraic groups r: G — GL(V).
For a group G defined over k we say that a rational representation r is defined over
k if the map is defined over k. We denote by k[G] the coordinate algebra of the
algebraic group G. The right translation map of G defined by (g,7) — xg~! gives

rise to a representation p of G:

p: G — GL(K[G]) , (p(9)f)(x) = f(zg)

where f € k[G].

2.2. Jordan Decomposition

We now describe the Jordan decomposition of an element in an algebraic group.
First we recall Jordan decomposition from linear algebra. Let V be a finite dimen-
sional vector space over k. An endomorphism 7" of V is called semisimple if there
is a basis of V' consisting of eigenvectors of 7. We say that an endomorphism 7T is
nilpotent if 7° = 0 for some integer s > 1 and T is unipotent if 7' — 1 is nilpo-
tent. For any element ¢t € End(V') there are unique tg,t, € End(V) such that ¢ is
semisimple, ¢, is nilpotent, t.t,, = t,ts and t = t, + t,,. This is called the additive
Jordan decomposition. Let ¢ € GL(V). There are unique elements tg,t, € GL(V)
such that t, is semisimple and ¢, is unipotent and t = t.t, = t,ts (multiplicative
Jordan decomposition).

Jordan decomposition generalises to infinite dimensional vector space for locally
finite endomorphisms. Let V' be a vector space (not necessarily finite dimensional)
over k. An element ¢t € End(V) is locally finite if V' is a union of finite dimensional
t-stable subspaces. Let G be an algebraic group. We have for an element g € G ([Sp],
Theorem 2.4.8),

Theorem 2.2.1 (Jordan decomposition). Let g € G. There exist unique elements
Js, gu € G such that g = 959, = gugs and for any rational representation ¢: G —
GL(V) the element ¢(gs) = ¢(g)s is semisimple and ¢(g,) = ¢(g). is unipotent.

The element g, is called the semisimple part of g and g, is called the unipotent part
of g.

Let G be an algebraic group defined over k. Let g € G(k). Then g, and g, need
not belong to G(k). But if the field k is perfect, the elements g; and g, belong to

G(k) and we have the Jordan decomposition for g over k.
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2.3. Semisimple Algebraic Groups

In this section we briefly recall the structure theory of semisimple algebraic groups.
A linear algebraic group G is diagonalizable if it is isomorphic to a closed subgroup
of some group D,, of diagonal matrices. A group 7T is a torus if it is isomorphic to
some D,,. Equivalently a torus is a connected commutative algebraic group consisting
of semisimple elements alone. A torus T is a k-torus if T" is a group defined over k
and is a torus. A k-torus T is called k-split if T is k-isomorphic to some D,,. Tori
play an important role in the study of algebraic groups.

Let G be a connected linear algebraic group. A maximal torus of GG is a torus
in G that is not strictly contained in another torus contained in G. We record some
important results here regarding tori in an algebraic group. Any two maximal tori
of G are conjugate ([Sp], Theorem 6.4.1). The dimension of a maximal torus in G
is called the rank of G. Also every semisimple element of G lies in a maximal torus
([Sp], Theorem 6.4.5). Now let G be a connected linear algebraic group defined over
a field k. Then G contains maximal tori defined over k ([Sp|, Theorem 13.3.6) and
every semisimple element of G/(k) lies in a maximal k-torus ([Sp], Corollary 13.3.8).
However, conjugacy of all maximal tori in G(k) is no longer true.

Let G be a connected linear algebraic group. A maximal closed, connected, solv-
able normal subgroup of G is called the radical, denoted as R(G), of G. We call a
group G semisimple if R(G) = (e). A maximal closed, connected, unipotent normal
subgroup of G is called the unipotent radical, denoted as R,(G), of G. In fact,
the maximal, closed, unipotent normal subgroup of R(G) is R(G), = R,(G). The
group G is called reductive if the unipotent part of R(G) is trivial. For example
the group GL, is a reductive group with R(GL,) = D,,, the diagonal torus, whereas
SL, is a semisimple group. A torus is a reductive group which is not semisimple. Let
G be a reductive group defined over k. We say that G is split over k or k-split if
GG contains a maximal k-torus which is k split. The group G is quasi-split if there
exists a Borel subgroup of GG defined over k and anisotropic if none of its proper
parabolic subgroups is defined over k.

Let T' be a maximal torus in G. Then the group W = W (G, T) = Ng(T')/ Zc(T)
is finite and is called the Weyl group of G with respect to a fixed maximal torus
T. If the group G is reductive then Z4(T) = T ([Sp], Corollary 7.6.4) and in this
case the Weyl group W = N¢(T')/T. This group plays important role in the study of

structure of semisimple groups.
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The next proposition reduces the study of structure of reductive groups to that

of tori and semisimple groups ([Sp], Corollary 8.1.6).

Proposition 2.3.1. Let G be a connected reductive group. Let G' =[G, G] be the
commutator subgroup of G. Then, G = G'.Z° where Z° is the connected component
of the center of G.

In this decomposition G’ is a semisimple group and Z° is a torus. Moreover, this
decomposition is an almost direct product, i.e., the intersection of G’ and Z° is a
finite group (or equivalently the connected component of this intersection is triv-
ial). An example of this decomposition is GL,(k) = SL,(k).Z(GL,(k))° where
Z(GL,(k)) = Z(GL,(k))° = k*. The intersection of the components is scalar matri-
ces A\l of determinant 1, i.e., A = 1, which is a finite group.

Let G be a connected semisimple group. We can decompose such a group as an
almost direct product of simple groups. Recall that a group G is a simple (also called
quasi-simple) algebraic group if any proper normal subgroup of G is finite and lies
in the center of G. Some examples of simple groups are SL,,, SO,,, Span, G2 (all these
groups have been introduced in this thesis) et cetra. We have ([Sp|, Theorem 8.1.5),

Proposition 2.3.2. Let G be a connected semisimple group. Then G has a finite

set of closed normal subgroups G+, ...,Gy such that:
(i) each G; is simple,
(ii) [G, Gl =1 if i # ],
(iii) G = G1Gy - - - G,
(iv) GiNGy -+ Gi_1Giyq - - - Gy is finite for each i.

The G; are uniquely determined by these conditions. They are called simple com-
ponents of the semisimple group G. Simple groups can be classified via root system

which we recall briefly in next section.

2.4. Root Datum and Reductive Groups

Let G be a connected reductive group over k. Let g be the Lie algebra of G.
Then G acts via the Ad representation on the Lie algebra g, i.e., we have a rational
representation Ad: G — GL(g). We fix a maximal torus 7" in G and denote the
character group of 7' by X (7') = Hom(7, G,,). If the rank of the group G is r then
the group X is isomorphic to Z". The torus T acts on g via the Ad representation.

Since T' is a commuting set of semisimple elements, it acts diagonally on g ([Sp],
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Section 7.1). That is, we have

=P

aceX
where

9o ={z €g|Ad(t)(z) = a(t)x Vt € T}.

The subspaces g, are called weight spaces and any non-zero vector in it is called
weight vector. The zero weight space is exactly the Lie algebra t of T. We write
¢ ={a e X(T)| go # 0} and denote the lattice (subgroup) generated by ® in X (7')
by @. We list some properties here and refer to [Sp], Corollary 8.1.2 for the proofs.
We have,

(1) Each g, for a € ® is one-dimensional and « € ¢ if and only if —«a € ®.

(2) The group W, Weyl group, acts naturally on X (7") and leaves ® invariant.

(3) Let E =R ®z Q. Then (F,®) is an abstract root system (see [Sp], Section
7.4).

A semisimple group can be determined by its root system (E,®) and the funda-
mental group X/@Q. In view of Proposition 2.3.2 it is enough to classify simple
groups. Simple groups correspond to irreducible root systems which eventually can

be classified as one of the following types:

An(n > 1), Bn(n > 2), C’n(n > 3), Dn(n > 4),E6,E7, Eg, F4, GQ.

The groups SL, (k) forn > 1, SOs,11(q) for n > 2, Spa, (k) for n > 3 and SO,,(q) for
n > 4 over k, introduced in the Chapter 1, are the groups of type A, (n > 1), B,(n >
2),Ch(n > 3), D,(n > 4) respectively. To determine reductive groups one needs more
data which we describe below.

Let us consider the Borel subgroups (a maximal connected closed solvable sub-
group) of G containing a fixed maximal torus 7. They are all conjugate under the
action of N(T') and in fact, W acts simply transitively on this set ([Sp], Corollary
6.4.12). Let B be a Borel subgroup of G' containing 7. Then B = U x T where
U = R,(B). The group G has a unique Borel subgroup B~, called opposite Borel,
containing 7" such that BNB~ =T. We have B~ = U~ T where U~ = R,(B~) ([Sp],
Lemma 8.1.4). The subgroups U and U~ are connected unipotent groups normalized
by T (in fact, maximal unipotent subgroups of G) and U N U~ = 1. Let us denote
the cocharacter group Hom(G,,,T) of T' by Y(T'). Then Y (T') = Z" where r is the
rank of G. We get a pairing:

X XY —7Z
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defined using Aut(G,,) = Z. For each a € ® there exists a unique (up to scalars)
homomorphism u,: G, — G such that tu,(z)t™' = uy(a(t)x) for all z € G, and t €
T. The image of u,, is denoted as U,, called the root subgroup of GG corresponding
to « ([Sp], Proposition 8.1.1). The root subgroups are minimal proper subgroups

of U and U~. Moreover, the u, can be chosen such that there is a homomorphism
o SLy — G such that

1 =z 10

We define a¥: G,,, — T by o¥(z) = ¢, z x(il . Then ¥ € Y and is called the
coroot associated to o € ®. We denote the set of coroots by ®V.

We have associated a root datum (X(7),®,Y(7T),®") to a reductive group G
with respect to a fixed maximal torus 7" in G. One can prove that this data does
not depend on the choice of a maximal torus. Every reductive group is classified by
its root datum ([Sp], Theorem 10.1.1). One can give an abstract definition of root
datum and we have a reductive group corresponding to each root datum. We briefly
describe how the Weyl group W can be defined from root datum. We let ®* be
the set of roots arising from root subgroups of U and &~ be those coming from U~.
Roots in ®*, &~ are called positive and negative roots respectively. Let A be the
set of positive roots which can not be written as sum of two positive roots. Roots
in A are called simple roots. The group W(A) generated by simple reflections, i.e.,
reflections with respect to simple roots, is the Weyl group ([SV], Theorem 8.3.4).
There is an element wg € W such that wo(®*) = . This element wy is unique and
is of order 2 called the longest element.

Let G be a semisimple algebraic group. Let () C X be its root lattice. Then the
fundamental group X/@ is a finite group. Let P be the dual lattice of ). One can
identify P with the weight lattice and we have () C X C P. A semisimple group G
is called simply connected if X = P and adjoint if X = Q.



CHAPTER 3

Groups of Type G,

In this chapter we describe the groups of type G5 over a field k. The fact that all
groups of type G5 can be described this way follows from the computation of Galois
Cohomology for G5 in the next chapter (see Corollary 4.3.5). We shall discuss Galois
Cohomology in the next chapter. For the exposition in this chapter we follow the
book [SV]. Results in this chapter are used later in the proof of one of the main
theorems. Several results are taken from [J], [W2] and [L] and modified suitably to

fulfil our requirements.

3.1. The Group G, and Octonions

We begin by a brief introduction to the group G5. Any group G of type G5 over a
given field k£ can be realized as the group of k-automorphisms of an octonion algebra
over k, determined uniquely by G. We will need the notion of a composition algebra
over a field k.

Definition 3.1.1. A composition algebra € over a field k is an algebra over k,
not necessarily associative, with an identity element 1 together with a nondegenerate

quadratic form N on €, permitting composition, i.e., N(zy) = N(z)N(y) V z,y € €.

The quadratic form N is called the norm on €. The associated bilinear form N is
given by : N(z,y) = N(z +y) — N(x) — N(y). Every element x of € satisfies the
equation > — N(z, 1)z + N(x)1 = 0. There is an involution (anti automorphism of
order 2) on € defined by 7 = N(x,1)1 —x. We call N(z,1)1 = z + 7, the trace of z.
The possible dimensions of a composition algebra over k are 1,2,4,8. Composition
algebras of dimension 1 or 2 are commutative and associative, those of dimension
4 are associative but not commutative (called quaternion algebras), and those of
dimension 8 are neither commutative nor associative (called octonion algebras or
Cayley algebra).

Let € be an octonion algebra and G = Aut(€) be the automorphism group
of €. Since any automorphism of an octonion algebra leaves the norm invariant,
Aut(€) is a subgroup of the orthogonal group O(€, N). In fact, the automorphism

17
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group G is a subgroup of the rotation group SO(N) and is contained in SO(N;) =
{t € SO(N) | t(1) = 1}, where N; = N|;.. We have ([SV], Theorem 2.3.5),

Proposition 3.1.2. The algebraic group & = Aut(€;), where € = €@ k and k
s an algebraic closure of k, is the split, connected, simple algebraic group of type G.

Moreover, & is defined over k.

In fact, any simple group of type G5 over a field k is isomorphic to the automorphism
group of an octonion algebra € over k ([Se], Chapter 111, Proposition 5, Corollary; see
Corollary 4.3.5). There is a dichotomy with respect to the norm of octonion algebras
(in general, for composition algebras). The norm N is a Pfister form (tensor product
of norm forms of quadratic extensions) and hence is either anisotropic or hyperbolic.
If N is anisotropic, every nonzero element of € has an inverse in €. We then call €
a division octonion algebra. If N is hyperbolic, up to isomorphism, there is only
one octonion algebra with N as its norm, called the split octonion algebra. We give

below a model for the split octonion algebra over a field k. Let

Cz{(a U>|a,6€k;v,w€k3},
w [

where k3 is the three-dimensional vector space over k with standard basis. On k3 we
3

have a nondegenerate bilinear form, given by (v, w) = Z v;w;, where v = (vq, vg, v3)
i=1
and w = (wy,ws,ws) in k3 and the wedge product on k% is given by v Aw € k*

where (v A w,u) = det(v, w,u) for u,v,w € k3. Addition on € is entry-wise and the

multiplication on € is given by,

a v o v\ ado — (v,w') av' + v+ wAw
w 3 w B )\ Bw+adwtuAY BB — (w, v '
The quadratic form N, the norm on €, is given by

N(z ;>:&6+<v,w).

An octonion algebra over a field k£ can be defined as an algebra over k which, after
changing base to a separable closure k, of k, becomes isomorphic to the split octonion

algebra over kg (see [T]).
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3.1.1. Octonions from Rank 3 Hermitian Spaces. We briefly recall here
from [T], a construction of octonion algebras from rank 3 hermitian spaces over a
quadratic étale algebra over k. First we recall ([KMRT], Proposition 18.3),

Definition 3.1.3. Let £ be a finite dimensional k-algebra. Then £ is called an

étale algebra if £ @ ks = ks X ... X kg, where k, is a separable closure of k.

Let L be a quadratic étale algebra over k with x — T as its standard involution. Let
(V,b) be arank 3 nondegenerate hermitian space over L (see Definition 1.3.4). Assume
that the discriminant of (V,§) is trivial, i.e., A*(V,b) = (L,< 1 >), where < 1 >
denotes the hermitian form (z,7) — 7 on L. Fixing a trivialization ¢: A*(V,h) =
(L,< 1>), we define a vector product x: V x V — V by the identity,

hu,v X w) =YP(uAvAw),

for u,v,w € V. Let € be the 8-dimensional k-vector space € = C(L; V., h,v) = LB V.
We define a multiplication on € by,

(a,v)(b,w) = (ab—h(v,w), aw +bv+v x w), a,b€ L, v,w € V.

With this multiplication, € is an octonion algebra over k with norm N(a,v) =
Npk(a) + b(v,v). Note that L embeds in € as a composition subalgebra. The
isomorphism class of €, thus obtained, does not depend on 1. One can show that all

octonion algebras arise this way. We need the following ([T}, Theorem 2.2),

Proposition 3.1.4. Let (V,h) and (V',§') be isometric hermitian spaces with
trivial discriminant, over a quadratic étale algebra L. Then the octonion algebras
C(L;V,b) and C(L; V', §’) are isomorphic, under an isomorphism restricting to the
identity map on the subalgebra L.

We also need the following,

Lemma 3.1.5. Let L be a quadratic field extension of k. Let (V,h) be a rank
three hermitian space over L with trivial discriminant. For any trivialization 1 of
the discriminant, the octonion algebra €(L;v,h,) is a division algebra, if and only

if the k-quadratic form on V', given by q(x) = b(z, ), is anisotropic.

3.1.2. Quaternions from Rank 3 Quadratic Spaces. We note that a similar
construction for quaternion algebras can be done, starting from a rank 3 quadratic
space V' over k, with trivial discriminant. Let b: V' X V — k be a nondegenerate
bilinear form. Assume that the discriminant of (V, b) is trivial, i.e., A*(V,b) = (k, <
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1 >), where < 1 > denotes the bilinear form (z,y) — zy on k. Fixing a trivialization
W) /\3(V, b) = (k,< 1 >), we define a vector product x: V' xV — V by the identity,
b(u, v xw) = p(uAvAw), for u,v,w € V. Let @ be the 4-dimensional k-vector space
Q=Q(k;V,b,¢) = k@ V. We define a multiplication on @ by,

(a,v)(b,w) = (ab—b(v,w), aw+bv+v X w), a,be€k, vyweV.

With this multiplication, @) is a quaternion algebra over k, with norm N(a,v) =
a® + b(v,v). The isomorphism class of @) thus obtained, does not depend on . One

can show that all quaternion algebras arise this way.

Proposition 3.1.6. Let (V,b) and (V',b’) be isometric quadratic spaces with
trivial discriminants, over a field k. Then the quaternion algebras Q(k;V,b) and
Q(k; V', b") are isomorphic.

3.2. Some Subgroups of G,

Let € be an octonion algebra over a field k (of characteristic # 2). Let L be a
composition subalgebra of €. In this section, we describe subgroups of G = Aut(€),

consisting of automorphisms leaving L pointwise fixed or invariant. We define
G(€/L)={t € Aut(®) | t(x) =ax V2 e L}

and
G, L)={te Aut(€) |t(zr) e LY x € L}.
Jacobson studied G(€/L) in his paper ([J]). We mention the descriptions of these

subgroups here. One knows that the two dimensional composition algebras over k
are precisely the quadratic étale algebras over k ([KMRT], Theorem 33.17). Let L
be a two dimensional composition subalgebra of €. Then L is either a quadratic field
extension of k or L = k x k. Let us assume first that L is a quadratic field extension
of k and L = k(v), where 42 = ¢.1 # 0. Then L™ is a left L vector space via the

octonion multiplication. Also,
h: L' x Lt — L

b(z,y) = N(z,y) + 7 'N(yz,y),
is a nondegenerate hermitian form on Lt over L. Any automorphism ¢ of €, fixing

L pointwise, induces an L-linear map ¢|,.: L+ — L*. Then we have ([J], Theorem
3),
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Proposition 3.2.1. Let the notation be as fized above. Let L be a quadratic
field extension of k as above. Then the subgroup G(&/L) of G is isomorphic to the
unimodular (special) unitary group SU(L*,b) of the three dimensional space L+ over

L relative to the hermitian form b, via the isomorphism,

Y: G(¢/L) — SU(L*,b)
t — tlpe.

Now, let us assume that L is a split two dimensional étale subalgebra of €. Then
¢ is necessarily split and L contains a nontrivial idempotent e. There exists a basis
B = {1,uy,us, us, e, wy,wy, w3} of € called the Peirce basis with respect to e,
such that the subspaces U = span{uy,us,us} and W = span{ws,ws, w3} satisfy
U={reCler=0 ze=z2}and W ={x € €| ze =0, ex = z}. We have, for
neGC/L), zeU,

0 =n(ex) =nle)n(x) = en(x), n(x)e =n(x)n(e) = n(ze) = nlx).
Hence n(U) = U. Similarly, n(W) = W. Then we have ([J], Theorem 4),

Proposition 3.2.2. Let the notation be as fized above. Let L be a split quadratic
étale subalgebra of €. Then G(&/L) is isomorphic to the unimodular (special) linear
group SL(U), via the isomorphism given by,

¢: G(¢/L) — SL(U)
n — 1.
Moreover, if we denote the matriz of n|y by A and that of n|lw by Ay, with respect to

the Peirce basis as above, then 4, = A~'.

In the model of the split octonion algebra as in the previous section, with respect
to the diagonal subalgebra L, the subspaces U and W are respectively the space of

strictly upper triangular and strictly lower triangular matrices. The above action is

a v\ a Av
1 w B8] \dlw 8 )

We now compute the subgroup G(€&, L) of automorphisms of the split octonion alge-

then given by,

bra, leaving invariant a split quadratic étale subalgebra. We work with the matrix

model for split octonions. Up to conjugacy by an automorphism, we may assume that
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the split subalgebra is the diagonal subalgebra. We consider the map p on € given by

p: € — €
a v . 6 w
w voa |

0
Then p leaves the two dimensional subalgebra L = { ( ((); 3 > | o, B € k;} invariant

and it is an automorphism of €, with p? = 1.

Proposition 3.2.3. Let € be the split octonion algebra as above and let L be the

diagonal split quadratic étale subalgebra. Then we have,
G(¢,L) 2 G(¢/L) x H,
where H s the order two group generated by p.

Proof. Let h € G(€,L). Then h|;, = 1 or the nontrivial k-automorphism of L.
In the first case, h € G(€/L) and, in the second, hp € G(€/L). Hence h = gp for
some g € G(€/L). Moreover, it is clear that H normalizes G(€/L) in Aut(€). Since
HNG(C/L) = {1}, we get the required result. O

We now give a general construction of the automorphism p of an octonion algebra
¢, not necessarily split, as above. We first recall the Cayley-Dickson Doubling for

composition algebras :

Proposition 3.2.4. Let € be a composition algebra and ® C € a composition
subalgebra, ® # €. Let a € D+ with N(a) = =X # 0. Then ©; = D ® Da is a
composition subalgebra of € of dimension 2dim (D). The product on D4 is given by:

(x +ya)(u+va) = (xu+ A\vy) + (v + yu)a, z,y,u,v €D,

where © — T is the involution on ©. The norm on Dy is given by N(x + ya) =

N(z) — AN(y).

Let € be an octonion algebra and L C €, a quadratic composition subalgebra of €.
Let a € L+ with N(a) # 0. Let ® = L & La be the double as described above. Then
D is a quaternion subalgebra of €. Define p1: ® — © by p1(z + ya) = o(x) + o(y)a,
where o denotes the nontrivial automorphism of L. Then p; is an automorphism of
D, and clearly p? = 1 and p; |, = 0. We now repeat this construction with respect to
D and p;. Write € =D & Db for some b € DL, N(b) # 0. Define p: € — € by,

p(x + yb) = p1(x) + p1(y)b.
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Then p? = 1 and p|; = o and p is an automorphism of €. One can prove that this
construction yields the one given above for the split octonion algebra and its diagonal

subalgebra. We have,

Proposition 3.2.5. Let € be an octonion algebra, possibly division, and L C €
a quadratic composition subalgebra. Then G(€,L) = G(€/L) x H, where H is the
subgroup generated by p and p is an automorphism of € with p> =1 and p restricted

to L is the nontrivial k-automorphism of L.

We mention a few more subgroups of Aut(€). Let ® C € be a quaternion
subalgebra. Then we have, by Cayley-Dickson doubling, € = © & Da for some
a € Dt with N(a) # 0. Let ¢ € Aut(€) be such that ¢(z) = z for all z € D.
Then for z = o + ya € €, we have, ¢(2) = ¢(z) + ¢(y)¢(a). But a € D+ implies
P(a) € D+ = Da. Therefore ¢(a) = pa for some p € D and, by taking norms, we see
that p € SLy1(®). In fact, we have ([SV], Proposition 2.2.1),

Proposition 3.2.6. The group of automorphisms of €, leaving ® pointwise fixed,
is isomorphic to SL1(D), the group of elements of ® whose norm is 1. In the above

notation, G(€/®) = SLi(D).

We describe yet another subgroup of Aut(€). Let ® be as above and ¢ € Aut(D).
We can write € = © @ Da as above. Define ¢ € Aut(€) by é(z + ya) = ¢(z) +
¢(y)a. Then one checks easily that (5 is an automorphism of € that extends ¢ on ®.
These automorphisms form a subgroup of Aut(€), which we shall abuse notation and
continue to denote by Aut(D).

Proposition 3.2.7. With notation as fized, we have G(€,0) = G(€/D)xAut(D).

Proof. Clearly Aut(®) N G(€/®) = {1} and Aut(®D) normalizes G(€/D). Now,
for ¢» € G(€, D), consider the automorphism ¢ = =1, Then ¢ fixes elements of H
pointwise and we have ¢ = ¢ € G(€/D) x Aut(D). O

Some of these subgroups are conjugate in the group G. We have a Skolem-Noether
type theorem for composition algebras ([SV], Corollary 1.7.3) which can be used to

describe conjugacy of some of these subgroups.

Theorem 3.2.8. Let € be a composition algebra and let ® and D' be composition
subalgebras of the same dimension. Then, every linear isomorphism from ® onto ®’

can be extended to an automorphism of €.
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We use this theorem to get following,

Proposition 3.2.9. Let € be an octonion algebra over k and G = Aut(€). Let
D and D' be two composition subalgebras of €. Suppose ® and D' are isomorphic
composition subalgebras. Then the subgroups G(€/®) and G(€/D’) are conjugate in
the group G. Also the subgroups G(€, D) and G(€,D’) are conjugate in the group G.

Proof. Let ¢ be the isomorphism of ® to ®’. By Theorem 3.2.8 ¢ can be extended
to an automorphism of €, say ¢. Then, it is easy to check ¢G(€/D)p~ = G(€/D)
and ¢G(€,D)p~! = G(€,D’). O

Using these results we calculate centralizers of elements in the groups of type Go
(Theorem 8.5.1) and it turns out that they are contained in one of the subgroups

described above.

3.3. Involutions in Gy

In this section, we discuss the structure of involutions in G5. Let G be a group
of type G over k and € be an octonion algebra over k with G = Aut(€). We call an
element g € G(k) an involution if g> = 1. Hence nontrivial involutions in G(k) are
precisely the automorphisms of € of order 2. Let g be an involution in Aut(€). The
eigenspace corresponding to the eigenvalue 1 of g € Aut(€) is the subalgebra © of € of
fixed points of g and is a quaternion subalgebra of € ([J], section 4, there it is called a
reflection). The orthogonal complement D~ of ® in € is the eigenspace corresponding
to the eigenvalue —1. Conversely, the linear automorphism of €, leaving a quaternion
subalgebra @ of € pointwise fixed and, acting as multiplication by —1 on D%, is an
involutorial automorphism of € (see Proposition 3.2.6). Let p be an involution in G/(k)
and let © be the quaternion subalgebra of €, fixed pointwise by p. Let p’ = gpg~! be
a conjugate of p by an element g € G(k). Then, the quaternion subalgebra ®’ = ¢(D)
of € is fixed pointwise by p’. Conversely, suppose the quaternion subalgebra ® of €
is isomorphic to the quaternion subalgebra ®’ of €. Then, by Theorem 3.2.8 there
exists an automorphism g of € such that g(®) = ®’. If p denotes the involution

leaving ® fixed pointwise, p’ = gpg~! fixes ®’ pointwise. Therefore, we have,

Proposition 3.3.1. Let € be an octonion algebra over k. Then the conjugacy
classes of involutions in G = Aut(€) are in bijection with the isomorphism classes of

quaternion subalgebras of €.
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Corollary 3.3.2. Assume that o Br(k), the 2-torsion in the Brauer group of k, is
trivial, i.e., all quaternion algebras over k are split (for example, cd(k) < 1 fields).

Then all involutions in G(k) are conjugates.

We need a refinement of a theorem of Jacobson ([J], Theorem 2), due to Wonen-
burger ([W1], Theorem 5) and Neumann (|[N]),

Proposition 3.3.3. Let € be an octonion algebra over a field k of characteristic

different from 2. Then every element of G is a product of 3 involutions.

We will study in Chapter 8, the structure of real elements in G(k), in terms of
involutions. We will show that a semisimple element g € G(k) is real, i.e., conjugate
to g~! in G(k), if and only if g is a product of 2 involutions in G(k) (Theorem 6.2.2).






CHAPTER 4

Galois Cohomology

In this chapter we give a brief introduction to Galois Cohomology. The book by
Serre ([Se]) is an excellent reference for the subject and the exposition here is drawn
from that book. Another good reference is the notes by Kneser ([K]). Occasionally
we also need the theory of central simple algebras for which we refer to [P]. To
understand the theory of algebraic groups over base field k it is very important to

understand Galois Cohomology.

4.1. Commutative Cohomology and Central Simple Algebra

Let G be a group and let A be a set on which G acts. We denote the action by
s(a) ="*afor s € Gand a € A. We call A a G-set. If A is a group and the action of G
is via automorphisms then we call A a G-group. Let A be an Abelian G-group. We
define C°(G,A) = A and C/(G,A) = {a: G x ... x G — A} which is the set of all

NIRRT/

1

maps from G X ... x G to A. We also write a(sy,...,s;) as as,.. . We define maps
—_——

-----

§%: CY — C' by 6°(a)(s) = *a — a and

5 o C'—=C"lfori>1
0'(a)(s1,. ., 8i11) = “la(sa, ..., Sir1)
+ Z(—l)ja(sl, 385841y Sie) + (=D a(sy, .. 8y)
j=1

Then
oS n e S e S e

is a chain-complex. We define Z(G, A) = ker(d'), the group of cocycles and
Bi(G, A) = Im(6""), the group of coboundaries. Then B'(G, A) C Z/(G, A) and
we define H' (G, A) = %, called i-th cohomology group. The cohomology
groups are Abelian groups. We write down first few cohomology groups explicitly.

(1) HY(G,A) = A® = {a € A | *a = a Vs € G}, the set of fixed points of A by

the action of G.
27
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:G_>A|ast:as+sat}
2) H'(G,A) = la .
@) (@ 4) {a: G — A | as =%c— c for some c € A}

(3) H*(G,A) = {a: G X G = A Gsy59.55 = sy 55+ Csy 5355 — sy 50 ) .
{a: GxG— A|ass =23b — bg + bs for some map b: G — A}

Example 1: Let K be a finite Galois extension of a field k. Let G = Gal(K/k)
be the Galois group. Then G acts on the additive group K by evaluation. Then
H°(G,K) =k and HY(G,K) =0 for all i > 1.

Example 2: Let K be a Galois extension of a field k. Let G denote the Galois
group Gal(K/k). Then G acts on the Abelian group K* by evaluation. Then the
cohomology groups are :

(1) HY(G, K*) = k*.
(2) HY(G,K*) = 1 (Hilbert’s theorem 90).
(3) H*(G,K*) = Br(K/k).
The group Br(K/k) is the relative Brauer group which we introduce below.

4.1.1. Central Simple Algebras and the Brauer Group. Let k be a field.
Let A be a finite dimensional algebra over k. Then A is called simple if it has no
two sided ideals other than 0 and A. A finite dimensional algebra is called a central
simple algebra if it is simple and Z(A) = k. From Wedderburn’s structure theorem
([P], Theorem, Section 3.5) it follows that a central simple algebra A is isomorphic
to M,.(D) where D is a central division algebra over k. Equivalently, a central simple
algebra of degree n over k is a k-algebra A such that A®k = M, (k) as k-algebras. We
define an equivalence relation on the set of finite dimensional central simple algebras
over field k as follows. We call A and B equivalent if one of the following equivalent
conditions is satisfied:

(i) f A= M,(D) and B = M,,(D’) then D = D'

(ii) There exist m,n such that A ® M,,(k) = B ® M, (k).
The Brauer group of k ([P], Proposition a, Section 12.5) is the set of equivalence
classes of finite dimensional central simple algebras over k with multiplication defined
by tensor product. It is denoted as Br(k). Brauer group of a field is an Abelian group.
We give few examples here.

(1) Br(F) = {0}, for any finite field F.

(2) Br(k) = {0}, for any algebraically closed field k. In fact, Br(k) = {0}, for

any field k of transcendence degree one over an algebraically closed field.
(3) Br(R) =Z/27Z.
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(4) Br(Q,) = Q/Z, where Q, is the field of p-adic numbers.

Let K/k be a field extension. Then we have a map Br(k) — Br(K) defined by
A+— A® K. The kernel of this map is called the relative Brauer group, denoted
as Br(K/k). Let A be a central simple algebra. Let K C A be a subfield containing
k such that Z4(K) = K, then K is called a maximal subfield of A.

Theorem 4.1.1. Let A be a central simple algebra over field k of dimension n?.
Then any maximal subfield K of A is a splitting field of A and [K : k] = [A: K] =
n. Conversely, given any finite field extension K of k of degree n, any element of

Br(K/k) has a unique representative A of degree n* which contains K as a mazimal

subfield.

For the proof of this theorem we refer to [P], Section 13.2 and 14.2. If D is a central
division algebra over k of dimension n? then there exists a finite Galois extension K
of k which is a splitting field for D. Hence

Br(k) = | JBr(K/k)

where union is taken over all finite Galois extensions of k. Here we determine the
structure of any central simple algebra in the context of the Brauer group ([P], Section
14.2).

Proposition 4.1.2. Let K/k be a Galois extension of fields with Galois group
G. Let n be the degree of field extension K/k. Let A be a central simple algebra
over k containing K as its maximal subfield. Then there exists x, € A,Yo € G and
a: G x G — K*, a 2-cocycle, such that A = @, . Kz, and the multiplication is
given by

axy.fr; = ao(B)as Tor

Conversely we have,

Proposition 4.1.3. Let K/k be a Galois extension of fields with Galois group G.
Let n be the degree of field extension K/k. Let a: G x G — K* be a 2-cocycle. We
put A = @, . Kz, and define multiplication as follows :

axy.fr; = ao(B)as +Tor

Then A is a central simple algebra over k containing K as a mazimal subfield.
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The algebra obtained in this proposition is denoted by [K,G,a]. Proposition 4.1.3
provides a surjective map form Z%(G, K*) — Br(K/k) defined by a — [K, G, a]. This
map induces a group isomorphism of H?*(G, K*) and Br(K/k).

Let k be a field. We say k has cohomological dimension < 1 (written as cd(k) <
1) if Br(K) = 0 for every algebraic extension K of k. For k with cd(k) <1, let L/K
be a finite Galois extension with K algebraic over k, then the norm Ny g : L* — K*
is surjective ([Se], Chapter II, Section 3.1, Proposition 5).

A field k is a C1 field if every equation f(x1,...,x,) = 0, where f is a homogeneous
polynomial of degree d > 1, with coefficients in k, has a nontrivial solution in £" if
n > d. Let k be a C; field. Then every algebraic extension K of k is C and cd(k) <1
([Se], Chapter II, Section 3.2, Corollary). A finite field, an extension of transcendence
degree 1 of an algebraically closed field are examples of C field. For the notion of C
fields see [Se], Chapter II, Section 4.5.

4.2. Non-Commutative Cohomology

Let G be a group and A a set on which G acts. We denote s(a) = ®a for s € G and
a € A. We call A a G-set. If A is a group and the action of GG is via automorphisms
then we say A is a G-group. We define cohomology groups as follows. Let A be a
G-set. Then HY(G,A) = A° = {a € A | *a = a Vs € G}, set of fixed points of A
under the action of G.

A map a: G — A is called a 1-cocycle if
ag = as’ay (s,t € G).

Two 1-cocycles a and b are equivalent if there exists ¢ € A such that by = ¢ 'a,*c. This
is an equivalence relation on the set of 1-cocycles and the quotient group is denoted as
H'(G, A). The set H'(G, A) need not be a group but it has a distinguished element,
namely, the class of 1-cocycles of the form b=1%b for b € A called the neutral element
or trivial cocycle.

If A is commutative group we can define higher cohomology groups as defined in
Section 4.1.

Example : Let K be a finite Galois extension of k£ with Galois group G =
Gal(K/k). Let G act on the group GL,(K) entry wise. Then H°(G,GL,(K)) =
GL,(k) and H'(G,GL,(K)) = {1}.

Let A be a G-group. A principal homogeneous space or torsor for G over A

is a non-empty G-set P, on which A acts on the right (compatible with the action of
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() such that Vz,y € P, there exists a unique a € A such that y = x.a. Then ([Se],
Chapter I, Section 5.2, Proposition 33),

Proposition 4.2.1. Let A be a G-group. There is a bijection between the set of

classes of principal homogeneous spaces over A and the set HY(G, A).

Next we describe the cohomology exact sequence associated to a subgroup. Let A
be a subgroup of B which are G-groups. The homogeneous space B/A of left A-cosets
of B is a G-set. Then we have ([Se|, Chapter I, Section 5.4, Proposition 36),

Proposition 4.2.2. The sequence of pointed sets :
1 — H°%G,A) — H°(G, B) — H°(G, B/A) > HY(G, A) — H'(G, B)
18 exact.

If A is normal in B then the above exact sequence can be extended on its right
up to H'(G, B/A).

4.3. Forms of Algebraic Groups

Let V' be a vector space over a field k. Let x be a tensor (1-tensor) on V. Let K
be a Galois extension of the field £ and G be the Galois group. Then the tensor x can
be extended to zx over Vi =V @ K. We call (V,z) and (V',2") are K-isomorphic
if (Vi,rx) and (Vi,2%) are isomorphic. Let (V,z) be a pair and Ey ) (K/k) be
the set of k isomorphism classes of (V',2’) which are K isomorphic to (V,z). Let
Ag = Autg (Vi,zk). Then G acts on Vi by s.(x®@ ) = 2 ® s(A) for any s € G. The

group GG acts on Ak as follows:

s(f)(x) =s.f(sH(x)), ie, s(f)=sfs" .
This action on GL,(K) is same as the entry wise action.

Let us fix (V,z). We compare E(K/k) = B, (K/k) to HY(G, Ak). Let (V',2') €
E(K/k) and f: Vx — V} be the map giving isomorphism of (Vi,zx) and (Vi 2/ ).
We define a map p: G — Ag by s — f~ls(f) = f~lsfs™L. It is easy to check that
p is a l-cocycle. We define a map 0: E(K/k) — H'(G, Ax) by (V' z2') — p ([Se],
Chapter III, Section 1.1, Proposition 1).

Proposition 4.3.1. The map 6 is bijective.

Let us consider a nondegenerate quadratic form q as a tensor. Then the set

E(K/k) is the set of quadratic forms that are K-isomorphic to q. The group Ax =
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Ok (q), is the orthogonal group of the form over K. We have ([Se|, Chapter III,
Section 1.2, Proposition 4),

Corollary 4.3.2. The set H'(G,0x(q)) is in bijective correspondence with the

set of classes of quadratic k-forms that are K-isomorphic to q.

If we take b a nondegenerate alternating (symplectic) form as a tensor then we
get ([Se|, Chapter III, Section 1.2, Proposition 3),

Corollary 4.3.3. H'(G, Span(b)) = {1}.

Now we choose V' an algebraic variety (e.g. an algebraic group) defined over k. As
before we take K an extension of k and denote by Ax the group of K-automorphisms
of V. Now let K/k be a Galois extension and let V' be a K/k-form of V. The
set P of K-isomorphisms of V}. over Vi is obviously a principal homogeneous space
over the Gal(K/k)-group A(K) = Auty (K). Hence we get a canonical map as before
([Se], Chapter III, Section 1.3, Proposition 5 and Corollary):

0: B(K/k) — H'(K/k, Auty).

Proposition 4.3.4. The map 0 is injective. If V' is a quasiprojective, it is bijec-

tive. Hence if V' is an algebraic group, the map 0 is bijective.

Corollary 4.3.5. The K/k-forms of simple groups of type G is in one-one corre-
spondence with K /k-forms of octonion algebras. Also, K/k-forms of classical groups
with trivial center is in one-one correspondence with K /k-forms of semisimple alge-

bras with involution.

Let @@ be a quaternion algebra over k. We associate a group SL;(Q) to it which
is a k-form of SL, and the rational points of this group can be identified with the
elements of () with reduced norm 1.

We mention here a theorem about an algebraic group over field with cd(k) < 1.
This theorem is due to Steinberg ([S1], Theorem 1.9; [Se], Chapter III, Section 2.3,
Theorem 17).

Theorem 4.3.6 (Steinberg). Let k be a perfect field with cd(k) < 1. Then,
HY(k,L) =0 for every connected linear group L.

If L is connected reductive group then the assumption that k is a perfect field is not

needed in this theorem.



CHAPTER 5

Maximal Tori in SU,,

We need an explicit description of maximal tori in the special unitary group of
a nondegenerate hermitian space for our work, we discuss it in this chapter (cf. [R],
Section 3.4). In fact maximal tori in any classical group can be described in this way.
The general theory is known to experts hence we restrict ourself to the specific case.

We refer to [Ka] for the description of maximal tori in classical groups, in general.

5.1. Description of Maximal Tori

Let k be a field (of characteristic different from 2) and L a quadratic field exten-
sion of k. Let V' be a vector space of dimension n over L. We denote by k, a separable
closure of k containing L. Let h be a nondegenerate hermitian form on V' (see Defi-
nition 1.1.2). Let £ be an étale algebra (see Definition 3.1.3) over k. It then follows
that the bilinear form 7T': £ x £ — k, induced by the trace : T'(z,y) = tre(zy) for

x,y € &, is nondegenerate.

Lemma 5.1.1. Let L be a quadratic field extension of k. Let € be an étale algebra
over k containing L, equipped with an involution o, restricting to the non-trivial k-
automorphism of L. Let F = £° = {x € £ | o(x) = x}. Let dim;(£) = n. For
u € F*, define

hw . ExE—L
0 (@,y) = tre(uza(y)).

Then b is a nondegenerate o-hermitian form on &, left invariant by Teo)=1{a €

E* | ao(a) =1}, under the action by left multiplication.

Proof. That h™® is a hermitian form is clear. To check non-degeneracy, let
h™(z,y) = 0 Vy € £. Then, trejp(uro(y)) = 0Vy € &, ie., tre/p(zy’) =0 VY € €.
Since € is étale, it follows that = 0. Therefore h™ is nondegenerate. Now let
a € Tig ). We have,

b (o, ay) = trer(uazo(ay)) = tres(uzo(y)) = h™ (z,y).
33
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Hence the last assertion. O

Remark 5.1.2. We note that £ = F ®; L. lf we put 7' ={x € £ | o(x) = —x}
then £ = F @& F'. Further, if L = k(vy) with 72 € k*, then F' = Fr.

Notation : In what follows, we shall often deal with situations when, for an
algebraic group G defined over k, and for any extension K of k, the group G(K) of
K-rational points in G coincides with G(k) ®; K. When no confusion is likely to
arise, we shall abuse notation and use G to denote both the algebraic group, as well
as its group of k-points. We shall identify T\¢ ) with its image in U(E, h), under
the embedding via left homotheties.

Lemma 5.1.3. With notation as in the previous lemma, Tg 5 is a maximal k-

torus in U(E,6™), the unitary group of the hermitian space (£,H™).

Corollary 5.1.4. Let Ty, = {a € £ | ao(a) = 1,det(a) = 1}. Then Tjg,y C

SU(E,6™) is a mazimal k-torus.

Theorem 5.1.5. Let k be a field and L a quadratic field extension of k. We denote
by o the nontrivial k-automorphism of L. Let V' be a L-vector space of dimension n
with a nondegenerate o-hermitian form §. Let T C U(V,h) be a mazimal k-torus.
Then there exists Er, an étale L-algebra of dimension n over L, with an involution

oy restricting to the nontrivial k-automorphism of L, such that
T =Terop)-

Moreover, if Er is a field, there exists w € F* such that (V,§) is isomorphic to

(Er,5™) as a hermitian space.

Proof. Let A = End (V). Then A is a central simple L-algebra. Let Er = Z4(7T),
the centralizer of T'in A. Note that T' C £7. The hermitian form § defines the adjoint

involution oy on A (see Section 1.3),
op: A — A

for all z,y € V. Then oy is an involution of second kind over L/k on A (Defini-
tion 1.3.2). We claim that oy restricts to Ep: Let f € &, we need to show oy (f) € Er,
ie., op(f)t =toy(f) Vt e T. This follows from,

boo(f)t(z),y) = bt(x),f(y) = bzt f(y) = b(z, [t (y))
= blog(f)(@),t7"y) = bltoy(f)(2).y).
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We have T'C U(V,h) C End. (V) and oy is an involution on End(V), restricting
to the nontrivial k-automorphism of L. There is a canonical isomorphism of algebras
with involutions ([KMRT], Chapter I, Proposition 2.15),

(Endp, (V) @4 ks, 05) = (Endg, (V) x Endy, (V) €),
where €(A, B) = (B, A). Since U(V,h) = {A € End,(V) | Aoy(A) = 1}, we have,
UV,h) @k ks = {(A,B) € End(V) ® ks | (A, B).€(A,B) =1}
={(A, A7) | A€ End,,(V)}.
We thus have an embedding
T @ ks — Endy, (V) x Endy, (V), A (A A7),

To prove Er is étale, we may conjugate T ® k; to the diagonal torus in GL,, (k). The

embedding then becomes,

T @y ky = (K1) — My (k) x M (k,),

S

(t,...,tn) — (diag(ty, ..., t,),diag(t;h, ..., 6 1).
Now, we have,
Er @ ks = Za(T) @1, ks = Zagyk, (T @4 ks)

2 Za by Ma(he) ({(diag(te, . 1), diag(th, . 10)) [ i € KJ}) = k2"
Hence &7 is an étale algebra of k-dimension 2n and L-dimension n. We have, T' C
T(er,0y) and, by dimension count, T" = T(g, ,). We have on V, the natural left
Endy(V)-module structure. Since Er is a subalgebra of End; (V') and a field, V' is a
left Ep-vector space of dimension 1. Let V' = Er.v for v # 0. Let us consider the

dual V* = Hom[(V, L), which is a left-Ep-vector space of dimension 1 via the action:
(a.f)(x) = fa(x)), a € Ep, x € V. We consider the following elements in V' *:

¢ - V=Ew—L
fv=5(f(v),v)

Gg : V=Ewvw—L
fotr(f).

Since &r is separable, both these are nonzero elements of V*. Hence there exists
u € & such that h(f(v),v) = tr(uf) Vf € Er. We have,

b(f.v,9.v) = b(f(v),9(v)) = blon(9)f(v),v) = tr(uoy(9)f) Vf.g € Er.
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This will prove the theorem provided we show u € F. For any f € Er we have,
tr(oy(u)f) = tr(oy(u).oe(oy(f))) = oy(tr(uoy(f)))
= ay(h(o6(f)(v),v)) = b(v,04(f)(v)) = B(f(v),v) = tr(uf).

Since &r is separable, the trace form is nondegenerate and hence o(u) = u. The map
P: (V7 h) - (gTa b(U))v fU = f
is an isometry:

b (@(fv), D(gv)) = tr(uoy(g)f) = b(fv, gv)

by the computation done above. 0

Corollary 5.1.6. Let the notation be as fixed above. Let T be a mazximal torus
in SU(V, ). Then there exists an étale algebra Er over L of dimension n, such that

~ 1
T = T(gTyah)‘

Remark 5.1.7. The hypothesis in the last assertion in Theorem 5.1.5, that Er
be a field, is only a simplifying assumption. The result holds good even when Er is
not a field.

Let T'C SU(V, ) be a maximal torus. Then from the proof of Theorem 5.1.5 we
see that & = Zgna(v)(1”) is an étale algebra with involution oy, such that T = T(IET,UW

here 7" is a maximal torus in U(V, ).

5.2. Tori and Representations

We continue here with notation introduced in the previous section.

Lemma 5.2.1. With notation as above, V is an irreducible representation of T
if and only of Er is a field.

Proof. Suppose &7 is not a field. Then 30 # f € Er such that V # ker(f) # 0.
Put W = ker(f) C V, which is a L-vector subspace. We claim that W is a T" invariant
subspace. Let x € Wt € T.

F(2) = 0= H(f(x) = 0= f(t(x)) = 0= t(x) € W.

Hence, T(W) = W.

Conversely, let £y be a field and 0 # W C V be a T-invariant L-subspace of V.
We shall show that V' = W. We know that V is a one dimensional & vector space.
Thus, it suffices to show that W is an &7 subspace of V. Suppose first that k is
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infinite. Let t € T'(k) be a regular element (see [Bo|, Proposition 8.8 and the Remark
on Page 116). Then & = L[t] and we have, for f(t) € Ep, f(t)(W) = W, since W
is T-invariant. Now let £ be finite. Then &7 is a finite field and its multiplicative
group &7 is cyclic. The group T'(k), being a subgroup of &5, is cyclic. Then a cyclic
generator ¢t of T'(k) is a regular element and arguing as above, we are done in this

case to0o. O

We call a torus indecomposable if it can not be written as a direct product of

subtori.

Corollary 5.2.2. Let T' be a mazximal torus in SU(V,b). Then T is indecompos-
able if and only if V' is an irreducible representation of T'. That is if and only if Er
18 a field.

Proof. By the above lemma, if V' is reducible as a representation of T', 7 is not
a field. Hence it must be a product of at least two (separable) field extensions of L,
say & = Fy X ... X E,.. Then from Corollary 5.1.6, T = T(%T = Tél X ... X T}iﬂr.
Hence T is decomposable. Conversely, suppose V is irreducible as a representation
of T. Then, by the above lemma, £r is a field. Suppose the torus 7" decomposes
as T = T; x T, into a direct product of two proper subtori. Suppose first that k is
infinite. Let t € T'(k) be a regular element (see [Bo|, Proposition 8.8 and the Remark
on Page 116). Then the minimal polynomial (= characteristic polynomial) x(X) of
t factorizes over k, as can be seen by base changing to ks and conjugating T' to the
diagonal torus in SL(n). Therefore Er = L[X]/x(X) is not a field, a contradiction.
Hence T is indecomposable. When k is finite, the multiplicative group &7 of &r is
cyclic and hence T'(k) is cyclic. A cyclic generator t of T'(k) is then regular and we

repeat the above argument to reach a contradiction. Hence T is indecomposable. [

With this we move on to pose the main question of the thesis and describe the

results proved in this thesis along with known results.






CHAPTER 6

Main Results

In this chapter we discuss the main problem addressed in this thesis. We mention
known results and theorems proved in this thesis. Proof of the theorems will follow
in later chapters. The results proved in this thesis are titled “Theorem” in this
chapter. Results which were known are attributed to the respective author(s) with
label “Proposition”. I appologise for this convention, though limited to this chapter
only.

Let G be an algebraic group defined over a field k. It is desirable, from the
representation theoretic point of view, to study conjugacy classes of elements in G.
We call an element g € G real if there exists h € G such that hgh™' = ¢g~!. An
element g € G(k) is called k-real if there exists h € G(k) such that hgh™* = g~1.
We address the following problem in this thesis:

Problem: Characterize real elements of the group G(k).

An involution in G is an element g with g = 1. Note that with our convention the
identity element is also an involution. An element in G is called strongly real if it

is a product of two involutions in G. We raise the following question here.
Problem: Let g € G(k) be a k-real element. Is g strongly k-real in G(k)?
Note that a strongly k-real element in G(k) is always k-real in G(k). Conversely,

a real element g € G(k) is strongly k-real if and only if there exists a conjugating
element in G(k) which is an involution, i.e., there exists ¢ € G(k) with t* = 1 such
that tgt~' = g=!. This remark is very useful in investigating the structure of real
elements.

It is worth mentioning that the characterization of real elements depends on the
base field. We will give examples of elements in a group G of type G5 which are
not k-real but are strongly real over k. We note that every element of a conjugacy
class which contains a real element is real. Such a conjugacy class is called a real
conjugacy class. For finite groups, the number of real conjugacy classes is same
as the number of real irreducible characters. Let G be a finite group. A complex
representation of G is realizable if it is defined over R. It is obvious that a character
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corresponding to a realizable representation is real. An irreducible character y is
real if and only if there is a non-zero G-invariant bilinear form on the representation
space V. A representation V of GG is called orthogonal (symplectic) if there exists
a non-zero symmetric (skew-symmetric) bilinear form on V' which is G-invariant. In
fact, an irreducible real character comes from a realizable representation if and only if
the representation V' is orthogonal ([JL], Theorem 23.16). Hence our problem seems
to be directly related to the representation theory of GG. For a semisimple algebraic
group, there exists an involution h in the center, which acts by 1 in an irreducible
self-dual representation if and only if the representation is orthogonal. For most of
the groups studied in this thesis, we prove that real semisimple elements are strongly
real. If one compares these results to the results proved in [Pr1] and [Pr2], these are
exactly the groups for which irreducible, self dual representations are orthogonal. For
more discussion and explicit references on the connection to representation theory we

refer the reader to Section 10.1.

6.1. Results in Classical Groups

Reality for classical groups over fields of characteristic not 2 has been studied in
[IMVW] by Moeglin, Vignéras and Waldspurger.
The following result is due to Wonenburger ([W1], Theorem 1).

Proposition 6.1.1. An element of GL, (k) is real if and only if it is strongly real
in GL, (k).

However, a similar result is false for matrices over division algebras. In [El1] (Lemma
2 and Lemma 3) Ellers constructs an example of a simple transformation of a vector
space V over the real quaternion division algebra H, which is conjugate to its inverse
but is not strongly real. This is also evident by looking at the real quaternion division
algebra H = R.1 @ R.2 & R.j @ R.ij where 7, j, £ have usual meanings. In the group
G L, (H), the element 7 is conjugate to its inverse by j which satisfies j2 = —1. The
only nontrivial element of GL;(H) which is an involution is —1 and hence i is not a

product of two involution in GL4(H). For SL,(k), we prove,

Theorem 6.1.2. Let V' be a vector space of dimension n over k. Lett € SL(V).
Suppose n # 2 (mod 4). Then t is real in SL(V') if and only if t is strongly real in
SL(V).

We show by examples that the result fails when n =2 (mod 4).
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We now consider the group SL;(Q) = {z € Q* | Nrd(z) = 1}, for a quaternion
algebra () over k. A quaternion algebra () is a central simple algebra over k of degree
2. We note that SL;(Q) is a form of SLs over k in the sense defined in Section 4.3.
We denote the group SLi(Q)/Z(SLi(Q)) by PSL(Q).

Theorem 6.1.3. With notation as above, let G = PSLi(Q) and t € G be a
semisimple element. Then, t is real in PSLy(Q) if and only if t is strongly real in
PSLy(Q). Furthermore, SL1(Q) has real elements which are not strongly real.

One can consider the matrix algebra M, (k) as a quaternion algebra and the group
under consideration in this case is G = PSLs(k). Hence we see that a semisimple ele-
ment tyg € PSLy(k) is real in PSLo(k) if and only if ¢, is a product of two involutions
in PSLy(k).

We continue our investigation for D, a central division algebra of odd degree n
over a field k. Let G = D* or G = SLy(D) = {x € D* | Nrd(x) = 1}. Then,

Theorem 6.1.4. Let G be as above. Then the only real elements in G are £1.

In fact, using this theorem we prove that Iso(D, o) has no nontrivial real elements.
For o of the first kind, Iso(D, o) is a form of orthogonal group and for o of the second
kind, it is a form of unitary group.

Let V be a vector space over k with a nondegenerate quadratic form q. We denote

the orthogonal group by O(q). Then Wonenburger proved ([W1], Theorem 2),

Proposition 6.1.5. Any element of the orthogonal group O(q) is a product of
two involutions, i.e., the group O(q) is bireflectional. Hence every element of O(q) is

strongly real.

Djokovi¢ extended this result ([D], Theorem 1) to fields of characteristic 2. However,
Kniippel and Nielsen proved ([KN], Theorem A),

Proposition 6.1.6. The group SO(q) is trireflectional. It is bireflectional if

dim(V) # 2 (mod 4) and hence every element is strongly real in that case.

They give necessary and sufficient condition for an element in the special orthogonal
group to be a product of two involutions ([KIN], Proposition 3.3). However, we

classify semisimple real elements in SO(q) without any restriction on dimension.

Theorem 6.1.7. Lett € SO(q) be a semisimple element. Then, t is real in SO(q)
if and only if t is strongly real in SO(q).
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Feit and Zuckermann discuss reality for spin groups in [FZ] (Corollary D). They

prove,

Proposition 6.1.8. Let F' be an algebraically closed field. Let (V,q) be an n-
dimensional quadratic space. Suppose n is odd. Then, every element in Spin(q) is

real in Spin(q).

Let V be a vector space of dimension 2n with a symplectic form. We denote the
corresponding symplectic group by Sp(2n, k). Let Sp*(2n, q) be the group consisting
of symplectic and skew-symplectic isometries. Feit and Zuckermann proved ([FZ],
Theorem E).

Proposition 6.1.9. Let ' =1, be a finite field. Then,

(i) If g=1 (mod 4) then every element of Sp(2n,q) is real.
(i) If ¢ =3 (mod 4) then every element of Sp(2n,q) is real in Sp*(2n,q).

Wonenburger proved ([W1], Theorem 2),

Proposition 6.1.10. Any element of Sp(2n, k) is a product of two skew-symplectic

mvolutions.

That every element of a symplectic group over fields of characteristic 2 is a product
of two involutions is settled in [Ni]. Recently Vinroot ([V], Theorem 2) proved for
GSp(2n, k) over k with characteristic # 2,

Proposition 6.1.11. Let g € GSp(2n, k) with similitude factor u(g) = B. Then
g = tita, where ty is a skew-symplectic involution and te is such that p(ty) = —pF with
t2 = pI.

The center of Sp(2n, k) is Z(Sp(2n, k)) = {£1}. We denote the projective symplectic
group by PSp(2n,k) = Sp(2n,k)/Z(Sp(2n, k)). We prove,

Theorem 6.1.12. Lett € Sp(2n, k) be a semisimple element. Suppose t is either
conjugate to t=1 or —t~1. Then the conjugation can be achieved by an element s €
Sp(2n, k) such that s> = —1. Hence a semisimple element of PSp(2n,k) is real if
and only if it is strongly real in PSp(2n, k).

We give an example of a symplectic transformation which can not be written as a
product of two involution but is a real element.
We now determine real semisimple elements in unitary groups. Let K be a qua-

dratic extension of k.
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Theorem 6.1.13. Let (V,h) be a hermitian space over K. Lett € U(V,h) be a

semisimple element. Then, t is real in U(V,Yy) if and only if it is strongly real.

We also prove similar results for special unitary groups.

Theorem 6.1.14. Let t € SU(V,h) be semisimple. Suppose n # 2 (mod 4).
Then t is real in SU(V,Y) if and only if it is strongly real.

Remark 6.1.15. We exhibit real unipotent elements in SU(V, §) which are not
strongly real in U(V, h).

6.2. Results in Exceptional Groups

We now begin the study of reality properties for exceptional groups. In this
thesis, we have tackled groups of type Go over fields of characteristic different from
2. We prove reality implies strong reality for all elements in these groups except
for unipotent elements over fields of characteristic 3. One expects similar results for
exceptional groups of type Fg and F; as well, which is evident from Theorem 6.3.2
and Theorem 6.3.3. By consulting the character table of G5 over finite fields in [CR/,
one sees that reality is not true for arbitrary elements of G2 (see also Theorem 8.4.6
and Theorem 8.4.7, in this thesis). Let G be a group of type G5 over a field k of

characteristic # 2. We prove,

Theorem 6.2.1. In addition, if char(k) # 3, every unipotent element in G(k) is
strongly real in G(k).

For a general element in G(k), we prove,

Theorem 6.2.2. Let characteristic k # 2,3. Then, an element t € G(k) is real
in G(k) if and only if t is strongly real in G(k).

The assumption char(k) # 3 is needed only for the case of unipotents. Real semisim-
ple elements are strongly real in G(k) for any field k, char(k) # 2. We call a torus
in G indecomposable if it can not be written as a direct product of two subtori,
decomposable otherwise. We show that semisimple elements in decomposable tori
are always real (Theorem 8.1.9). We construct examples of indecomposable tori in G
containing non-real elements (Proposition 8.4.2 and Theorem 8.4.5).

We work with an explicit realization of a group of type G, as the automorphism
group of an octonion algebra. It is known ([Se], Chapter I1I, Proposition 5, Corollary)

that for a group G of type G5 over k, there exists an octonion algebra € over k, unique
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up to a k-isomorphism, such that G = Aut(€), the group of k-algebra automorphisms
of €. The group G is k-split if and only if the octonion algebra € is split, otherwise

(G is anisotropic and € is necessarily a division algebra. We prove,

Theorem 6.2.3. Any element which is not unipotent in G(k) either leaves in-

variant a quaternion subalgebra or fizes a quadratic étale subalgebra of € pointwise.

This is Lemma 8.1.3 in the thesis. We discuss reality for G5 over special fields (Propo-
sition 8.4.2, Theorem 8.4.5 and Theorem 8.4.6). We show that nonreal elements exists
in G over k finite, with characteristic £ not 2 or 3 (compare with [CRY]), these are
neither semisimple nor unipotent.

As a result of our investigation for groups of type G5 we also get information about
conjugacy classes in such groups. We put this in general frame work of algebraic
groups and describe the results obtained. Let G be an algebraic group defined over
a field k. Let X be a G-space. Two elements z,y € X are said to have same orbit
type if the isotropy subgroups G, and G, are conjugate. Let G' be a compact Lie
group acting on a compact manifold M. It was conjectured by Montgomery ([Ei],
Problem 45) that there are only finitely many orbit types. Floyd proved that if G is
a torus acting on a compact orientable manifold then there are only a finite number
of distinct isotropy subgroups ([F], 4.5). Using the results of Floyd, Mostow ([M],
Theorem) proved that when G is a compact Lie group acting on a compact manifold
M then there are at most a finite number of inequivalent orbits. One can consider the
action of a group G on itself by conjugation and ask for orbit types. Rony Gouraige
studied conjugacy classes of centralizers in M,, (D) (the algebra of endomorphisms of a
finite dimensional vector space over a central division algebra) in his thesis submitted
at City University of New York in 2004.

In this thesis we calculate conjugacy classes of centralizers of elements for anisotropic
groups of type Gy over a field of characteristic # 2. Anisotropic groups of type G,
over k are given by automorphisms of octonion division algebras over k. We specifi-
cally calculate conjugacy classes of centralizers for compact G (anisotropic G5 over
R) and prove,

Theorem 6.2.4. Let G be the anisotropic group of type G5 over R. Then there

are exactly five orbit types (conjugacy classes of centralizers).



6.3. RESULTS IN ALGEBRAIC GROUPS 45
6.3. Results in Algebraic Groups

Motivated by several results obtained above we have investigated the structure
of real elements in general algebraic groups. We would like to mention the work of
Tiep and Zalesski (refer [TiZ]) in this connection. They look at a slightly different
question. They were interested in classifying groups in which all elements are real.
They have successfully classified ([TiZ], Theorem 1.2) finite quasi-simple groups in
which all elements are real. They also look at the question of all unipotent elements
being real in simple, simply connected algebraic group over a finite field. However, it

is worth mentioning a theorem about simple algebraic group proved in that paper.

Proposition 6.3.1. Let G be a simple algebraic group over an algebraically closed
field of characteristic p # 0. All elements of G are real if and only if G is of type
Bn7 Cn7 DQTM G27 F47 E7 or ES'

We look to characterize real elements in somewhat the same class of groups considered
by Tiep and Zalesskii but over an arbitrary base field k (not just over algebraically
closed field). An element ¢ in a connected linear algebraic group G is called regular
if its centralizer Z5(¢) has minimal dimension among all centralizers. An element is

called strongly regular if its centralizer in G is a maximal torus. We prove,

Theorem 6.3.2. Let G be a connected simple group of adjoint type defined over k.
Suppose the longest element wq of the Weyl group W of G with respect to a maximal
k-torus T acts by —1 on the roots. Lett € G(k) be a strongly reqular element. Then t
is k-real in G(k) if and only if t is strongly k-real in G(k). Moreover, if T'(k) contains

a strongly reqular element, then every element of T'(k) is strongly real in G(k).

We study the question for semisimple elements in groups over fields of cd(k) < 1 and

prove,

Theorem 6.3.3. Let k be a field with cd(k) < 1. Let G be a simple adjoint group
defined over k. Suppose that the longest element wqy in the Weyl group of G with
respect to a mazximal torus T acts as —1 on the roots. Then every semisimple element
in G(k) is strongly real in G(k).

We devote next three chapters for the proofs of the theorems mentioned here.






CHAPTER 7

Reality in Classical Groups

In this chapter we discuss structure of real elements in classical groups. These
groups have been described in Chapter 1. We prove the results mentioned in Sec-

tion 6.1. The results in this section are part of [ST2].

7.1. The Groups GL, (k) and SL, (k)

We begin by recording a theorem of Wonenburger ([W1], Theorem 1) for GL,,

which, in fact, is the motivating example for our results.

Proposition 7.1.1. An element of GL, (k) is real if and only if it is strongly real
in GL, (k).

In this section we explore the structure of real elements in SL, (k). We follow the

proof of Wonenburger for GL, (k) ([W1], Theorem 1) and modify it for our purpose.

Theorem 7.1.2. Let V be a vector space of dimension n over k. Lett € SL(V).
Suppose n # 2 (mod 4). Then t is real in SL(V') if and only if t is strongly real in
SL(V).

Proof. Let 6;(X),...,d,(X) be the invariant factors of ¢ in k[X]. Since ¢ is real,
each 6;(X) is self-reciprocal. The space V' decomposes as V' = @I | V;, where each V; is
a cyclic, t invariant subspace of V' and the minimal polynomial of ¢; = t|y, is the self-
reciprocal polynomial 6;(X’). We shall construct involutions H; in GL(V;), conjugating
t; to t; !, with det(H;) = (—1)™ if dimension of V; = 2m and det(H;) = (—1)" or
(—1)™*! when dimension of V; = 2m + 1. We then take H = @&, H;. Then H is an
involution conjugating ¢ to ¢t~ and det(H) = 1 if dim(V') # 2 (mod 4).

Now t; is a cyclic linear transformation on the vector space V; with characteristic
polynomial xi, (X) = §;(X) self-reciprocal. We can write x4, (X) = (X — 1)"(X +
1)*f(X) where f(£1) #0 and V; = W_; @ W, & Wy, where W_;, W; and W}, are the
kernels of (t; — 1)", (t; + 1)® and f(¢;) respectively. To produce the involution H; on
V; as above, it suffices to do so on each of W_q, W; and Wj,. Hence it is enough to

47
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consider the following cases. Let S be a cyclic linear transformation on a vector space
W with self reciprocal characteristic polynomial yg(X), of the following two kinds;
(1) the degree of xs(X) is even, say 2m,
(2) xs(X) = (X = 1) or (X 4 1)+
We claim that in the first case S is conjugate to S™! by an involution whose determi-
nant is (—1)™. And in the second case there are involutions with determinant (—1)™
or (—1)™! conjugating S to S~
Case 1. Since W is cyclic, there is a vector u € W such that £ = {u, Su, ..., S?*™ 1u}
is a basis of . By substituting S™u =y we get £ = {S™™y,...,y,...,S™ 1y}. Let

B={y,(S+S Vy,....,(S" 1+ 85"y (S-S y,...,(S™ - S ™)y}

Then B is a basis of W. We denote the subspace generated by the first m vectors of
B by P and the latter m vectors by Q). Then S+ S~! leaves P as well as ) invariant.
Also (S=S™1)(P)=Q and (S— S7')(Q) C P. Let H=1]|p ® —1|g. Then H is an

involution which conjugates S to S~! and has determinant (—1)™.

Case 2. In this case, we have the characteristic polynomial yg(X) = (X — ¢)?m*!
where ¢ = 4-1. Since W is cyclic, there is a vector u € W such that £ = {u, Su, ..., S*"u}
is a basis. By substituting S™u =y we get &€ = {S™™y,...,y,...,S"y}. As in the

previous case, we consider the basis
B={y,(S+Sy,....(S"+S ™)y, (S =S y,...,(S™ =S ™)y}

We denote the subspace generated by the first m + 1 vectors of B by P and the latter
m vectors by Q. Then S+ S~ leaves P as well as Q invariant. Also (S—S~1)(P) C Q
and (S—S71)(Q) € P. We consider H; = 1|p® —1|g and Hy = —1|p®1|g. Then H;

and Hy both are involutions which conjugate S to S~! and have determinants (—1)

and (—1)™"! respectively. O

Remarks 7.1.3. 1. An element S = diag(a,a™%, 3,871, v,77!) € SLg(k) such

that all the diagonal entries are distinct, can be conjugated to its inverse by

) 0 —1 0 -1 0 —1
oo (1) () ()

where H? = —1. In fact any element 7' € SLg(k) such that TST~! = S~ is of the

T ()
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where aabbeé = —1. Suppose T2 = 1. Then aa = 1, bb = 1,cc = 1. This implies that
aabbeé = 1, a contradiction. Hence there is no involution in S Lg(k) conjugating S to

S~1 ie., S is real semisimple but not strongly real in SLg(k).

11
2. Let us take A = ( 01 >, a unipotent element in SLy(k). Then any element

b
X € GLy(k) such that XAX ' = A~! has the form X = ( g

). Then, A is
—a

conjugate to A~! in SLy(k) if and only if —1 is a square in k. In that case (—1 is a
square in k) the element X which conjugates A to its inverse satisfies X? = —1, not

an involution, and hence A is not strongly real in SLs(k).

7.2. Groups of Type A,

In this section we study real semisimple elements in SLy(k) and PSLs(k) =
SLy(k)/Z(SLy(k)). We fix an algebraic closure k of k. Let G = SLy(k). We fix the

maximal torus 7' = {diag(a,a™!) | « € k*} in G.

Lemma 7.2.1. With notation as above, every semisimple element of G = SLy(k)
is real in G. The only involutions in G are {I,—I}, hence non-central semisimple

elements are not a product of involutions. Moreover, every semisimple element of

G is conjugate to its inverse by an involution in GLs(k), hence is strongly real in

GLa(k).

Proof. Let t € SLy(k) be semisimple. First, assume that ¢ = diag(a,a™!) € T.

1 _
Let g = ( (1) 0 ) € SLy(k). Then ¢g*> = —1 and

(0 =1\ [a 0 0 1\ _(at o) _
A W 0 a-! 10) " Vo o) "

Hence, for any t € T, gtg~! =t~ 1.

1
Now let n = Lo ) Then we have, for any t € T, ntn™' = t~! and n is an

involution with det(n) = —1. Hence, for any ¢t € T, we have t = n.nt, a product

of two involutions in G Ly(k). Now, if s € SLy(k) is semisimple then gsg~! € T for

some g € SLy(k). If gsg= = p1ps, pi € GLay(k),p? =1, then s = g 'p1g.97 ' pag, and

g 'pig are involutions in G Ly (k). O

Corollary 7.2.2. Let G = PSLy(k) and t be a semisimple element in G. Then t
1s real in G if and only if t is strongly real in G.
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Proof. Let t € PSLy(k) be a real semisimple element. Let t, € SLy(k) be a
representative of t. Then t, is either conjugate to t;' or —t;' in SLy(k). When t,
is conjugate to t;', it follows from the previous lemma that there exists an element
s € SLy(k) with s> = —1 such that stos™! = t5'. Hence we can write t, = (—s).(st),
which writes ¢ as a product of two involutions in PSLy(k).

Now suppose t; is conjugate to —t;" in SLy(k). Then the characteristic polyno-

mial of ¢, is X2 + 1. In this case ¢ itself is an involution in PSLsy(k). O
We record an interesting fact about semisimple elements in S Ly (k).

Lemma 7.2.3. Lett € SLy(k) be a semisimple element. Then t is either strongly

regular or central in SLa(k).

Proof. It is enough to prove this over k. Let t € SLy(k) be a semisimple element.
If ¢ is central then ¢ is either I or —I. Hence we may assume ¢ is a non-central element.
Then, up to conjugation in SLy(k), we have t = diag(a, a™!), where a? # 1. Then
Zs1,0m (1) = {diag(, 7Y | v € k*}, a maximal torus in SLy(k). Hence t is strongly

regular (i.e. centralizer of ¢ is equal to the maximal torus containing it). 0

Hence we can produce real elements in SLs(k), as in Lemma 7.2.1, which are not

a product of two involutions in SLo(k).

Proposition 7.2.4. Let ty € PSLs(k) be a semisimple element. Then tq is real
in PSLy(k) if and only if to is strongly real in PSLo(k).

Proof. Let t € SLy(k) be a representative of t,. Since tg is real in PSLs(k), it
follows that ¢ is either conjugate to t=! or —¢~! in SLy(k). In the second case, the
characteristic polynomial of ¢ must be X? + 1 and hence t> = —1. For the first case
we prove that there exists s € SLy(k) with s> = —1 such that sts™! =t~

If t is central, it is either I or —I. Hence we may assume that the element t is

conjugate to the matrix ¢; = diag(a, o) in SLy(k), for some o € k with a? # 1. Let

0 —1
n = < Lo € SLy(k). Then ntyn~' = t;* and n? = —1. In fact n conjugates

every element of the torus Ty = {diag(y,771) | v € k*} to its inverse. Hence there
exists h € SLy(k) such that hth™* = t~! and h? = —I. Moreover, h conjugates every
element of the maximal torus 7" containing ¢, to its inverse. Since ¢ is real in SLs(k),
there exists g € SLy(k) such that gtg~" =t~ Then g € hZg;, ) (t). Since t is not

central (by Lemma 7.2.3) we have Zg;, ) (t) = T, a maximal torus. We write g = hx
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where # € T. Then ¢?> = hethx = —hah™'x = —x~ 'z = —I and this proves the

required result. 0

We now consider (), a quaternion algebra over k. It is a central simple algebra
over k of degree 2. We note that SL;(Q) = {x € Q* | Nrd(z) = 1} is a form of SL
over k. We denote the group SLi(Q)/Z(SL1(Q)) by PSL:(Q).

Proposition 7.2.5. With notation as above, let G = PSLi(Q) and t € G be a
semisimple element. Then, t is real in PSLi(Q) if and only if t is strongly real in
PSLi(Q). Furthermore, G = SLi(Q) has real elements which are not strongly real.

Proof. We first observe that an element ¢ € Q* is either strongly regular or
central. Proof of this fact and the rest of the proposition is on similar lines as in
Lemma 7.2.3 and Proposition 7.2.4. 0

7.3. SLi(D), deg(D) Odd

We now consider anisotropic simple groups of type A,, for n even. These are
the groups SLi(D) for central division algebras of degree n + 1. Let D be a central
division algebra over a field k, with degree D odd. Let G = D* or G = SLy(D) =
{z € D* | Nrd(x) = 1}. We have,

Theorem 7.3.1. Let G be as above. Then the only real elements in G = D* are

+1. In G = SLy(D), there are no nontrivial real elements.

Proof. We first prove that there are no non-central real element in G and there
are no non-central involutions in G. Let t € G be a real element which is not in the
center of D. Then k(t) is a subfield # k contained in D and has a field automorphism
defined by t — ¢! of order two. Hence the degree of k(t) over k is even. But degree
of D being odd, D can not contain a field extension of even degree. Hence there are
no real elements which are not in the center of G.

Now let t € G is a non-central involution. Then k(t) is a field extension over k
of even degree. Following similar argument as in the previous paragraph, we get a
contradiction. Hence any involution in G is in the center of G. Since D is central and

degree D is odd, any such involution is trivial. This completes the proof. O

Corollary 7.3.2. Let D be a central diwvision algebra over a field k, with degree
D odd. Let o be an involution on D. Then the group Iso(D, o) has no nontrivial real

elements.
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Proof. We note that Iso(D,0) = {z € D | zo(z) = 1} C D*. Hence the result

follows from previous theorem. O

We remark that in view of Proposition 1.3.3 the group Iso(D, ), for o of the first
kind, is a form of orthogonal group. The group Iso(D, o), for o of the second kind, is

a form of unitary group.

7.4. Orthogonal Groups

Let V be a vector space over k with a nondegenerate quadratic form ). We
denote the orthogonal group by O(Q). Wonenburger proved ([W1], Theorem 2; see
also [El2] and [El3]),

Proposition 7.4.1. Any element of the orthogonal group O(Q) is strongly real,
i.e., the group O(Q) is bireflectional. Hence every element of O(Q) is real.

Djokovié¢ extended this result ([D], Theorem 1) to fields of characteristic 2. However,
Kniippel and Nielsen proved ([KN], Theorem A),

Proposition 7.4.2. The group SO(Q) is trireflectional, except when dim(V) =
2 and V' # Hs, where Hs is the hyperbolic plane over Fs. The group SO(Q) is
bireflectional if and only if dim(V') £ 2 (mod 4) or V' = Hs, and hence in this case

every element s real.

They give necessary and sufficient condition for an element in special orthogonal

group to be strongly real ([KIN], Proposition 3.3).

Proposition 7.4.3. Let t € SO(Q). Then t is strongly real in SO(Q) if and
only if dim(V') # 2 (mod 4) or an orthogonal decomposition of V into orthogonally

indecomposable t-modules contains an odd dimensional summand.

In the case dim(V) = 2 (mod 4), we explore reality for semisimple elements in
SO(Q). First we prove,

Lemma 7.4.4. Lett € SO(Q) where dim(V') =2 (mod 4). Lett be a semisimple
element which has only two distinct eigenvalues X and \~' (hence A # +1) over k.

Then t is not real in SO(Q).

Proof. We prove that the element ¢ is not real over k. Let dim(V) = 2m where
m is odd. The element ¢ over k is conjugate to A = diag(\,..., A\, A7, ..., A7)
— e N—

m m
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with A # £1 in SO(J) where J is the matrix of the quadratic form over k given by

00 ... 01
0 S 00 ... 10

J = S 0 where S = | _ |, an m x m matrix. Now suppose A
10 ... 00

is real in SO(J), i.e., there exists T € SO(J) such that TAT ' = A~'. Then T maps

the M\-eigen subspace of A to the A\!-eigen subspace of A and vice-versa. Hence T

(1)

for m x m matrices B and C. Since T is orthogonal, it satisfies T"JT = .J, which
gives BSC' = S. That is, det(B) det(C') = 1. Hence det(T") = (—1)™ det(B) det(C') =
—det(B) det(C') = —1 since m is odd. This contradicts that 7' € SO(J). Hence A is
not real in SO(J) and hence t is not real in SO(Q). O

has the following form:

Lemma 7.4.5. Let dim(V) =0 (mod 4) and t € SO(Q) be semisimple. Suppose
t has only two distinct eigenvalues X and A\~'(hence X # +1) over k. Then, any
element g € O(Q) such that gtg~ =t~ belongs to SO(Q), i.e., det(g) = 1.

Proof. We follow the notation in the previous lemma. Let dim(V) = 2m, where

m is even. As in the proof of the previous lemma, we may assume t is diagonal. Then

_ 0 B
any element 7" that conjugates t to t~! over k, is of the form T = ( c oo ) We

have det(T") = (—1)" det(B) det(C) = det(B) det(C') = 1. Since g is a conjugate of
T, the claim follows. O

Now we state the main theorem about special orthogonal groups.

Theorem 7.4.6. Let t € SO(Q) be a semisimple element. Then, t is real in
SO(Q) if and only if t is strongly real in SO(Q).

Proof. If dim(V') # 2 (mod 4) then the theorem follows from Propositions 7.4.2
and 7.4.3. Hence let us assume that dim(V) =2 (mod 4). Let dim(V) = 2m where
m is odd. In this case we will prove that the element ¢ is real in SO(Q) if and only
if 1 or —1 is an eigenvalue of t.

First we prove that if 1 and —1 are not eigenvalues then ¢ is not real. It is enough

to prove this statement over k. We write V =V ®; k and continue to denote ¢ over
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k by t itself. We have a t-invariant orthogonal decomposition of V;
V=@V i0Vmd - &Vn

where V; and V_; are the eigenspaces of ¢ corresponding to 1 and —1 respectively
and V)\;I:l = \_/,\j P \7)\;1 where ‘_/Aj is the eigenspace corresponding to A; for )\? # 1.
Since 1 and —1 are not eigenvalues for ¢, we have V; = 0 and V.1 = 0. If r =1 it
follows from Lemma 7.4.4 that t is not real. Hence we may assume r > 2. We denote
the restriction of ¢ on V)\;l:l by t;. Let the dimension of ‘7)\;!:1 be n;. Since \; # *£1,
n; is even and is either 0 (mod 4) or 2 (mod 4). Let the number of subspaces V/\;:l
such that n; is 2 (mod 4) be s. Then s is odd, since dim(V) = 2 (mod 4). Let
g € SO(Q) such that gtg~! = t~1. Then g leaves f/)\;u invariant for all j. We denote
the restriction of g on V/\jﬂ by g;. Then g; € O(V/\jﬂ) and gjtjgj’l = t;l. From the
previous lemma, determinant of g; is 1 whenever n; =0 (mod 4) and the determinant
of g; is —1 whenever n; = 2 (mod 4). Hence the determinant of ¢ is (—1)® = —1,
which contradicts g € SO(Q). Hence t can not be real in SO(Q).

Conversely, if 1 or —1 is an eigenvalue then the subspace V; or V_; is non-zero.
These subspaces are defined over k. Let us denote their descents by V; and V_; over
k. The dimension of V; and V_; is always even. But the matrix I and —I can be
written as a product of two involutions, each having determinant 1 or —1. Hence in

this case ¢ can be always written as a product of two involutions in SO(Q). O

7.5. Symplectic Groups

Now we consider the symplectic group. Let V' be a vector space of dimension 2n
with a nondegenerate symplectic form. We denote the symplectic group by Sp(2n, k).
The center of this group Z(Sp(2n, k)) = {£1} and we denote the projective symplec-
tic group by PSp(2n, k) = Sp(2n,k)/Z(Sp(2n, k)).

Lemma 7.5.1. Let t € Sp(2,k) be a semisimple element. Suppose that t is
either conjugate to t=! or —t=1. Then the conjugation can be achieved by an element
s € Sp(2,k) such that s> = —1. Hence a semisimple element of PSp(2,k) is real if
and only if it is strongly real in PSp(2, k).

Proof. We note that Sp(2,k) = SL(2,k). Hence proof follows from Corol-
lary 7.2.2. U

Lemma 7.5.2. Let t € Sp(4,k) be a semisimple element. Suppose that t is

either conjugate to t=1 or —t=1. Then the conjugation can be achieved by an element
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s € Sp(4,k) such that s> = —1. Hence a semisimple element of PSp(4,k) is real if
and only if it is strongly real in PSp(4, k).

Proof. Let J = diag (( (1) _01 ) : ( ? _01 )) Then Sp(4,k) = {A € GL(4,k) |

AJA = J}. We first assume t is conjugate to t 71. We may assume ¢t = diag(A\, A\™%, p, u™1).

We let
0 —1 0 —1 _
= di , € Sp(4, k).

Then g = —1 and gtg~' =t~ 1.
Now let ¢ be conjugate to —¢t~!. Then we may assume ¢ = diag(A\, A\™1, =\, =A71).

0 0 0 -1
0 0 1 O T\ <o 2 -1
Let g = o 10 o | Then g belongs to Sp(4, k) with ¢g* = —1 and gtg~' =
1 0 0 O
1 U

Theorem 7.5.3. Let t € Sp(2n, k) be a semisimple element. Suppose t is either
conjugate to t—+ or —t~1. Then the conjugation can be achieved by an element s €
Sp(2n, k) such that s> = —1. Hence a semisimple element of PSp(2n,k) is real if
and only if it is strongly real in PSp(2n, k).

Proof. First we consider semisimple elements in Sp(2n, k). Let t € Sp(2n, k) be
Ay At
and this diagonal element can be conjugated to its inverse by s = diag(N,..., N)

semisimple with ¢ conjugate to t~'. Then ¢ can be conjugated to diag(A1, A, ...

n

0 —1
where N = ( Lo ) Clearly s> = —1. A conjugate of s then does the job.

Now let us assume ¢ is conjugate to —t~! in Sp(2n, k). Then ¢ can be conjugated
to

diag()\lv )‘1_17 _>‘1a _>‘1_1a s 7)\7"7 )‘;17 _>‘7’7 _>‘;17M17M1_17 T a:usvlus_1>
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in Sp(2n, k) where p? = 41. Such an element ¢ can be conjugated to —t~! by
s =diag(M,...,M,N,...,N) € Sp(2n, k) where
> ﬂ

Y
N

0 0 0 -1
0 0 1 O
M =
0 —1.0 O
1 0 0 0
and s> = —1. This concludes the proof of the theorem over k.

We now complete the proof over k. Let t € Sp(V'), where V' is a 2n-dimensional
vector space over k. We first assume ¢ is real in Sp(V).

First note that if t; € Sp(V1) and ty € Sp(Va), where Vi and V5 are vector space
over k of dimension 2n; and 2n, respectively, and if there exist g; € Sp(V;) and
ga € Sp(V) such that g;it;g;' = t;! and g2 = —1, then t; @ t, is conjugate to its
inverse t;* @ t;' by g = g1 ® go in Sp(V; & V3) and ¢ = —1.

Now let t € Sp(V) be real. We write V for V ® k and V,, = {x € V | t(z) = az},
where a € k*. Both V; and V_; are defined over k. Let the subspaces V; and
V_1 of V be the descents of V; and V_; respectively. We note that the dimension
of V_; is even, since the determinant of ¢ is 1. We now assume «a # +1. We write
W, = V,®V,-1, which is a nondegenerate subspace of V. The subspace W, is defined
over the subfield k, of k, where k, is the fixed field of the subgroup of I' = Gal(k/k)
fixing the unordered pair {a,a"'}. We denote the descent subspace of W, over k,
by W,. Then W, is a direct sum of m,, two-dimensional subspaces over k,, which are
stable under ¢ and ¢ restricted to each of these 2-dimensional subspace is conjugate
to diag{a, a™1}.

By Lemma 7.5.1, there exists g, € Sp(W,) with g2 = —1 such that g.t|w, g;' =
t|ﬁ}a. The subspace Wr, = ®,crWye is defined over k and we denote the restriction
of t to this subspace by tr, (which is @yerton). AlSO gra = @goq is defined over k
and conjugates t to t~! on the subspace Wr,. We note that the g2, = —1.

Now we write V = V1 ®&V_1 B et Wra. Since the dimension of V_; is even, we may
take g_; as the direct sum of N = 0 _01 on this subspace, 3 dim(V_;) times.
Since n is even, dimension of V; is even and we may take g; as the direct sum of IV,
5 dim(V}) times, on this subspace. Finally we take g = g1 ® g1 ® ot gra € Sp(2n, k).
We have ¢ = —1 and gtg~! =t~
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Now let us assume that t is conjugate to —t~1. We follow the same proof as above
except that we consider W, =V, @ V,-1 @ V_o, & V_,-1 when a? # +1. We construct
gro using Lemma 7.5.2 in this case. The rest of the proof is along similar lines as

above. O

Remark 7.5.4. We give an example to show that there are semisimple real ele-

ments in Sp(4, k) which are not a product of two involutions. Let

({50 2)

be the matrix of the skew-symmetric (symplectic) form. Then Sp(4,k) = {A €
GL(4,k) | AJA = J}. Let S = diag(\, A\, u, u™") € Sp(4,k) with all diagonal
entries distinct. Then any element T € Sp(4, k), such that TST~! = S71, is of the

following type:
0 —a 0 —-b
T = dia, ,

such that 72 = —1. Hence A is real semisimple but not a product of two involutions.

7.6. Unitary Groups

In this section we deal with unitary groups. Let K be a quadratic field extension
of k. Let V be an n-dimensional vector space with a nondegenerate hermitian form
h. Then

UV, ) ={t € GL(V) | b(t(v), t(w)) = (v, w) Vo,w € V}

is a k-group. Let k be an algebraic closure of k. We denote V = V ®;, k, a module
over K ®; k. We define h on V by base change of b to k. Then U(V,h) is an
algebraic group defined over k and U(V, ) is the group of k-points of U(V, ). Let
{e1,...,en} be an orthogonal basis of V' with respect to . Let h(e;, e;) = a; € k and
let H = diag(a,...,qy). Then U(V,h) 2 U(H) ={A € GL,(K) | AHA = H}.

Lemma 7.6.1. Let V be a two dimensional vector space over K with a nonde-

generate hermitian form Y. Let eq, ey be an orthogonal basis of V' with b(e;,e;) = h;
hy 0

and H = 01 o Let A be any diagonal matriz in U(H). Then A is real in
2

U(H) if and only if hihy € Ng i (K*) and, in that case, it is strongly real.



58 7. REALITY IN CLASSICAL GROUPS

&0

0 ¢

-1 . 0 b _ ~

A~". Then T has following form: T = 0 where hibb = hy and hoce = hy.
c

Hence A is real in U(H) if and only if hihy € Nk, (K*). And, if the condition holds,
0
b—l

Proof. Let A = ( ) € U(H). Let T be an element such that TAT! =

b
we can take T' = ( 0 ) . This proves the result. 0
Theorem 7.6.2. Let (V,b) be a hermitian space over K. Lett € U(V,h) be a

semisimple element. Then, t is real in U(V,b) if and only if t is strongly real.

Proof. Let t € U(V,h) be a real semisimple element. Let g € U(V,h) be such
that gtg~' = ¢t~'. We base change to k and argue. Since ¢ is real semisimple, we have

a decomposition of V as follows:

V= V1® ‘771@&:1 (VAQD Vx—l)@#?\*l ((V/\ D VZ\*Q@ (‘7/\—1 D VX))

where V1, V_; and V) are eigenspaces corresponding to eigenvalues 1,—1 and \ re-
spectively. Since ¢ is unitary, whenever \ is an eigen value A~! is also an eigen value.
To verify the orthogonality in the decomposition we take z € Vj and y € V,, and note
that
h(z,y) = h(t(x),t(y)) = h(Az, py) = Aah(z, y).

Hence Vj, and V,, are orthogonal if \ji # 1. We denote the subspace V5@ Vy-1 by Wy
when A\ = 1 and (V3 @ V3-1)D (Va-1 @ V) as W), in other cases. In the first case, for
x € Wy we have t(z) = A*'z and since gtg~! =t~ we get t(g(z)) = AFlg(x). This
implies that g(x) € W) which means the conjugating element g leaves W) invariant.
Similarly one can verify that g leaves W, invariant in the other case also. Since V)
(VA @ V5-1 in the second case) is nondegenerate (because it is an orthogonal sum),
we can choose an orthogonal basis {e1,...,e,} for Vi (Vi @ V-1 in the other case).
We decompose Wy in ¢ invariant planes as follows. Let P; be the subspace generated
by {ei, g(e;)}. Then Wy = P, @...® P, is an orthogonal decomposition. Moreover,
leaves each of the P; invariant. The element n; which maps e; to g(e;) and g(e;) to e;,
is a unitary involution conjugating t|p, to its inverse. The element § =n; @ ... B n,
conjugates t|yy, to its inverse and is a unitary involution.

Let Wy, be the sum of all Galois conjugates of W, and s be the sum of all Galois
conjugates of 5. Then W), is defined over k and t|w, is conjugate to its inverse by the

involution s defined over k. This gives the decomposition of V as V =V, & V_1 @)W,
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and we have proved that t is a product of two involutions on each component. Hence

t is strongly real. O

Corollary 7.6.3. Lett € SU(V,b) be semisimple. Supposen % 2 (mod 4). Then
t is real in SU(V,b) if and only if it is strongly real.

Proof. The result follows by keeping track of the determinant of the conjugating
element in the proof of Theorem 7.6.2. 0

Remarks 7.6.4. 1. Let K be a quadratic extension of k. Let V be a two
dimensional vector space over a field K with a nondegenerate hermitian form b defined
as follows. Let {e1,es} be a basis of V' such that h(ej,e;) = 1,h(eq,e2) = —1 and

1 0
h(er,e2) = 0. In the matrix notation, the matrix of the form is H = 0 1 >

§

and U(H) = {X € GLy(K) | 'XHX = H}. Let A = ( 0 2) € SU(H) where

€ # & Then A is semisimple. Let T € GLy(K) such that TAT™! = A=L. Then T is
0

of the form T = (
c

b
). Note that A is real in U(H) if and only if there exists

0 b -
T = 0 with bb = —1 and ¢¢ = —1. The element A is not strongly real in
c

SU(H). For T to be in SU(H) we need bc = —1 and this implies 7% = —1. Hence no
involution conjugates A to its inverse. But if K has an element b such that bb = —1,
then A can be conjugated to A~! by T such that 72 = —1. For example one can take
K =Q(v/5) and k = Q.

2. Let V be a two dimensional vector space over K with a hermitian form h on
it. Let K = k(7). Let {e1,e2} be a basis of V' such that h(ey,e;) = 0,h(eq, e2) =0

and h(er,ez) = v = —bh(eg,e1). In the matrix notation, the matrix of the form is
0 - 11

H = g and U(H) = (X € GLy(K) | XHX = H}. Let A=
-

SU(H). Then A is a unipotent element. Let T' € GLy(K) be such that TAT ! = A~1.

b

—a

Then T is of the form 7" = ( g > Note that A is real in U(H) if and only

b

—a

if there exists T = ( g with @@ = —1 and ab — ab = 0. Here T? = a?I.

The element A is not strongly real in SU(H). For if so, we would have a* = 1 and

aa = —1, which would imply that v is a square in k. Hence no involution conjugates
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A to its inverse. But if k has an element a such that a? = —1, then A is conjugate
to its inverse by T such that 72 = —1. For example one can take K = Q(y/—1,v/5)
and k = Q(v/—1).



CHAPTER 8

Reality in Groups of Type G5

This whole chapter is devoted to the study of reality properties in groups of type
Gy. We give proofs to results mentioned in the Section 6.2. We also obtain results
on conjugacy classes and centralizers in groups of type GG, which we use to calculate
conjugacy classes of centralizers in Section 8.5. The preliminaries for this chapter
have been discussed in Chapter 3. The results in Sections 8.1, 8.2, 8.3 and 8.4 have
appeared in [ST1] and the results in 8.5 are the part of [Si].

8.1. Reality in G,

Let G be a group of type G2 defined over a field k (of characteristic # 2). Then,
there exists an octonion algebra € over k such that G = Aut(€) ([Se], Chapter III,
Proposition 5, Corollary). Let t, be an element of G(k). We will also denote the
image of ¢y in Aut(€) by to. We write €y for the subspace of trace 0 elements of €.
In this section, we explore the condition so that t is conjugate to t5* in G(k). We

prove the following,

Theorem 8.1.1. Let G be a group of type Go over a field k of characteristic not
2 and 3. Let ty € G(k). Then, tq is real in G(k) if and only if ty is strongly real in
G(k).

In fact the result is true in characteristic 3 also except for unipotent elements. We
let Vi, = ker(to — 1)®. Then V,, is a composition subalgebra of € with norm as the
restriction of the norm on € ([W2]). Let ry, = dim(V;, N &y). Then ry, is 1,3 or
7. We note that if r;, = 7, the characteristic polynomial of ¢y is (X — 1)® and ¢ is

unipotent. We have,

Lemma 8.1.2. Let ty € G(k) be a unipotent element. In addition, we assume
char(k) # 3. Then ty is strongly real in G(k).

Proof. Since ¢, is unipotent, we have r,, = 7. In this case, the characteristic
polynomial of ¢y on € is (X — 1)7. The assertion follows from a theorem of Wonen-
burger ([W2], Theorem 4), which states that if char(k) # 3 and the characteristic

61
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polynomial of ¢ € Aut(€) is divisible by (z — 1)3, ¢ is a product of two involutory

automorphisms of €. Hence t; is strongly real in G(k). O

Lemma 8.1.3. Let the notation be as fixed above and let ty € G(k) be an element
which is not unipotent (e.g. a semisimple element). Then, either ty leaves a quater-
nion subalgebra invariant or fizes a quadratic étale subalgebra L of € pointwise. In
the latter case, to € SU(V,b) C G(k) for a rank 3 hermitian space V' over a quadratic
field extension L of k or ty € SL(3) C G(k).

Proof. Since ¢, is not unipotent, from the above discussion, we see that ry, is
lor3. Ifr, =3, t leaves a quaternion subalgebra ® of ¢ invariant. In the
case 1, = 1, L =V}, is a two dimensional composition subalgebra and has the form
Vi, = k.1 (Vi,NE&y), an orthogonal direct sum. Let LNy = k.y with N(v) # 0. Since
to leaves €y and V;, invariant, we have, to() = v and hence to(z) = « Vo € L, so that
to € G(€/L). The result now follows from Proposition 3.2.1 and Proposition 3.2.2. [

If ¢y leaves a quaternion subalgebra invariant, to is strongly real in G(k). This

follows from the following theorem (see [W2], Theorem 4).

Theorem 8.1.4. Let € be an octonion algebra. If g is an automorphism of €
which maps a quaternion subalgebra ® into itself, then g is a product of two involutory

automorphisms.

Corollary 8.1.5. If an automorphism g of € leaves a nondegenerate plane of €

invariant, then it is a product of two involutory automorphisms.

We discuss the other cases here, i.e., the fixed points of t; form a quadratic étale
subalgebra L of €.

(1) The fixed subalgebra L is a quadratic field extension of k and
(2) the fixed subalgebra is split, i.e., L = k X k.

By the discussion in Section 3.2, in the first case, ¢, belongs to G(€/L) =
SU(L*, ) (Proposition 3.2.1) and in the second case ty belongs to G(€/L) = SL(3)
(Proposition 3.2.2). We denote the image of ¢y by A in both of these cases. We ana-
lyze further the cases depending on the characteristic polynomial of A. We mention
a result of Neumann here ([N], Satz 6 and Satz 8).

Proposition 8.1.6. Let ty be an element in G(k) and suppose ty exactly fizes
a quadratic étale subalgebra L of € pointwise. Let us denote the image of to by A
in SU(L*, ) or in SL(3) as the case may be. Also assume that the characteristic
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polynomial of A over L in the first case and over k in the second, is reducible and the
minimal polynomial of A is not of the form (X — a)3, for o € L in the first case and

for a € k in the second case. Then tg is strongly real.
We have the following,

Theorem 8.1.7. Let G be a group of type G over a field k of characteristic not
2. Letty € G(k) be an element which is not unipotent. Then, ty is real in G(k) if and
only if ty is strongly real in G(k). In addition, if char(k) # 3 then every unipotent
element in G(k) is strongly real in G(k).

Proof. The assertion about unipotents in G(k) follows from Lemma 8.1.2. In view
of Lemma 8.1.3 and discussion following the lemma, we need to consider the case when
to € SU(LY,h) or tg € SL(3). In these cases, we look at the characteristic polynomial
Xa(X) and the minimal polynomial m(X) of A. We first assume that y4(X) #
ma(X). Hence degree of m4(X) < 2 and y4(X) is reducible. The conditions in
Proposition 8.1.6 are satisfied in this case. Hence tq is strongly real. We take up the
case of A with x4(X) = ma(X) below. O

The result follows from the following theorem.

Theorem 8.1.8. Let ty be an element in G(k) and suppose to fizes ezxactly a
quadratic étale subalgebra L of € pointwise. Let us denote the image of to by A
in SU(LL,B) or in SL(3) as the case may be. Also assume that the characteristic
polynomial of A over L in the first case and over k in the second, is equal to the
minimal polynomial of A. Then to is conjugate to ty" in G(k) if and only if to is
strongly real in G(k).

Proof. We distinguish the cases of both these subgroups below and complete the

proof in the next two sections, see Theorem 8.2.8 and Theorem 8.3.5. ([l

We record the theorem about semisimple elements separately.

Theorem 8.1.9. Let ty be a semisimple element in G(k) and suppose to fizes the
quadratic étale subalgebra L of € pointwise. Let us denote the image of ty by A in
SU(L*, ) orin SL(3) as the case may be. If the characteristic polynomial of A over
L in the first case and over k in the second, is reducible then tqy is strongly real in
G(k). If the characteristic polynomial is irreducible then to is real if and only if to is

strongly real.
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Proof. Let us assume first that the characteristic polynomial of A over L in
the first case and over k in the second, is irreducible. This case follows from Theo-
rem 8.1.8. Since the characteristic polynomial of A is irreducible, it equals the minimal
polynomial of A. Hence let us consider the case when characteristic polynomial is
reducible. First, let us take the case when L is a field extension. Let T" be a maximal
torus in SU(L", ) containing t,. By Corollary 5.1.6, there exists an étale L-algebra
Ep with an involution o and v € F* such that (L*, ) = (Er, h™), here F is the fixed
point subalgebra of o in &r. Since the characteristic polynomial of A is reducible, we
see that L is a reducible representation of 7. From Corollary 5.2.2 we see that &
is not a field. We can write & = F ® L where F is a cubic étale k-algebra but not a
field. Let F = k x A, for some quadratic étale k-algebra A. Hence &7 =2 L x (A® L)
and o is given by (o, f ® 8) — (&, f ® 3). Writing u = (uy,us) where u; € k, the
hermitian form h™ is given by h™((1,4), (I',§)) = tro/L(lunl’) + tragro(dugd’) =
lupl! + tragrn(dugd’). Hence L x {0} is a nondegenerate subspace left invariant by
the action of ¢y € T(g, ..y = T} x TAg,, which acts by left multiplication. There-
fore tg leaves invariant a two dimensional nondegenerate k-plane in €. The result
now follows from Corollary to Theorem 8.1.4. The proof in the case when L is split

proceeds on similar lines. O

8.2. SU(V,h) C G

We continue with notation introduced in the last section. We assume that L is
a quadratic field extension of k. Let ¢y be an element in G(€/L) with characteristic
polynomial of the restriction to V = L*, equal to its minimal polynomial over L. We
write € = L@V, where V' is an L-vector space with hermitian form § induced by
the norm on €. Then we have seen that G(€/L) = SU(V,t) (Theorem 3.2.1).

Lemma 8.2.1. Let the notation be as fixed above. Let ty be an element in G(€/L)
which does not have a nonzero fized point outside L. Suppose that g € G(k) such
that gtog~' =ty'. Then g(L) = L.

Proof. Suppose that g(L) ¢ L. Then we claim that 3z € L N €y such that
g(z) & L. For this, let y € L be such that g(y) ¢ L. Let = y — 5tr(y)1. Then
tr(z) = 0 and if g(z) € L then g(y) € L, a contradiction. Hence we have z € L N &,
with g(z) € L. Also since to(z) = z, we have,

to(g(z)) = gty ' (z) = g(x).
Therefore ty fixes g(x) & L, a contradiction. Hence, g(L) = L. O
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We recall a construction from Proposition 3.2.5. Let a € Lt with N(a) # 0.
Let ® = L ® La and p;: ® — D© be defined by pi(x + ya) = o(x) + o(y)a. Write
again € = D @ Db, for b € D+ with N(b) # 0 and define p: € — € by p(z + yb) =
o(x) + o(y)b. Then p is an automorphism of € of order 2 which restricts to L to the

nontrivial automorphism of L. The basis

{fi=a, fa =0, f3 = ab}

of V.= Lt over L is an orthogonal basis for h. We fix this basis throughout
this section. Let us denote the matrix of h with respect to this basis by H =
diag(A1, Ao, A\3) where A\; = b(fi, fi) € k*. Then SU(V,b) is isomorphic to SU(H) =
{Ae€ SL(3,L) | AHA = H}.

Theorem 8.2.2. With notation fized as above, let A be the matriz of to in SU(H)
with respect to the fized basis described above. Suppose that ty does not have a nonzero
fized point outside L. Then tq is conjugate to ty* in G(k), if and only if A is conjugate
to A=Y in SU(H), where the entries of A are obtained by applying o on the entries
of A.

Proof. Let g € G(k) be such that gtog~' = t;'. In view of Lemma 8.2.1, we have
g(L) = L. We have (Proposition 3.2.5) G(€,L) = G(€/L) x N where N =< p >
and p is an automorphism of €, described above. Clearly g does not belong to
G(¢/L). For if so, we can conjugate ty to t5* in G(€/L) = SU(H). But then the
characteristic polynomial x(X) = X3 — aX? + aX — 1, where a € L, and a = a.
Hence x(X) = (X — 1)(X%?+ (1 —a)X + 1) and ¢, has a nonzero fixed point in L*,
a contradiction. We write g = ¢'p where ¢’ € G(€/L). Let B be the matrix of ¢’ in
SU(H). Then, by a direct computation, it follows that,

gtog ™ (0.1 + arfi + o fa + asfs)
= ag.1 + a1 BAB™ ' fi + 0o BAB ' f, + a3BAB™' f;.
Also,
to (apl + anfi +aofo+ asfs) = (a0l + a1 A7 fi + as A7 fo + a3 A7 f3).

Therefore, if to is conjugate to t5 in G = Aut(€), then A is conjugate to A~! in
SU(H). Conversely, let BAB™' = A~! for some B € SU(H). Let ¢ € G(€/L) be
the element corresponding to B. Then ¢'p conjugates ¢, to t;". O
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Let V' be a vector space over L of dimension n with a nondegenerate hermitian form
h. Let H denote the diagonal matrix of  with respect to some fixed orthogonal basis.
Then, for any A € U(H), we have ‘AHA = H. Let A € SU(H) with characteristic
polynomial x4(X) = X"+ a; X" '+ -+ +a, 1 X + (=1)". Then (—1)"a; = a,_; for

1=1,...,n—1.

Lemma 8.2.3. With notation as above, let A € SU(H) with its characteristic
polynomial over L be the same as its minimal polynomial. Suppose A = Ay As with
A, Ay € GL(n,L) and Aj Ay = I = AyAy. Then, Ay, Ay € U(H).

Proof. Let H = diag(A1, X2, ..., \,), where Aq,...,\, € k. We have AHA = H.
Then,
(HATHAHA) ' = HAT'A|ADA\H ™ = HAT'H = A
Since the characteristic polynomial of A equals its minimal polynomial, by ([TaZ],
Theorem 2) HA;' is symmetric, i.e., HA[' = Y(HA;') = A'H. This implies,
H = A HA' = A HA,. Hence, Ay € U(H). By similar analysis we see that
Ay € U(H). O

Lemma 8.2.4. With notation as above, let A € SU(H) with characteristic poly-
nomial xa(X) = X"+ a1 X" '+ 4+ a, 1 X + (=1)" over L, equal to its minimal
polynomial. Then, A = BBy with By, By € GL(n, L) and B1B; = I = ByBs.

Proof. Let A, denote the companion matrix of A, namely

00 ... 0 —(=1"
1 0 ... 0 —au,_1
X = . .
0 0 1 —aq
We have,
(=)™ 0 0 0 0 O 0 -1
QAp—1 0O ... 0 -1 0O 0 ... =1 0
Ax: . . . . . . = A1 Ay,
ai -1 ... 0 O -1 0 ... O 0

and A, A; = I = Ay Ay, using (—1)"a; = @,_; for i = 1,...,n — 1. Since the char-
acteristic polynomial of A equals its minimal polynomial, there exists T € GL(n, L)
such that A = TAXTfl. We put By = TAT ', By = TAT~'. Then A = B, B,,
where BiB; = I = ByB,. O
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Corollary 8.2.5. Let A € SU(H) with characteristic polynomial xa(X) over
L same as its minimal polynomial. Then, A = BBy with By,By € U(H) and
ElBl =1= FQBQ.

From this corollary, we get the following,

Lemma 8.2.6. Let A € SU(H), with characteristic polynomial over L equal to
its minimal polynomial. Then,
(1) A is conjugate to A=Y in U(H), if and only if A = Ay Ay with Ay, Ay € U(H)
and AjA; =1 = Ay A,.
(2) A is conjugate to A~" in SU(H), if and only if A = Ay Ay with Ay, Ay €
SU(H) and AjA; = I = AyA,.

The following proposition is due to Neumann ([N], Lemma 5). Recall that we
have fixed a basis {fi, fo, f3} for V.= L* over L in Theorem 8.2.2.

Proposition 8.2.7. Let € be an octonion algebra over k and let L be a quadratic
field extension of k, which is a subalgebra of €. An element t € G(€/L) is a product
of two involutions in Aut(<), if and only if, the corresponding matrizx A € SU(H) is
a product of two matrices Ay, Ay € SU(H), satisfying A1 A; = AyAy = 1.

We now have,

Theorem 8.2.8. Let ty be an element in G(€/L) which does not have a fived
point outside L and let A denote the image of to in SU(H). Suppose the characteristic
polynomial of A is equal to its minimal polynomial over L. Then ty is conjugate to

ty1, if and only if to is a product of two involutions in G(k).

Proof. From Theorem 8.2.2 we have, t, is conjugate to t,', if and only if A is
conjugate to A~! in SU(H). From Lemma 8.2.6 above, A is conjugate to A1 in
SU(H) if and only if A = A; A, with A}, Ay € SU(H) and AjA; = I = AyAy. Now,

from Proposition 8.2.7, it follows that t, is a product of two involutions. [

In [W2] and [L] examples of elements in G(k), for G of type G5, are constructed,
which are not product of two involutions. These examples are neither semisimple
nor unipotent. However, we continue our analysis to produce examples of semisimple
elements which are not real. Let V' be a vector space over L of dimension n together
with a nondegenerate hermitian form h. Let A € SU(H). Let us denote the conjugacy
class of Ain U(H) by C and the centralizer of A in U(H) by Z and let

Ly = {det(X)| X € Z)}.
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Lemma 8.2.9. With notation as fized above, for XY € U(H), XAX ! is con-
Jugate to YAY ™' in SU(H) if and only if det(X) = det(Y")(modL ).

Proof. Suppose there exists S € SU(H) such that SXAX"1S™! = YAY L.
Then, Y~1SX € Z and det(X) = det(Y)(modL ).

Conversely, let det(XY ') = det(B) for B € Z. Put S = YBX~'. Then
det(S) =1, S € SU(H) and Y 'SX = B € Z. Then, Y !SXA = AY 'SX gives
SXAX 'S t=YAY L O

Lemma 8.2.10. Let ty be an element in G(€/L) for L a quadratic field extension
of k and A be the corresponding element in SU(H). Suppose the characteristic poly-

nomial of A is irreducible over L. Then, to is conjugate to ty* in G(k), if and only if
for every X € U(H) such that XAX ' = A7!, det(X) € Lj.

Proof. We have, by Theorem 8.2.2, t, is conjugate to t; ' in G(k) if and only if A is
conjugate to A~!in SU(H). Let X € U(H) be such that XAX ! = AL, Then from
the above lemma, A is conjugate to A~! in SU(H) if and only if det(X) € Lz. O

Corollary 8.2.11. With notation as fized above, whenever L'/ Lz is trivial, t is
conjugate to ty* in G(k), where L' = {a € L|aa = 1}.

Proof. We have L' = {a € L | aa = 1} = {det(X)|X € U(H)}. Now let us
fix Xo € U(H) such that XoAX;' = A~'. Then, for any X € U(H) such that
XAX"' = A", we have X;'X € Zy)(A). Hence det(X) € det(Xo)Lj. But since
L'/Ly is trivial, we have det(X) € L. From the above lemma, it now follows that

to is conjugate to ty* in G(k). O

Remark 8.2.12. From the proof above, for any X € U(H) such that X AX ! =
A7 we get X € XoZy H)(/_l). Since the characteristic polynomial of A is irreducible,
that of A is irreducible as well. Therefore Zy () (A) C Zpna, (v)(A) = L[A] = L[T]/ <
xa(T) >. In fact, Zym)(A) = {x € Zgna,(v)(A) | zon(x) = 1}. Hence we can write
X = X f(A) for some polynomial f(T) € L[T).

Lemma 8.2.13. Let A € SU(H) and its characteristic polynomial x A(X) be
irreducible over L. Let € = L[X|/xi(X), a degree three field extension of L. Then
L'/Lz — L*/N(&E%).

Proof. Define a map ¢: L' — L*/N(E*) by z — xN(E*). We claim that
ker(¢p) ={x e L' |2 € N(E*)} =L;z={N(z) | x € E*,x0(x) = 1}. Let x € ker(9),
ie., v = N(y) for some y € & and zo(z) = 1. Let g = zy 'o(y) € £* then
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N(y) = z,90(g) = 1. Hence x € Lj. Conversely, if N(z) € L4 for some z € £* such
that zo(z) = 1 then N(x) € ker (o). O

Hence if the field & is C (for example, finite field) or it does not admit degree three
extensions (real closed fields, algebraically closed fields etc.), L*/N(E*) is trivial.
From Corollary 8.2.11, it follows that every element in G(€/L), with irreducible
characteristic polynomial, is conjugate to its inverse. In particular, combining with
Theorem 8.1.9, it follows that every semisimple element in G(k) is conjugate to its

mverse.

Proposition 8.2.14. With notation as above, let L be a quadratic field extension
of k and let S € SU(H) be an element with irreducible characteristic polynomial over
L, satisfying S = S™'. Let & = L[X]/xs(X), a degree three field extension of L,
and assume L'/N(EY) is nontrivial, where L' = {x € L | zo(x) = 1}, &' = {x €
E | xo(x) = 1} and o is the extension of the nontrivial automorphism of L to E.
Then there exists an element A € SU(H) with characteristic polynomial same as the
characteristic polynomial of S, which can not be written as A = A Ay where A; = A7
and A; € SU(H). The corresponding element t in G(&€/L) is not a product of two

involutions in G = Aut(€) and hence not real in G.

Proof. Let b € L' such that * ¢ N(E'). Put D = diag(b,1,1) and A = DSD™!,
then A belongs to SU(H). Now suppose A = A, A, with A; = A7 and A; € SU(H).
Then A = AjAy = DSD™' = DSDD=2. Put Ty = DSD and T, = D72, then
T, = Ti_l. Since AyAA;T = A7 and THbAT, ' = A7, we have Ty, ' Ay € Zywp)(A4),
ie., Ty ' Ay = f(A) for some f(X) € L[X] (see the Remark after Corollary 8.2.11).
Then b? = det(Ty ') = det(Ty *Ay) = det(f(A)) € N(£*), a contradiction. O

Remark 8.2.15. If we choose S in the theorem above with characteristic polyno-
mial separable, then the element A, constructed in the proof, is a semisimple element

in an indecomposable maximal torus, contained in SU(H), which is not real.

We recall that any central division algebra of degree three is cyclic ([P], Theorem,
Section 15.6). Let L be a quadratic field extension of k. Let F' be a degree three
cyclic extension of k and we denote F = F.L. Let us denote the generator of the
Galois group of F over k by 7. Let A = F & Fu ® Fu? with udu™' = 7(d) for
all d € F and v® = a € k*. Then A, denoted by (F,7,a), is a cyclic algebra of
degree three over k. Recall also that (F,7,a) is a division algebra if and only if
a & Npjp(F*). We denote the relative Brauer group of F' over k by B(F/k), i.e.,
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the group of Brauer classes of central simple algebras over k, which split over F'. We
define a map ¢: B(F/k) — B(E/L) by [(F,1,a)] — [(F, T,a)] (which is the same as
the map [D] — [D® L]). This map is well defined ([P], Section 15.1, Corollary ¢) and
is an injective map since ker(¢) = {[(F,7,a)] € B(F/k) | a € k*,a € Ng/(E*)} =
{l[(F,1,a)] € B(F/k) | a € Np/,(F*)}. We have a commutative diagram,

k*/Npju(F*) —— B(F/k)

l L

L*/Ng/(E*) —— B(E/L)

The vertical maps are injective in the above diagram. We have the following exact

sequence,
1 — (Ngo(E")k*)/Np/(E*) — L /Ngr(E*) — L' /Ng/(E') — 1

where (Ng/(E*)k*)/Ng/L(E*) = k*/Np/p(F*). Hence, from the commutativity of
the above diagram, we get B(E/L)/¢(B(F/k)) = L' /Ng/(EY).

This shows L' /Ng,,(E") is nontrivial, if and only if there exists a central division
algebra D over L which splits over E and it does not come from a central division
algebra over k, split by F. Over number field for such a construction we refer to [K]
(Chapter V, Proposition 1).

8.3. SL(3) C G

We continue here with proof of the Theorem 8.1.8. Let us assume now that
L = k x k. We have seen in Section 3.2 that G(€/L) = SL(U) = SL(3). Let t,
be an element in G(€/L) and denote its image in SL(3) by A. We assume that the

characteristic polynomial of A € SL(3) is equal to its minimal polynomial over k.

Lemma 8.3.1. Let the notation be fized as above. Let ty be an element in G(€/L)
which does not have a fixed point outside L. Suppose that Ih € G = Aut(€), such
that htoh™' = ty*. Then h(L) = L.

Proof. Suppose that h(L) ¢ L. Then we claim that 3z € L N &, such that
h(z) ¢ L. For this, let y € L be such that h(y) ¢ L. Let = y — 3tr(y)1. Then
tr(z) = 0 and if h(z) € L then h(y) € L, a contradiction. Hence we have z € L N &,
with h(z) € L. Also since to(z) = x, we have,

to(h(z)) = htg(z) = h(z).
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Therefore, t, fixes h(z) € €y and h(x) ¢ L, a contradiction. Hence any h € Aut(€),

conjugating ¢ to t; ' in G, leaves L invariant. O

From Theorem 7.1.2 it follows that if ¢, is conjugate to ;' in G(€/L) = SL(3) then

to is strongly real. Hence we may assume that A is not real in SL(3).

Theorem 8.3.2. With notation fized as above, let A be the matriz of ty in SL(3).
Let A be not real in SL(3). Then ty is conjugate to ty" in G = Aut(€), if and only
if A is conjugate to A in SL(3).

Proof. Let h € G be such that htoh™! = ¢;'. In view of the lemma above, we have
h(L) = L. We may, without loss of generality (up to conjugacy by an automorphism),

assume that

¢={<g ;>|mﬁehuwekﬂ\WhL:{<z g>|mﬁeg}

By Proposition 3.2.3, h belongs to G(€/L) x H. Clearly h does not belong to G(€/L)
since we have assumed A is not real in SL(3). Hence h = gp for some g € G(€/L). Let
A denote the matrix of to on U in SL(3) and B that of g. Then, a direct computation

gives,
htoh~! ( a v ) _ ( a BAT' B~y )
w B ‘B~ A'Bw 6] '
and
t_1<oz v>:<a A_lv)
0 w “Uw B '
Therefore,

htoh™ =t;' & A= BAB™".

Hence, t, is conjugate to t;' in G(k) if and only if A is conjugate to 'A in SL(3). O

Lemma 8.3.3. Let A be a matriz in SL(n) with its characteristic polynomial
equal to its minimal polynomial. Then A is conjugate to A in SL(n) if and only if A

is a product of two symmetric matrices in SL(n).

Proof. Any matrix conjugating A to A is necessarily symmetric ([TaZ], Theorem
2). Let S be a symmetric matrix which conjugates A to 4 in SL(n), i.e., SAS™ = .
Let B = SA ='US. Then B is symmetric and belongs to SL(n). Hence A = S™'B
is a product of two symmetric matrices in SL(n). Conversely, let A be a product of

two symmetric matrices from SL(n), say A = S1S5. Then Sy conjugates A to 4. 0
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We need the following result from ([W1]), (cf. also [L]),

Proposition 8.3.4. Let € be a (split) octonion algebra over a field k of character-
istic not 2. Let L be a split two-dimensional subalgebra of €. An element n € G(€/L)
is a product of two involutory automorphisms if and only if the corresponding matrizc

in SL(3) can be decomposed into a product of two symmetric matrices in SL(3).
We have,

Theorem 8.3.5. Let ty be an element in G(&/L), with notation as in this section.
Let us assume that the matriz A of ty in SL(3) has characteristic polynomial equal
to its minimal polynomial. Then, to can be conjugated to ty* in G = Aut(€), if and

only if to is a product of two involutions in G(k).

Proof. First, let ¢y be real in G(€/L). Then, A is real in SL(3) and hence it is
strongly real (see Theorem 7.1.2). Thus the element # is strongly real in G(k). Now
we assume to is not real in G(€/L), i.e., A is not real in SL(3). In this case, the
element t, can be conjugated to ;' in G(k) if and only if, A can be conjugated to
A in SL(3) (Theorem 8.3.2). This is if and only if, A is a product of two symmetric
matrices in SL(3) (Lemma 8.3.3). By Proposition 8.3.4, this is if and only if ¢, is a

product of two involutions in Aut(Z). O

We continue our analysis and produce examples of nonreal semisimple elements.
We derive a necessary and sufficient condition that a matrix A in SL(3), with ir-
reducible characteristic polynomial, be conjugate to 4 in SL(3). We have, more

generally,

Theorem 8.3.6. Let A be a matriz in SL(n) with characteristic polynomial
Xa(X) irreducible. Let E = k[X]/xa(X) = k[A] be the field extension of k of degree
n given by xa(X). Then A is conjugate to A in SL(n), if and only if, for every
T € GL(n) with TAT ' =, det(T) is a norm from E.

Proof. Fix a Ty € GL(n) such that TyAT; ' = and define a map,
{T € M,(k) | TA=AT} — k[A]
T — T,'T

This map is an isomorphism of vector spaces. Since if T € M, (k) is such that
TA =T then T, 'T belongs to Z(A) (= k[A], as the characteristic polynomial of A

is the same as its minimal polynomial). To prove the assertion, suppose Ty € SL(n)
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conjugates A to A. But with the above bijection, T, 'T = p(A) for some p(A) €

k[A], p(X) € k[X]. Hence det(p(A)) = det(T), i.e. detT is a norm from F.
Conversely suppose there exists T € GL(n) with TAT™! = 4 and det(7T) is a

norm from E. Then there exists p(X) € k[X] such that det(p(A)) = det(T)~*. Thus

det(Tp(A)) =1 and

(Tp(A)A(p(A)'T—1) =TAT =4, O

In the case under discussion, A € SL(3) has irreducible characteristic polynomial.
Hence, E = k[A] = Zy,u)(A) is a cubic field extension of k& . We combine the

previous two theorems to get,

Corollary 8.3.7. Let A be a matriz in SL(3) with irreducible characteristic poly-
nomial. With notation as above, suppose k* /N(E*) is trivial. Then A can be conju-
gated to A in SL(3) and hence ty can be conjugated to ty" in Aut(€).

If k a C) field (e.g., a finite field) or k does not admit cubic field extensions (e.g., k
real closed, algebraically closed), the above criterion is satisfied automatically. Hence
every element in G(€/L), for L = k x k, with irreducible characteristic polynomial
over k, is conjugate to its inverse in G(k). In particular, combining this with Theorem
8.1.9, we see that every semisimple element in G(k) is real.

We shall give a cohomological proof of reality for G5 (and other groups with
appropriate hypothesis) over fields k& with cd(k) < 1 (see the Theorem 9.3.3).

In view of these results, to produce an example of a semisimple element of G =
Aut(€) that is not conjugate to its inverse in Aut(€), we need to produce a semisimple
element which is a product of three involutions but not a product of two involutions.
We shall show that, for the split form G of Gy over £k = Q or £k = Q,, there are
semisimple elements in G(k) which are not conjugate to their inverses in G(k). We
shall do this in next section by exhibiting explicit elements in G5 over a finite field,
which are not real. These necessarily are not semisimple or unipotent (see the Re-
mark 8.4.8). We adapt a slight variant of an example in ([W2], [L]) for our purpose,
there the issue is bireflectionality of G's. The following lemma will be used to produce

nonreal elements in G5 in next section.

Lemma 8.3.8. Let k be a field and let S be a symmetric matriz in SL(3) whose
characteristic polynomial p(X) is irreducible over k. Let E = k[X]/ < p(X) >, the
degree three field extension of k given by p(X). Further suppose that k*/N(E*) is
not trivial. Then there ezists a matriz in SL(3), with characteristic polynomial p(X),

which is not a product of two symmetric matrices in SL(3).
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Proof. Let b € k* such that v* ¢ N(E*). Consider D = diag(b,1,1), a diagonal
matrix and put A = DSD™!. Then A € SL(3). We claim that A is not a product of
two symmetric matrices from SL(3). Assume the contrary. Suppose A = DSD~! =
5152 where S1,S € SL(3) and symmetric. Then

A=DSD™ ' =(DSD)D™? = $,5,.
Let Ty = DSD, Ty = D72, Then 'T, =T;, i = 1,2 and A = T1T, = 51 S,. Therefore,
A =TT = ToAT, ' =S58 = S AS; .

Since the characteristic polynomial of A is irreducible, by the proof of Theorem 8.3.6,
D28y = Ty'Sy € Z(A) = k[A] = E. Which implies Sy = D72f(A) for some
polynomial f(X) € k[X]. Taking determinants, we get

1 =det Sy = det D2 det(f(A)),
i.e., b = det(f(A)) € N(E*), contradicting the choice of b € k. Hence A can not be

written as a product of two symmetric matrices from SL(3). O

8.4. Examples of Nonreal Elements

In this section we produce examples of nonreal semisimple elements in groups of
type Gy. In [W2] and [L], there are examples of elements which are product of three
involutions but not two. These are examples of nonreal elements. First we produce
nonreal semisimple elements which are product of three involutions but not two in
G9 over number fields and over fields Q and @Q,. In the view of Theorem 8.1.7 these
elements are not real. We also produce examples of nonreal elements in G5 over finite
fields. Note that over finite fields every semisimple as well as unipotent element is
real. Hence the elements produced are of mixed kind, i.e., neither semisimple nor

unipotent.

8.4.1. Nonreal Elements in GG, over Number Fields. We use Proposition 8.2.14
to construct non-real elements in GG over number fields and use the notation intro-
duced there.

Lemma 8.4.1. Let k be a number field and L a quadratic field extension of k. Let
F be a cyclic extension of degree 3 over k. Let us denote E = F.L. Then L' /Ng,,(E")

18 nontrivial.

Proof. The proof follows by looking at a place of E over L which is unramified
of degree 3. U
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We proceed to construct an example of the situation required in Proposition 8.2.14.

Proposition 8.4.2. Let k be a number field. There exist octonion algebras € over

k such that not every (semisimple) element in Aut(€) is real.

Proof. We use Proposition 8.2.14 here. Let L be a quadratic field extension of
k. Let F be a degree three cyclic extension of k. Then we have E = F.L, a degree
three cyclic extension of L. We denote the extension of the nontrivial automorphism
of L over k to E over L by o, which is the identity automorphism when restricted to
F. Sometimes we write & = o(x) for x € E. Let us consider E as a vector space over

L. We consider the trace hermitian form on E defined as follows:
tri ExE — L
tr(z,y) = tTE/L(ij)-

The restriction of this form to F is the trace form tr: F' x F' — k, given by tr(z,y) =
tre/(zy). We choose an orthogonal basis of F' over k, say {fi, f2, f3}, with respect
to the trace form, and extend it to a basis of /L. Then the bilinear form ¢r with
respect to this basis has diagonalization < 1,2,2 > ([KMRT], Section 18.31). We
have disc(tr) =4 € Np,(L*). Hence (E,tr) is a rank 3 hermitian space over L with
trivial discriminant and SU(FE, tr) is isomorphic to SU(H) where H = diag(1,2,2).
We choose an element 1 # a € T' — L', where 7' = {x € E | 2T = 1, Ng(z) = 1}.
Let us consider the left homothety map,

l, B — FE
lo(x) = ax

Since a € T — L, the characteristic polynomial x(X) of [, is the minimal polynomial
of a over L, which is irreducible of degree 3 over L. Next we prove that |, € SU(E, tr).

This is so since,

tr(la(2), la(y)) = tr(az, ay) = trgyp(azag) = tre () = tr(z,y).

Let S = (s;;) denote the matrix of [, with respect to the chosen basis { f1, fa, f3} of
F over k. Then the matrix of l; is S = (sj;). Also, since aa = 1, we have SS = 1.
Thus we have a matrix S in SU(H), for H =< 1,2,2 >, satisfying the conditions of
Proposition 8.2.14.

Now, let L = k(vy) with 4% = ¢ € k*. We write Q = k @ F. Since (F,tr) is a

quadratic space with trivial discriminant, we can define a quaternionic multiplication
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on @ (Proposition 3.1.6), denote its norm by Ng. We double @ with 42 = ¢ € k* to
get an octonion algebra € = @) & @) with multiplication,

(@, y)(u,v) = (zu + cvy, va + yu)

and the norm N((x,y)) = Ng(x) — cNg(y). We choose a basis {1,a,b,ab} of @,
orthogonal for Ng, so that Ng has diagonalization < 1,1,2,2 > with respect to this
basis. This gives a basis {(1,0), (a,0), (b,0), (ab,0), (0, 1), (0,a), (0,b), (0,adb)} of € and
the diagonalization of N with respect to this basis is < 1,1,2,2, —¢, —¢, —2¢, —2¢ >.
We observe that the subalgebra k @ k C € is isomorphic to L and L+ = F x Fisa 3
dimensional vector space over L with hermitian form < 1,2,2 >. Hence SU(L™*,H),
with respect to the basis {(a,0), (b,0), (ab,0)} of L, is SU(H) for H =< 1,2,2 >.
Hence, from the discussion in previous paragraph, we have an element of required
type in SU(L*, ).

By Lemma 8.4.1, L' /N(E") is nontrivial. It follows from Proposition 8.2.7 and
Proposition 8.2.14 that not all (semisimple) elements in Aut(€), which are contained
in the subgroup SU(F,tr), are real. O

Corollary 8.4.3. Let k be a totally real number field. Then there exists an octo-
nion division algebra € over k such that not every element in Aut(€) is real. Hence
there exist (semisimple) elements in Aut(€), which are the product of three involutions

but not the product of two involutions.

Proof. We recall from Lemma 3.1.5 that if the k-quadratic form gy, corresponding
to the bilinear form b: E x E — k, defined by b(z,y) = trg/(zy) + trg,(zy), is
anisotropic then the octonion algebra €, as constructed in the proof of the above
proposition, is a division algebra. In case when k is a totally real number field and
L = k(i), the diagonalization of qp is < 1,2,2,1,2,2 >, which is clearly anisotropic
over k. O

Remarks 8.4.4. 1. We note that the quadratic form g, as above, can be isotropic
for imaginary quadratic number fields. For example if k& = Q(v/—2), g, has diago-
nalization < 1, —1,—1, —c, ¢,c >, which is isotropic. Hence the octonion algebra €
in this case is split. Therefore, indecomposable tori in subgroups SU(V, ) C Aut(€)
exist in all situations, whether € is division or not. And in either case, there are
nonreal elements.

2. It seems likely that existence of nonreal elements in G(k) for k£ a number field

should follow from existence of such elements in G(k) for k local.
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8.4.2. Nonreal Elements in Split G5 over Q and Q,. In view of Theo-
rem 8.3.5 and its proof, the element A corresponds to an element in Aut(€) which
can not be conjugated to its inverse. If we choose the matrix S as in the statement
of the Lemma 8.3.8, to have separable characteristic polynomial, the matrix A, as
constructed in the proof, corresponds to a semisimple element in an indecomposable
torus contained in SL(3) C G = Aut(C), which is not real.

Theorem 8.4.5. Let G be a split group of type Go over k = Q or Q,. Then there

exists a semisimple element in Go(k) which is not conjugate to its inverse.

Proof. Reality over Q, : Let k =Q,, p # 2. Let p(X) be an irreducible monic
polynomial of degree n, with coefficients in Q,,. By a theorem of Bender ([Bel]), there
exists a symmetric matrix with p(X) as its characteristic polynomial, if and only if, for
the field extension F = Q,[X]/(p(X)), there exists v in E* such that (—1) me N(a)
belongs to (Q})?. We choose E as the (unique) unramified extension of @, of degree 3.
Then, E is a cyclic extension of Q,. We choose § € E*, N(f) = 1so that £ = Q, ().

Let p(X) be the minimal polynomial of 5 over Q,. Then, applying Bender’s result,

there is a symmetric matrix A over Q,, with characteristic polynomial p(X). Since
N(B8) = 1, A belongs to SL(3,Q,). We have, Q;/N(E*) = Z/3Z (see [P], Section
17.9), hence (Q})* ¢ N(E). Therefore we are done by Lemma 8.3.8, combined with
Proposition 8.3.4 and Theorem 8.3.5.

This example shows that there exist semisimple elements in G = Aut(€) over
k = Q,, which are not a product of two involutions and hence must be product of three
involutions, by ([W2]). In particular, reality for G, fails over Q, (Theorem 8.1.7).
Reality over Q : A polynomial p(X) € K[X] is called K-real if every real closure of
K contains the splitting field of p(X) over K. Bender ([Be2], Theorem 1) proves that
whenever we have K, an algebraic number field, and p(X) a monic K-polynomial with
an odd degree factor over K, then p(X) is K-real if and only if it is the characteristic
polynomial of a symmetric K-matrix.

Let p(X) = X® —3X — 1. Then all roots of this polynomial are real but not
rational. This polynomial is therefore irreducible over Q and by Bender’s theorem
stated above, p(X) is the characteristic polynomial of a symmetric matrix. Note that
K =Q[X]/ < p(X) > is a degree 3 cyclic extension of Q.

We recall that for a cyclic field extension K of k, the relative Brauer group
B(K/k) = k* [Nk, (K*) (refer [P], Section 15.1, Proposition b). It is known that if
K/k is a nontrivial extension of global fields, then B(K/k) is infinite (refer [FKS],
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Corollary 4). Therefore, for K chosen as above, Q*/N(K*) is not trivial. Hence
all conditions required by Lemma 8.3.8 are satisfied by the polynomial p(X) and we
get a semisimple element tq5 € G9(Q) which is not conjugate to its inverse, using
Lemma 8.3.8, Proposition 8.3.4 and Theorem 8.3.5. 0

8.4.3. Nonreal Elements in G over Finite Fields. Let k = F, be a finite
field. We have shown (Theorem 8.1.7) that semisimple elements and unipotent ele-
ments in G(k) are real in G(k). We now construct an element in G(k) which is not
conjugate to its inverse. Let € be the split octonion algebra over k, assume that the
characteristic of k£ is not 2 or 3. We use the matrix model for the split octonions,
as introduced in the Section 3.1. Let L be the split diagonal subalgebra of €. We
assume that k contains primitive third roots of unity. We have, G(&/L) = SL(3).
Let w be a primitive third root of unity in k. Let

w —1 0
A= 0 w 1
0 0 w

Then A € SL(3) and the minimal polynomial (=characteristic polynomial) of A is
p(X) = (X —w)®. Let b € k be such that the polynomial X3 — »? is irreducible
over k (this is possible due to characteristic assumptions). Let D = diag(b,1,1) and
B = DAD™'. Then B € SL(3) and has the same minimal polynomial as A. Note
that B is neither semisimple, nor unipotent. Let ¢t € G(€/L) be the automorphism
of € corresponding to B. It is clear that the fixed point subalgebra of ¢ is precisely
L.

Theorem 8.4.6. The element t € G(€/L) as above, is not real.

Proof. If not, suppose for h € G(k), hth™' = t~'. Then, since t fixes precisely L
pointwise, we have h(L) = L. Therefore h € G(€, L) = G(€/L)xH, where H =< p >
is as in Proposition 3.2.3. If h € G(€/L), conjugacy of t and ¢! by h would imply
conjugacy of B and B~! in SL(3). But this can not be, since w is the only root of
p(X). Thus h = gp for g € G(€/L). Now, by exactly the same calculation as in the
proof of Theorem 8.3.2, conjugacy of ¢ and ¢! in G(k) is equivalent to conjugacy of
B and 'B in SL(3). Let CBC™' ='B with C' € SL(3). Let

0 0 1
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Then T € SL(3) is symmetric and TAT™' = A. Hence A is a product of two
symmetric matrices in SL(3), say A = T'T, with T; € SL(3), symmetric (see the
proof of Lemma 8.3.3). But CBC~! =B gives (DCD)A = A(DCD). Therefore, by
an argument used in the proof of Theorem 8.3.6, using the fact that the characteristic
polynomial is equal to the minimal polynomial of A, we have, DCD = T, f(A) for
some polynomial f € k[X]. Taking determinants, we get b? = det(f(A)) = f(w)3.

But this contradicts the choice of b. Hence t is not real. O

A similar construction can be done for the subgroup SU(V,§) C G. We continue
to assume that £ is a finite field with characteristic different from 2, 3. We first note
that the (split) octonion algebra contains all quadratic extensions of k. We assume
that 2 is a square in k and that k£ contains no primitive cube roots of unity. Let L
be a quadratic extension of k£ containing a primitive cube root of unity w. Let b € L
with N, /,(b) = 1 such that the polynomial X? — b? is irreducible over L. Let aw € L
with Np,(a) = —1. Let

11 1
w + 1 3 el

A= -3 w faw? |,
1— 1— 1
1 7 Wy

then A € SU(3) and the minimal polynomial (= characteristic polynomial) of A over
Lis (X —w)? Let F be a cubic extension of k and F = F.L. Then E is a cyclic
extension of L and we have the trace hermitian form as defined in Proposition 8.4.2,
on F. We fix an orthogonal basis for /' over k for the trace bilinear form and extend it
to a basis of ' over L. Then the trace hermitian form has diagonalization < 1,1,1 >.
We construct € = L @ E with respect to the hermitian space (E,tr), as in Section 3.
Then SU(L*,h) =2 SU(3). Let D = diag(b,1,1) and B = DAD~!. Then B € SU(3)
and has the same minimal polynomial as A. Note that B is neither semisimple, nor
unipotent. Let ¢ denote the automorphism of € corresponding to B. Then the fixed
point subalgebra of ¢ in € is precisely L. We have,

Theorem 8.4.7. The elementt € G(€/L) as above, is not real.

Proof. Suppose ¢ is real in G(k). Then there is h € G(k) such that hth™* =¢~1.
Since the fixed point subalgebra of ¢ is L, we have h(L) = L. Thus, by Proposi-
tion 3.2.5, h € G(€, L) = G(€/L) x H, where H =< p > is as in Proposition 3.2.5.
If h € G(€/L), then B and B~! would be conjugate in SU(3), but that can not
be since w is the only eigenvalue for B. Hence h = gp for ¢ € G(€/L). Then,
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conjugacy of t and t~! in G(k) is equivalent to conjugacy of B and B~! in SU(3),
by the same calculation as in the proof of Th. 6.5. By Lemma 8.2.6, this is if and
only if B = BB, with B; € SU(3) and B;B; = 1. But then B = DAD™! = BB,
and hence A = (D7'B, DY) (DB,D) = A Ay, say. Then A; € U(3) and A;A4; = 1.
Let C' € SU(3) be such that CBC~! = B~!. Then CDAD-1C~!' = DA™'D™L.
This gives, (D"'CD 1)A(DC~'D) = A~!. Hence, by Lemma 8.2.6, A = T\ T, with
T; € SU(3), T;T; = 1. Therefore, by a similar argument as in the remark following
Corollary 8.2.11, we must have, T} A7 " = f(A) for a polynomial f(X) € L[X]. Taking
determinants, we get b2 = f(w)?, contradicting the choice of b. Therefore ¢ is not
real in G(k). O

Remarks 8.4.8. 1. Our results in fact show that if an element in G(k), for a
group G of type G, is conjugate to its inverse in G(k), the conjugating element can
be chosen to be an involution. The same is true for unipotents (these are always
conjugate to their inverses).

2. The obstruction : From our results, we see that semisimple elements be-
longing to decomposable tori are always product of two involutions and hence real in
G (k). For semisimple elements belonging to an indecomposable maximal torus 7', the
obstruction to reality is measured by L'/N(E'), where T C SU(V,b) = SU(E,p™)
is given by T = £! and € is a cubic field extension of L. In the other case, when
T C SL(3), the obstruction is measured by £*/N(F*), where F is a cubic field ex-
tension of k. In both cases, the obstruction has a Brauer group interpretation. When
T C SL(3) C G is an indecomposable maximal torus, coming from a cyclic cubic
field extension F of k, the obstruction to reality for elements in T'(k), is the relative
Brauer group B(F/k). For an indecomposable torus 7' C SU(E, h*) C G, where £ is
a cubic cyclic field extension of L, the obstruction is the quotient B(E/L)/p(B(F/k),
where F is the subfield of £, fixed by the involution ¢ on £ and ¢ is the base change
map B(F/k) — B(E/L).

8.5. Centralizers in Anisotropic G,

In this section, we compute conjugacy classes of centralizers in compact G5. Let
G be an anisotropic group of type G5 over a field k. Then there exists €, an octonion
division algebra over k, such that G = Aut(€). By abuse of notation we write
G = Aut(€). We fix these notation for this section. First, we calculate centralizer of
an element in G. Let t € G. We denote the centralizer of t in G by Z4(t) = {g €

G | gt = tg}. Since G is anisotropic, every element in G is semisimple and leaves a
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subalgebra of € fixed pointwise (Lemma 8.1.3). We denote the subalgebra of fixed
points of ¢t by €' = {z € € | t(z) = z}.

Proposition 8.5.1. Let G be an anisotropic group of type Go over k. Let € be
the octonion division algebra over k such that G = Aut(€). Let t € G. Then €' is a
composition subalgebra of € and the centralizer Z¢(t) C G(€, €h).

Proof. The subalgebra €' C € is a composition subalgebra as € is division. Let
g € Z5(t). Then,
Hg(w)) = g(x), Vo € €.
Hence g(z) € €', Va € €'. This shows that g € G(€, ") and Z4(t) C G(€,¢). O

We note that t restricted to €, trace zero space of €, is an element of special orthog-
onal group of an odd dimensional space ([SV], Proposition 2.2.2), hence ¢ has a fixed
point in ¢, by Cartan-Dieudonne theorem. This implies that the dimension of € is
> 2. As the dimension of a composition subalgebra can be 2,4 or 8 the subalgebra €*
is either a quadratic field extension of k, a quaternion subalgebra or t = I. Hence we
need to calculate centralizers of elements which are contained in a subgroup G(€/L)
where L is a quadratic field extension or G(€/Q)) where (@ is a quaternion subalgebra.

Let ) be a quaternion subalgebra of the octonion division algebra &€, hence @)

itself is division.

Lemma 8.5.2. Let € be an octonion division algebra and G = Aut(Z). Let Q)
be a quaternion subalgebra of €. Let t = R, € G(C/Q) for some p € SLi(Q) with
p € k. Then Z5(t) = {R,,J., € G(€,Q) | prcx € L} where L = k(p), a quadratic
field extension of k.

Proof. We have t = R, € G(€/Q) with p € k. We write € = Q & Qb for some
b € Q. Then t(z + yb) = x + (py)b. From Proposition 8.5.1 we get, Z5(t) C
G(€,Q) ={R,, 3., | ;1 € SL1(Q),c1 € Q*}. Let g € Z4(t) and let g = R, J.,. Then

gt =tg = R, T R, = R,R, T, = R

—1
p1C1PCy

~e ~e
JC1 - s:Rppl JC1

and we get, p1cip = ppicy, L.e., prc; € Zo(p) = L where L = k(p) is a quadratic field
extension of k. Hence Z¢(t) = {R,, 3., | prc1 € L,cr € Q% p1 € SL1(Q)}. O

Now we consider conjugacy classes of centralizers of these elements in G.

Lemma 8.5.3. Let t,t' € G = Aut(€). Let t and t' leave quaternion subalgebra
Q) and Q) fized pointwise, respectively. Suppose Q) and Q) are isomorphic. Let t =R,
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andt' =R, where p € SL1(Q) and p’ € SL1(Q") and both p,p’ & k. Suppose L = k(p)
and L' = k(p') are isomorphic field extensions of k. Then Z4(t) is conjugate to Z¢(t')
n G.

Proof. As ) and @)’ are isomorphic, by Theorem 3.2.8 we have an automorphism
¢ of € such that ¢|g is the given isomorphism of @) to Q'. By conjugating the element
t' by ¢ we may assume ¢ and ¢’ both belong to G(€/Q). Let L and L’ be isomorphic.
Then there exists an isomorphism 1 = J., conjugation by ¢ € (), which gives the
isomorphism of L to L. Let g € Z5(R,). From previous lemma g = R,,J., with
picy € L. Then,

PGt = TRy, Te T = R o1 Tgerer.
We note that cpic=tcciec™ = epieje™ € L. This implies ¥gyp~! € Zg(t') and hence
Za(t) is conjugate to Z5(t') in G. O

Remark 8.5.4. In similar way one can calculate centralizers of elements of
G(€,Q). Let t € G(€,Q). Let t = R, I, where p € SLi(Q) and ¢ € @ — k. Then
ZG<t) = {mmjcl | GRS k(c)7plcl S k(pc)}

We note that the center of SLi(Q) is {1, —1} and the element ¢ in Aut(€) cor-
responding to —1 is a non-trivial involution (i.e. t* = 1). By a similar calculation
as above it is easy to see that Z4(t) = G(€, Q) for 1 # ¢ an involution. In fact any
non-trivial involution in Aut(€) correspond to a quaternion subalgebra in this fash-
ion. Two involutions are conjugate if and only if the corresponding fixed quaternion
subalgebras are isomorphic (see Section 3.3). From Proposition 3.2.9, two involutions
have their centralizers conjugate if and only if the corresponding fixed quaternion
subalgebras are isomorphic. We observe that the centralizers corresponding to invo-
lutions and other type of elements in Lemma 8.5.3 are not isomorphic hence they can
not be conjugate in the group G.

Let t € G = Aut(€) where € is a division octonion algebra. Then ¢ fixes a
quadratic subfield L pointwise as the dimension of €' is > 2. Moreover we can
find a,b € € such that Q = L ® La is a quaternion subalgebra and € = @ @ Qb.
Then L+ is a hermitian space over L. With respect to the basis {a,b,ab} we write
the subgroup SU(L*,h) of G as SU(H) = {A € SL(3,L) | AHA = H} where
H = diag{h(a,a),h(b,b),h(ab,ab)}. We denote the matrix of ¢t as A with respect to
this basis. We observe that t leaves a quaternion subalgebra fixed pointwise if and
only if 1 is an eigenvalue of A, i.e., X — 1 is a factor of the characteristic polynomial

Xa(X). The conjugacy classes of centralizers of such elements have been already
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discussed in previous paragraph and in Lemma 8.5.3 hence we assume that X — 1 is

not a factor of x4(X). For other elements we have,

Lemma 8.5.5. With notation as above, let t € G(C/L). Suppose 1 is not a root
of xa(X). Then, Z5(t) C G(€/L).

Proof. Let t € G(€/L) be such that ¢ does not fix any point in L*. Let g € Z5(t)
then g € G(€, L) = SU(L*,h)x < p > where p is an extension of conjugation on
L (Proposition 3.2.5). We denote the matrix of ¢t in SU(H) by A. Then, either
g € SU(L*.h) or g = hp for some h € SU(L*,h). When g € SU(LL,h) we denote
the matrix of g by C. Then g € Z5(t) implies AC = CA in SU(H). When g = hp
we denote the matrix of h by B and we denote the action of p on elements of L by

a — a. Then,
gt(ara + asbh + aze) = hpt(aja + asb + azc) = hp(ajAa + ay Ab + azAc)
= h(a1Aa + asAb + asAc) = a3 BAa + as BAb + a3 BAc
and
tg(ara + agb + aze) = thp(aia + asb + asze) = th(aa + asb + ase)
= t(ayBa + asBb+ a3Bc) = a1 ABa + as ABb + azABc.

As g € Z4(t), above calculation implies AB = BA where B € SU(H). Suppose Z¢(t)
is not contained in G(€/L). Then there exist g = hp € G(€, L) such that gt = tg.
With calculations above if we denote the matrix of h by B in SU(H), we get AB = BA
in SU(H). In this case the characteristic polynomial x4(X) = X? —aX? +aX — 1
will have @ = @. But ya(X) = X?—aX?+aX - 1= (X -1)(X?+(1—a)X +1) is
reducible and A has 1 as an eigenvalue. Which contradicts the assumption that 1 is
not a root of x4(X). Hence Z4(t) C G(€/L). O

Remark 8.5.6. In view of above calculations we observe that the centralizer of
t € G(€/L) in G is isomorphic to {B € SU(H) | AB=BA}U{B e SU(H) | AB =
BA}.

Let t € G(€/L) and let A € SU(H) be the corresponding matrix. Moreover we
assume that 1 is not a root of y4(X). Let K be an algebraic closure of k containing
L. As t is semisimple we have following cases:

(1) The characteristic polynomial of A has distinct roots over K.
(2) The characteristic polynomial of A has two distinct roots over K which

belong to k.
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We calculate centralizers in these cases. We observe that whenever H is a connected
subgroup of a connected algebraic group G and ¢t € H such that Z(t) C H then t
is regular in G if and only if it is so in H. Hence t € G(€/L) is regular in G(€/L)
if and only if it is regular in G (Lemma 8.5.5). This implies that any element of
G(€/L) (which does not have 1 as an eigenvalue) is either a regular element in G or
its characteristic polynomial is (X —a)(X — 3)? where «, 8 are in L — k. We calculate

centralizers of these elements here.

Lemma 8.5.7. Let t € G = Aut(€). With notation as above let t € G(C/L)
and A be the corresponding element in SU(H). Suppose 1 is not an eigenvalue of A.

Then the centralizer of t is a mazimal torus in G or it is isomorphic to a subgroup

—1
{( det((‘)g) g > € SUH)|SeUW, h|W)} for some 2-dimensional nondegen-

erate L-subspace W of L*.

Proof. When the element ¢ is regular the centralizer is a maximal torus in G
and hence the conjugacy of centralizers of these elements correspond to conjugacy
classes of maximal tori of G over k. Now suppose the characteristic polynomial
x4(X) has multiple roots, i.e., xa(X) = (X — a)(X — 8)? where a, 3 € L both not
equal to 1 and the minimal polynomial is (X — a)(X — ). Then we can choose a
basis of L+ consisting of eigenvectors vy, vs,v5 corresponding to eigenvalues o, 3, 3
of t. We denote the subspace generated by vy, v3 as W. The matrix of ¢ is diag-
onal with respect to this basis, A = diag{a,3,8}. As 1 is not a root of y(X)
the centralizer Z5(t) = Zsymu)(A) which is isomorphic to Zqr, ) (A) N SU(H) =

{(detf)_l g) |SeU(W,h|W>}. 0

8.5.1. Conjugacy Classes of Centralizers in Compact G5. Let G be the
compact real group of type G5. We note that for the base field £ = R there is a unique
anisotropic form of Gy. As there is a unique nondegenerate anisotropic quadratic form
over R of dimension 8, there is a unique octonion division algebra (up to isomorphism)
¢ over R and G = Aut(€). We calculate centralizers of elements and there conjugacy
classes in this case. Let € be the octonion division algebra over R and G' = Aut(€).
Let t € G. Let L be a quadratic field extension of R left fixed pointwise by ¢ (which
is isomorphic to C). Then t € SU(L*, ) = SU(3) = {4 € GL3(C) | AA = 1}. We
also note that all quadratic field extensions of R contained in € are isomorphic hence

all subgroups of type SU(L*, ) are conjugate (Proposition 3.2.9) in G. But every
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element of SU(3) can be diagonalized in SU(3). Hence characteristic polynomial of
A over L is either (X — a)(X — 8)(X —v) or (X —a)(X — ()%

If A has three distinct roots and none of them is 1 then the element ¢ is regular
in G and the centralizer is a maximal torus in G (ref. Lemma 8.5.7). In this case
centralizer is contained in the subgroup SU(3) and is a maximal torus of SU(3). As
all maximal tori of G are conjugate we have one conjugacy class of centralizers of
these elements. Now suppose t has repeated roots then with respect to some basis
A = diag{a, 3, 5} where neither of o, 3 is 1 and the centralizer (ref. Lemma 8.5.7)

Za(t) & Zopgp (A) = {( det((‘)g)l g ) 1Se U(2)} |

If ¢ leaves a quaternion subalgebra @) fixed (i.e. the characteristic polynomial of ¢
has 1 as a root) then A is either diag{1, —1, —1}, an involution in G, or diag{1, o, &}
for some a € L of norm 1. If ¢ is an involution the centralizer is whole of the
subgroup G(€/L) = SU(3) (from remark following Lemma 8.5.5). And when ¢ is not
an involution the centralizer Zg(t) = Zgy3)(4) U{B € SU(3) | AB = BA}.

Lemma 8.5.8. Let € be the octonion division algebra over R and G = Aut(Z).
Lett € G and L C € be the quadratic field extension of R left pointwise fixed by t,
i.e., t € G(€/L). Suppose t is not an involution. Then, Z4(t) C G(C/L) if and only

if t does mot leave any quaternion subalgebra fixzed pointwise.

Proof. If t € G(€/L) does not leave any quaternion subalgebra fixed pointwise
then the characteristic polynomial of ¢ does not have 1 as a root. Hence from
Lemma 8.5.5 it follows that Z4(t) C G(€/L). Now suppose t € G(€/L) leaves a
quaternion subalgebra () fixed pointwise. By using Theorem 3.2.8 we may assume ()
contains L. Ast € G(€/L) = SU(3) the corresponding matrix A can be diagonalized
in the subgroup SU(3). We write the matrix of t as A = diag{1, a, &} for some a € L
with a@ = 1. We claim that there exists an element B € SU(3) such that AB = BA.

-1 0 0

We take B = 0 0 1 | and check that B € SU(3) and AB = BA. From
0 10

remark following Lemma 8.5.5 we see that Z;(t) is not contained in G(€/L). O

In this case the centralizer is not contained in the subgroup G(€/L) = SU(3). As all
quaternion division algebras over R are isomorphic and all quadratic field extensions
contained in any of the quaternion algebras are isomorphic, we have one conjugacy

class of centralizers of non-involutions.
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Hence we have proved,

Theorem 8.5.9. Let G be the anisotropic group of type Go over R. Then the

total number of orbit types (conjugacy classes of centralizers) are five, corresponding
to elements

I, diag{a, 8,7}, diag{a, 3, B}, diag{1, =1, =1}, diag{1, o, @}

where none of a,, B,y are 1 or —1.



CHAPTER 9

Reality in Algebraic Groups

In this chapter we investigate the reality question for algebraic groups in general.
We mainly prove the theorems mentioned in Section 6.3. First we look at the structure
of strongly regular real elements in simple groups of adjoint type which have —1 in
the Weyl group and prove that it is real if and only if it is strongly real. This we
do in Section 9.1. Later in Section 9.3 we look at the structure of semisimple real
elements over fields of cd(k) < 1. The results in this section are part of [ST2].

9.1. Strongly Regular Real Elements

In this section we discuss structure of a strongly regular real element. An element
t in a connected linear algebraic group G is called regular if its centralizer Z4(t) has
minimal dimension among all centralizers. An element is called strongly regular
if its centralizer in G is a maximal torus. We note that a semisimple element in a
connected reductive group is regular if and only if the connected component of its
centralizer is a maximal torus. Let G be a connected, simple algebraic group defined
over k of adjoint type such that the longest element wg in the Weyl group W of G
with respect to a maximal torus 7" acts by —1 on the roots. The adjoint groups of
type A1, By, Ci, Doy(l > 2), E7, Es, Fy, G are precisely the simple groups which satisfy
the above hypothesis. For the groups of the above type we mention here a theorem
of Richardson and Springer ([RS], Proposition 8.22) which plays an important role

in our investigation.

Proposition 9.1.1 (Richardson, Springer). Let G' be a simple group of adjoint
type, let T be a maximal torus of G and let ¢ € W(T") be an involution. Then there

exists an involution n € N(T") which represents c.
Then we have,

Theorem 9.1.2. Let G be a connected simple group of adjoint type defined over k.
Suppose the longest element wq of the Weyl group W of G with respect to a maximal
torus T' acts by —1 on the roots. Let t € G(k) be a strongly reqular element. Then

87
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t is real in G(k) if and only if t is strongly real in G(k). Moreover, every element

of a maximal torus, which contains a strongly reqular real element, is strongly real in

G(k).

Proof. Let t € G(k) be a strongly regular real element and let g € G(k) be such
that gtg~! = t=!. Let T be a maximal torus in G defined over k which contains . We
use a theorem of Richardson and Springer ([RS], Proposition 8.22; Proposition 9.1.1)
here. With the hypothesis we have assumed, this theorem implies that any involution
in W is represented by an involution n € N(7T'). The longest element wq acts as —1
on the roots and is an involution. Hence there exists n € N(T'), an involution, such
that nsn™t = s7! for all s € T. Thus ntn =t~! and g € nZ5(t) = nT. Let g = nso,
for s € T. Then ¢g? = nsonsg = sy sy = 1. Hence g is an involution and the element
t is a product of two involutions g and gt.

Suppose now 7' is a maximal torus in G defined over k& and T'(k) contains a
strongly regular real element ¢. Let s € T(k). Suppose g € G(k) conjugates t
to t71. Then we have proved that ¢g> = 1. We claim that g conjugates s to s
From calculations in the paragraph above, we have g = nsg for some sy € T. Then
gsg™" = nsgssy'nt = nsn™' = s7'. But since g is an involution in G(k), s is a

product of two involutions. O

We note that in groups G satisfying the hypothesis of the theorem, there are
strongly regular elements in G(k) which are not real in G(k). We have proved that
for a group G of type Gy defined over k, a semisimple element in G(k) is real if
and only if it is a product of two involutions in G(k) (Theorem 6.2.2). Examples
of semisimple elements which are not real are also constructed in the Chapter 8.4.
Hence in a maximal torus containing such an element no strongly regular element is

real.

9.2. Cohomological Obstruction to Reality

The results in this subsection are known to the experts ([Se|, Chapter I1I, section
2.3). However, we include some with proofs for the sake of completeness. Let G be a

connected linear algebraic group defined over a field k. We have,

Lemma 9.2.1. Let g € G. Let g = gsg, be the Jordan decomposition of g in G.
Let H be the centralizer of gs in G. Then, g is real in G if and only if g, is real and

g. b, zg.x7t are conjugate in H, where xgsx™ = g,
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Proof. Let g be real in G, i.e., there exists € G such that xgz=' = ¢~!. Then
r conjugates g, and g, to g; ' and g, ! respectively.

Conversely let h € H such that hg,'h™' = zg,x~!. Then,

htzg(h™'z)™t = h7lzga~'h = htega egath = h g eg T

= g;'hlaga h=g"g, =g "

Hence g is real in G. U

It is not true that g is real if and only if g, real and g, real. We give examples of

this situation.

Example 1: Let G = GLy(k). We take s = diag(A\, A, A5 271 with A2 #£ 1, u =

01/°\01
sin G'is Zgr,m(s) = {diag(A, B) | A, B € GLy(k)}. The elements s and u are real

10 11
diag << > )) and g = su. Then g, = s, g, = u and the centralizer of

but ¢ is not real. In fact sz~ = s~ where
0010
0001
Tr =
1 000
01 00
. . _ 11 1 0 ) .
The elements v~ and zux™" = diag o1\ o1 are not conjugate in

Zar.k)(s) hence g is not real by Lemma 9.2.1.
Example 2: In G5 over a finite field, all semisimple as well as unipotent elements

are real but still there are nonreal elements (see Section 8.4.3).

Next we derive a cohomological obstruction to reality over the base field k. Let G
be a connected linear algebraic group defined over k. Let t € G(k) be real in G. We
put H = Z(t), the centralizer of ¢ in G. Let X = {z € G | atz~' =t"'}. Then X is
an H-torsor defined over k with H-action given by h.x = xh for h € H and =z € X.

Since t is real over k, we have X # ¢. The torsor X corresponds to an element
of H'(k, H) ([Se|, Chapter 1, section 5.2, Proposition 33). Let z € X and 7 be the
cocycle corresponding to X. Then 7 is given by vy(c) = x7'o(x) for all 0 € T =

Gal(k/k). Now we look for a condition which determines when ¢ is k-real.

Proposition 9.2.2. Let G be a connected algebraic group defined over k. Let
t € G(k) be real over k. Then t is real in G(k) if and only v, as above, represents a
trivial cocycle in H'(k, H) where H 1is the centralizer of t in G.
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Proof. Let ¢t be real in G(k). Then there exists g’ € G(k) such that g'tg'~* =t~
Then ¢'~'g € H. Write g = ¢g'h for some h € H. Then,

v(o) =g 'o(g) =h""g " o(g')a(h) = h'a(h).

This implies that v is equivalent to the trivial cocycle.

Conversely, let v be the trivial cocycle. Then there exists h € H such that
v(c) = h™ta(h). That is, g 'o(g) = h™to(h), then o(gh) = gh. Hence gh € G(k)
and ght(gh)™! = ghth™1g™' = gtg~! = t~!. Hence the element ¢ is real in G(k). O

Corollary 9.2.3. With notation as above, t is real in G(k) if and only if the
H-torsor X has a k-point or, equivalently the cocycle v is trivial in H*(k, H).

Note that if H'(k, H) is trivial then ¢ is real in G(k). By a theorem of Steinberg
([S1] Theorem 1.9; also see [Se], Chapter III, section 2.3) if H is a connected reduc-
tive group and cd(k) < 1 or H is connected with k perfect of cd(k) < 1, we have
H'(k,H) = 0. In these situations ¢ is real.

Proposition 9.2.4. Let G be a split connected semisimple adjoint group defined
over an arbitrary field k and suppose —1 belongs to the Weyl group of G. Let T be a

k-split mazimal torus in G. Then every element of T'(k) is strongly real.

Proof : By Theorem 9.1.1, there exists ng € N(T)(k) such that ny> = 1 and

nosng ' = s for all s € T. Consider the Galois cocycle v(o) = ngo(ng) for

o € I' = Gal(k/k). Since T is defined over k, we have, for s € T and o € T,

1 1

o(ng)so(ng) ™! = a(ngo(s)ng) = oo (s1)) = st

Hence, we must have, in the Weyl group W = N(T')/T, noT = o(ng)T. Therefore
(o) = ngo(ng) € T. Hence v is a 1-cocycle in H'(k,T). But since T is k-split,
H'(k,T) = 0. Hence there is s € T such that

v(o) = ngo(ng) = s 'o(s).
This gives sng = o(sng) for all o € I'. Hence sny € T'(k). Also
(smp)? = sngsng = ss~+ = 1.
Therefore g = sng is an involution in 7T'(k) and for any ¢t € T'(k), we have,
gtg_1 = gtg = snotngs ' = st st =1

Thus (gt)> =1 and t = g.gt. Hence t is strongly real. O
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9.3. Reality over Fields of cd(k) <1

In this section we discuss reality for semisimple elements over fields of cd(k) < 1.
We have,

Theorem 9.3.1. Let k be a field with cd(k) < 1. Let G be a connected reductive

group defined over k with —1 in its Weyl group. Then every semisimple element in
G(k) is real in G(k).

Proof. Let ¢t € G(k) be semisimple. Let T" be a maximal torus defined over k
with ¢ € T'(k). Then the Weyl group W = N(T')/T, where N(T') is the normalizer of

T in G. We have the exact sequence
1-T—-NT)—-W —1.
The corresponding Galois cohomology sequence is
1 — T(k) — N(T)(k) — W(k) — H'(k,T) — --- .

Since cd(k) < 1, by Steinberg’s theorem ([S1], Theorem 1.9), H'(k,T) = 0. Hence
the longest element wq in the Weyl group, which acts by —1 on the set of roots, lifts to
an element h € N(T)(k). Hence hth™' = t~! with h € G(k) and ¢ is real in G(k). O

Corollary 9.3.2. Let G and k be as in the above theorem. Then every reqular

element of G is real.

Proof. Let g € G be regular and g = g9, be the Jordan decomposition of g in
G with g, semisimple and g, unipotent. Then, by the above theorem, hg,h™* = g; !
for some h € G. Then hg,h~' and g;' are regular unipotents in Z(g,)" and hence

there is * € Z5(gs) such that zhg,h 'z~ = g 1. Then (zh)g(zh)~! = g~! and hence
g is real (see [SS], Corollary 1.9, Chapter III). O

Theorem 9.3.3. Let k be a field with cd(k) < 1 (e.g. algebraically closed fields
and finite fields etc.). Let G be a simple adjoint group defined over k. Suppose that
the longest element wq in the Weyl group of G with respect to a maximal torus T acts

as —1 on the roots. Then every semisimple element in G(k) is strongly real in G(k).

Proof. Let t € G(k) be a semisimple element. Let T be a torus in G defined over
k which contains ¢, i.e., t € T'(k). From a theorem of Richardson and Springer ([RS],
Proposition 8.22), as —1 € W, there exists ng € N(T') with n2 = 1 which represents
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—1in W. That is, we have nosnal = s ! for all s € T. We claim that the coset ngT"
is [-stable. We note that for o € T' = Gal(k/k),

o(ng)so(ng) ™t = o(ngo (s)ng') = oo H(s)) =571

for all s € T and o € I'. Hence o(ng) € N(T') also represents —1 in W. Thus we
have o(ng)T = noT and so ngo(ng) € T.

We look at the cocycle defined by o — ngo(ng). Then the image of this cocycle
lands in 7. Since cd(k) < 1, from a theorem of Steinberg ([S1], Theorem 1.9) we have
H'(k,T) = 0 and hence the cocycle defined above is a trivial cocycle. That is, there
exists to € T such that noo(ng) = teo(ty') for all ¢ € T'. This implies o(ngts) = noto
for all ¢ € T' and hence noty € G(k). We check that ngty is an involution and

conjugates every element of T to its inverse.

(n0t0)2 = notonoto = talto =1
and
notos(noto) ™' = notosty 'ng = nosng = s~

Hence every semisimple element of G(k) is real in G(k). O]



CHAPTER 10
Epilogue

In this chapter, we address the question of reality in the frame work of represen-
tation theory. We start with a discussion of the question for finite groups. We do
not define some of the terminology used in this chapter, however we give appropriate

references.

10.1. Reality Question and Representation Theory

First we discuss real representations of a finite group and its relation to real
elements in the group. For the theory here we refer to the book [JL] chapter 23. Let
G be a finite group. We consider representations of G over C. A character x of G is
called real if x(g) € R, for all g € G. Then we have (see [JL], Theorem 23.1),

Proposition 10.1.1. Let G be a finite group. The number of real irreducible

characters of G is equal to the number of real conjugacy classes of G.

Note that if an element ¢ is real then all conjugates of g are real and we call the
conjugacy class of g, a real conjugacy class. A representation ¢: G — GL(V) is
realizable if it is defined over R, i.e. with respect to some basis of V the ¢(G) C
GL,(R). It is obvious that a character corresponding to a realizable representation
is real. This brings us to the question of determining representations which give rise

to real characters.

Proposition 10.1.2. Let G be a finite group and x be an irreducible character
of a representation V. Then, x is real if and only if there is a non-zero G-invariant

bilinear form on the representation space V.

A representation (¢,V) of G is called orthogonal (symplectic) if there exists a
non-zero symmetric (skew-symmetric) bilinear form on V' which is G-invariant. That
is, 9(G) C O,(C) if the representation is orthogonal and ¢(G) C Sps,(C) if the
representation is symplectic. The next proposition determines which real characters
come from realizable representations.
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Proposition 10.1.3. An irreducible real character comes from a realizable rep-
resentation if and only if the representation V' is orthogonal. And an irreducible real
character does not come from a realizable representation if and only if the represen-

tation V' 1is symplectic.

A question of independent interest is to directly relate orthogonal and symplectic
representations to real elements in G. Results proved in this thesis suggest that
orthogonal representations should be related to strongly real elements, i.e., the one
which are a product of two involutions. It also seems likely that for a large class of
finite groups, real elements in G/ Z(G) are strongly real. There does not seem to be
any known result in this direction.

The question of determining a finite group of which all elements are real has been
extensively studied. We would like to mention the work of [TiZ] where they classify
finite quasi simple groups in which all elements are real. They also give some examples
of nonreal elements. Study of real element has been used in the proof of Thompson
and Ore conjectures in the case of finite Chevalley groups. Here we quote a Theorem
from [EG]| (Theorem 1).

Theorem 10.1.4. Let G be a Chevalley group. Let hy and hy be two regular
semisimple elements in G from a mazimal split torus and let Cy and Cy be the con-
Jugacy classes of hy and hs, respectively. Then C1Cy D G/ Z(G).

This theorem immediately implies the Ore conjecture for any simple group G con-
taining a regular semisimple element A in a maximal split torus, and the Thompson
conjecture, if this element is, in addition, real (see [EG]).

Now we turn our attention to representations of algebraic groups. We have seen
that for finite groups real elements are related to real representations which in turn to
orthogonal and symplectic representations. Now we would like to bring in the connec-
tion of a representation being self-dual to being orthogonal or symplectic. Steinberg
studied this question for Chevalley groups. Here we refer to Lemma 78 and Lemma
79 from [S4]. Let G be an indecomposable (i.e. corresponds to an indecomposable
root system) infinite Chevalley group, V' an irreducible rational G-module and \ be
its highest weight. Then,

Lemma 10.1.5 (Steinberg). The following conditions are equivalent.

(1) There exists a nonzero invariant bilinear form on V.

(2) V and its dual V* are isomorphic as representations of G.



10.2. PROGRAMME AND FURTHER QUESTIONS 95

(3) —woA = A, where wy is the longest element in the Weyl group of G.

Moreover if there exists an invariant bilinear form on V' then it is unique up to
multiplication by a scalar and is either symmetric or skew-symmetric. Next lemma

determines when the representation is orthogonal.

Lemma 10.1.6 (Steinberg). With notation as above, there ezists an element h
in the center of G with h? = 1 such that, if V possesses an invariant bilinear form,

then it is symmetric if A\(h) = 1 and skew-symmetric if A(h) = —1.

One can summarise the results above by saying that, for a semisimple algebraic group,
there exists an involution h in the center, which acts by 1 on an irreducible self-dual
representation if and only if the representation is orthogonal. In particular, any self
dual representation of an adjoint semisimple group is orthogonal. This question has
been extensively studied in the literature. We mention here the works of Prasad
([Pr1], [Pr2]) where he studies self dual representations of finite groups of Lie type

and p-adic groups.

10.2. Programme and Further Questions

Nevertheless, in the end we would like to point out some questions to which this
thesis has contributed partially. Some of these questions are of independent interest
and answers to these questions will help in understanding algebraic groups.

1. Reality in classical groups: The determination of real elements in an
algebraic group G, defined over a field k, is far from being satisfactory. We need to
determine suitable criteria for real elements for the k-forms of classical groups which
are defined using algebras with involutions (see [KIMRT], chapter III, section 12).
Let (A, o) be a central simple k-algebra with involution. Determine real elements in
the groups Sim(A, o), PSim(A, o) and Iso(A, o). More specifically, we would like to
ask whether real semisimple elements in these groups are strongly real. In this thesis
we have given a partial answer to this question. For example when A = Endg(V)
and o is the adjoint involution o, corresponding to a nondegenerate symmetric or
skew-symmetric form b, we have answered this question for the group Iso(A4, o) (see
the theorems mentioned in Section 6.1 and Section 7.3).

2. Reality in exceptional groups: The programme for exceptional groups
needs delicate care. In this thesis, among exceptional groups we have tackled the

groups of type G5 and classify real elements as strongly real. There are known forms
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of Fy in which there are no k-rational involutions. Our results suggest that in such
forms of F; (which are necessarily anisotropic), there are no nontrivial real elements.

3. Real elements and orthogonal representations: In view of the connection
to representation theory described in the previous section it would be of interest to
directly relate self-dual representations to real elements, at least for groups with
suitable hypothesis. Even in the case of finite groups there seem to be no satisfactory
answer. We are lead to the following question: Let GG be a finite group. Is the number
of strongly real conjugacy classes of G/Z(G) equal to the number of orthogonal
characters of G/Z(G)?

4. Reality in linear algebraic groups: A lot of results, Theorem 9.1.2 and
Theorem 9.3.3, suggest stronger results should be true. For example one should be
able to generalise Theorem 9.1.2 for all semisimple elements not just for strongly
regular elements. In the analysis in Chapter 9, the result of Wonenburger about
GL,(k), which is a reductive group but not semisimple, is left out. One should
modify the hypothesis suitably for reductive groups and bring in the results about
GL,(k) into the picture. Perhaps, a suitable notion of Weyl group associated to an
element will do. We would like to mention here a few questions raised by T. A.

Springer. Let G be a connected reductive group.

(i) Do the real elements in G form a Zariski closed subset of G7
(ii) If so, what are the dimension of its components?

(iii) Do the real semisimple elements form a dense subset?

5. Obstruction to reality: We have hardly dealt with the arithmetic aspect of
reality property in this thesis, though it is very much in the scheme of things to deal
with the local-global behavior of reality of an element in these groups. We specify the
question more clearly here. Let G a group defined over a global field k. Let g € G(k)
be a real element. Is it true that g is real in G(k) if and only if ¢ is real in G(k,), Vp
and in G(R)? One can ask another related question to compute obstruction to reality
for a particular group. We explain it here. Let G be a group defined over k. Let
g € G(k). Suppose g is real in G(k), where k is an algebraic closure of k. Calculate
the obstruction to g being real in G(k). We have calculated this for the groups of type
(5 in this thesis (see Corollary 8.2.11 and 8.3.7 and Section 9.2). For a local-global
principle for conjugacy classes in classical groups, we refer to [F1].

6. Centralizers and their conjugacy classes: Conjugacy classes and cen-
tralizers have been studied extensively in the literature and are very important in

understanding the structure of a group. With several results about groups of type
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(G5 in hand, we calculated conjugacy classes of centralizers in groups of type G2 (see
Section 8.5). It would be of interest to calculate the conjugacy classes of centralizers
in classical groups and parameterize them using Galois cohomology.

We thank you for showing interest in this thesis.
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